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ABSTRACT

Parity-odd transport is a central signature of chiral fluids, yet analytical predictions are sparse. Here, we introduce a minimal two-dimensional
hard-disk gas in which chirality arises solely from a collision-induced transverse impulse. Motivated by granular spinners, collisions are
dissipative and inject orbital angular momentum through a fixed tangential “kick” at contact. Starting from a Boltzmann-Enskog description,
we derive nonlinear hydrodynamic equations for density, momentum, and temperature and show that chirality generates an antisymmetric
homogeneous stress corresponding to a nonzero torque density. In the dilute limit, a Chapman-Enskog expansion yields analytical predictions
for transport coefficients, including odd viscosity, odd thermal conductivity, and odd self-diffusivity, in good agreement with numerical
simulations. This minimal kinetic model can serve as a foundation for systematic coarse-graining of chiral fluids and as a tractable benchmark
for gaining insight into odd transport across a broader class of chiral systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0332479

I. INTRODUCTION

Chiral active matter encompasses a broad class of systems
that break parity symmetry at the level of their micro-
scopic constituents. " Representative examples range from
microswimmers—such as sperm cells and bacteria moving along
circular trajectories near surfaces”'—to microorganisms, including
cells,” algae,® and starfish embryos,” which exhibit the formation
of rotating clusters. Chiral particles have also been artificially
engineered by designing micro- or macroscopic objects with
broken rotational symmetry. Notable examples include chiral
active colloids moving along circular paths”® and granular spinners
that self-rotate due to external driving mechanisms such as light,’
internal motors,'’ vibrating plates,"" " or airflows.'”'°

A wealth of distinctive phenomena characterizes these chiral
systems.'”*' In particular, a circularly moving object that breaks
parity symmetry typically exhibits edge currents along confining
boundaries,” *” circulating currents in the presence of an exter-
nal confining potential,”® as well as rotating crystallites in solid
structures.”””’ These effects originate from their non-standard dif-
fusive properties, which couple different Cartesian components

of the motion. As a consequence, Fick’s law governing the den-
sity evolution involves a diffusion matrix with antisymmetric off-
diagonal components. These terms are commonly referred to as
odd diffusion'***”*~" or odd mobilities”*”’ and have been analyt-
ically predicted starting from microscopic models of chiral active
particles.”””*" Related diffusive responses and mobilities have also
been reported in magnetic skyrmions due to gyrotropic effects.”* "

More broadly, the behavior of chiral systems is often described
using hydrodynamic theories for the density and momentum fields,
reminiscent of generalized Navier-Stokes equations operating far
from equilibrium. In contrast to conventional fluids, the viscosity
tensor of a two-dimensional chiral system contains antisymmetric
components, known as odd viscosity coefficients (see Ref. 39 for a
review). Odd viscosity”” * was first introduced in hydrodynamic
theory by Avron®’ and has recently been observed experimentally
both in active-matter systems** and in electron fluids.* Unlike bulk
and shear viscosity, odd viscosity does not dissipate energy, yet it can
induce Hall-like transport* and lift forces."**

Although the recent literature on the hydrodynamics of chiral
fluids is rapidly growing,”"’ derivations or analytical predictions
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of odd transport coefficients remain scarce. Recently, hydrody-
namic equations for chiral active fluids were derived”’ from the
Langevin dynamics of chiral particles subject to odd interactions,”’
i.e., effective transverse forces that generate a net torque.”” *” This
work showed that chiral fluids are not only characterized by odd
viscosity—as assumed in most hydrodynamic treatments—but also
by a chirality-induced torque density.””**”” However, odd viscos-
ity is often introduced phenomenologically, on symmetry grounds,
rather than derived microscopically from the underlying many-
body physics. Notable exceptions are Ref. 58, which used linear-
response theory to obtain an interaction-induced odd viscosity in the
dilute limit for rotating particles undergoing binary collisions, and
Ref. 59, which developed a Chapman-Enskog theory of energy- and
momentum-conserving chirally colliding hard disks.

Here, we present one of the first analytical studies predicting
transport coefficients for chiral fluids. We derive explicit expres-
sions for the torque density, odd viscosity, odd thermal conductivity,
and odd self-diffusivity within a kinetic theory in which chirality
arises solely from the collision-induced injection of orbital angu-
lar momentum. Motivated by granular systems, particle collisions
are dissipative yet inject energy transversely to the line connecting
the particle centers (see Fig. | for an illustration). This collision rule
is the instantaneous analog of odd interactions, where a transverse
interparticle force represents, at a coarse-grained level, the effective
coupling between two rotating particles. Such forces may be medi-
ated by hydrodynamic interactions in a surrounding fluid or arise
from the rotational friction of granular spinners.

We introduce the model in Sec. I, summarize the main results
in Sec. 111, and present the derivations in Sec. I'V. We conclude with
a discussion.

Il. MODEL

We consider a chiral active fluid consisting of N hard disks
of diameter o and mass m, moving in a box of size L with peri-
odic boundary conditions. Motivated by kinetic models typical of
driven granular gases, particles move ballistically until they undergo
binary collisions, where chirality manifests through an injection of
angular momentum. Specifically, when two particles 1 and 2 come
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FIG. 1. lllustration of a typical collision between two chiral active particles, labeled
1 and 2, following the collision rule (Il). The post-collisional velocities v1 and v,
are characterized by (i) a reduced normal magnitude due to dissipation, as in
conventional granular particles (a < 1), and (ii) an additional velocity component
transverse to the line connecting the particle centers, generated by chirality.
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into contact (|r; — 12| = 0), their velocities are updated via an active,
parity-breaking collision rule,

l+a JURR .
’U; =v] — T('Ulz ’0'12)0'12 - AO'TZ, (la)
’ 1+a A\ A AL
vV, = V2 + (1)12-(712)0’12+A(712, (1b)

where 612 = (r1 —12)/0, V12 = v1 - V2, and v; and v are the
velocities of particle 1 before and after the collision, respectively.

The term (1+ «)(v12 - 612)612/2 corresponds to the inelas-
tic hard-disk normal impulse. Like a repulsive force, this term
reverses the normal component of the relative velocity and reduces
its magnitude. Indeed, the post-collisional velocity is related to
the pre-collisional one through the following relation involving the
restitution coefficient 0 < a < 1:

(Vs 612) = —a(v12 - 612). 2)

Consequently, « = 1 corresponds to elastic hard-disk collisions with-
out energy dissipation, while & < 1 dissipates kinetic energy at each
collision.

The second term, Aé7,, is an active tangential impulse that
breaks parity symmetry and is generated by a chiral mecha-
nism. Here, 6, = £+ 612 = (012> —012.x) with € the two-dimensional
Levi-Civita symbol (&x, = —gyx = 1). Therefore, A has the dimen-
sion of a velocity and sets the magnitude of a fixed transverse “kick”
at contact, with its handedness controlled by sign(A). Equivalently,
this term corresponds to a singular nonconservative contact force
with an odd (transverse) component, and it breaks the conservation
of orbital angular momentum in each collision, providing a micro-
scopic source of chiral stresses. The equilibrium hard-disk limit
corresponds to A - 0 and & = 1, while A - 0 and « < 1 yield a freely
cooling granular gas.”’

The collision rule can alternatively be expressed in terms of an
impulsive force F; acting on particle 1 due to particle 2,

F12 = —m(L;J(vlz'612)6'12+A(A)'1L2)8(t—t?2)“), (3)
where 8(t - £531) is the Dirac delta function at collision time £{3".
The force Fi» can be considered an impulsive odd interaction,
which typically governs the dynamics of chiral active particles.
Indeed, F;, is nonconservative because it cannot be derived from
a potential and has a component acting transversely to the direc-
tion connecting the particles’ centers.””*°" Such odd interactions
are coarse-grained descriptions of transverse forces generated by
rotation, either through hydrodynamic coupling between rotating
objects in a fluid"**®" or through rotational friction in granular spin-
ners. Motivated by the latter, we also include dissipative collisions by
taking o < 1.

In contrast to other chiral models that include self-
rotation”*** " or self-propulsion,”” " our model has neither
rotational nor orientational degrees of freedom. Instead, chirality
emerges solely from the injection of orbital angular momentum
during collisions (Fig. 1). This may be the simplest model for chiral
systems, where collisions inject angular momentum and energy via
A, which is dissipated through the restitution coefficient «, leading
to a nonequilibrium steady state.
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We simulate the system through event-driven molecular
dynamics simulations.” Since the only microscopic dimensional
parameters are o, m, and A, velocities are measured in units of |A|,
energies such as kinetic temperature T = 53;>"; v? in units of mA?,
and times in units of o/|A|. We thus fix the transverse velocity injec-
tion A and use the packing fraction ¢ = Nno®/4L* = nno® /4 and
restitution coefficient « as control parameters. A strict equilibrium
limit is unattainable at fixed A. As & — 1, the normal component of
collisions becomes elastic and non-dissipative, while collisions con-
tinue to inject energy and angular momentum; as a consequence,
the steady-state kinetic temperature grows without bound. In this
limit, the chiral energy injected per collision becomes asymptot-
ically negligible. Indeed, we will show that T ~ mA*/(1-a*) so
that mA*/T ~ 1 — a* < 1 as & — 1. Most chiral effects are therefore
expected to be most pronounced at small &, where T ~ mA?, and at
large ¢, since collisions are the source of chirality.

This chirality gives rise to new macroscopic phenomena,
including odd transport coefficients and a nonzero torque density.
We now describe these effects and summarize our main results.

Ill. RESULTS OVERVIEW

The many-body dynamics resulting from the kinetic model
with collision rule (II) is governed by hydrodynamic equations for
the slow fields at large scales.”” Number density n(r, t) and momen-
tum mn(r, t)u(r,t) are locally conserved, so their relaxation times
are set by the observation scale. While the kinetic temperature
T(r,t) is not conserved for a <1 or A # 0, it remains a slow field
close to a« =1 and A = 0 and should therefore be included in the
hydrodynamic description.””"

We obtain the following hydrodynamic balance equations at
coarse-grained scales:

On+u-vn=-nV-u, (42)
Ou+u-Vu= LV . (Hhomo + HVisc), (4b)
mn
8,T+u-VT=l(H:Vu—V-I)+5T, (4c)
n

where IT = IT'™ + I denotes the stress tensor, decomposed into
homogeneous and viscous contributions. The quantity J represents
the heat current, while 8T denotes the rate of energy change due to
collisions.

As a first main result, we discover that the homogeneous stress
tensor II™™ includes not only the hydrostatic pressure p but also a
torque density’’ 7 = & : TI"™/2,

home — -pl + 1€ = (:‘: _Tp) (5)

This torque density is a direct consequence of the tangential forces
during collisions acting as a source of angular momentum and will
be shown to be given by

4n’
T = ngym LZA, (6)
1-«
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FIG. 2. Comparison between numerical measurements and theoretical predictions
[Eq. (6)] for the torque density 7 as a function of the restitution coefficient «. The
results are obtained for N = 10* particles, with each data point averaged over at
least 10° independent snapshots. Here, we include only data showing a homoge-
neous configuration. Therefore, numerical measurements at low « are not included
since the system exhibits an inhomogeneous phase reminiscent of the bubble
phase numerically observed in Refs. 51, 54, 83, and 84.

where y is the pair correlation at contact, which we approximate by
its equilibrium hard-disk value.®” The term 7 has the same sign as the
chiral parameter A and diverges as o — 1. This divergence reflects
an unbounded rate of angular-momentum injection, which arises
from the diverging temperature and collision frequency in the same
limit. We find excellent agreement between the measured 7 in our
simulations and Eq. (6) in Fig. 2, even at high densities.

Our second main result is the analytical prediction for reg-
ular and odd transport coefficients””*’ in the dilute limit via a
Chapman-Enskog expansion. Specifically, the viscous stress

I = yyOku, (7)

depends on the velocity gradient and the viscosity tensor #, with
repeated indices implicitly summed. In a two-dimensional, isotropic
but parity-breaking fluid, #,;, can be decomposed into a basis of
six independent isotropic tensors built from ;; and ;. A physically
motivated decomposition is*

ikt = s (80t + 8udjx — 8ij0ur) + (Bij6r + 1o (et + €103
— 1B0j€r — HAEjOk + HREj € (8)

where 7, and 7, denote the even and odd shear viscosities, respec-
tively. Odd viscosity, in contrast to the (even) shear viscosity, is
nondissipative: the odd-viscous stress is orthogonal to the veloc-
ity gradient and, therefore, does not produce viscous heating,
H%ddaiuj =0. In simple shear, u, = yy, it yields an anisotropic,
pressure-like response rather than a frictional shear stress.> Within
the dilute approximation considered here, all viscosity coefficients
other than # , and 7 E vanish in our system, and, remarkably, we are
able to report one of the first analytical expressions for #, as an
explicit function of the model parameters,

2m(1 - «)

= o+ a)p@)™ ©)

Ho
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where P(a) is a positive polynomial defined in Appendix C 3. As
expected, 77, changes sign with the chiral parameter A and vanishes
when A — 0 butalso as @ — 1, showing that dissipative collisions are
required to generate odd viscosity in our model. Measurements of 7,
are compared with theory in Fig. 3(a) and show good agreement at
low density.

The temperature expression in Eqs. (4) reflects the bal-
ance between mechanical work, heat transport, and active energy
injection. The heat current is

J=—«kVT - x(e-V)T, (10)

where x is the regular thermal conductivity and x,, its parity-
odd counterpart.”*" Unlike odd viscosity, odd thermal conduc-
tivity is subtler because V - (ko€ - VT) = (Vko) - (¢ - VT) since
£;0;0;T = 0. Hence, x, does not enter the linearized bulk tempera-
ture dynamics about a uniform state, but it affects boundary heat
currents and contributes nonlinearly when «,(n, T) varies in space.
Within our theory, we find the value of x, to be

_8(1-a)
~ xoQ(a)

with Q(«) a positive polynomial defined in Appendix C 4. Once
again, this odd coefficient vanishes in the limit « — 1. Overall, the
theory and simulations agree well, as seen in Fig. 3(b), with the low-
density discrepancies most likely due to systematic measurement
errors, as will be explained later.

Before deriving these results, we briefly comment on trans-
port coefficients that do not enter the hydrodynamic equations
[Egs. (4)]. Since the fluid velocity is conserved and density is gov-
erned solely by the continuity equation with no diffusive flux, there is
no mass-diffusion mode in the hydrodynamic equations. Nonethe-
less, treating a fluid particle as a tracer in the effective bath formed
by the other particles leads to an effective diffusion equation for the
tracer density, with current

(€3))

0

J; = -DVns — D,(&-V)ns, (12)
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where D and D, are the regular and odd self-diffusivities,””’ respec-
tively. As for the odd thermal conductivity, the effect of the odd dif-
fusivity primarily enters through boundary conditions. We predict
D, to be given by

o

"2 (1 R "

o

with R(«) a positive polynomial defined in Appendix C 5. This coef-
ficient does not vanish in the limit @ — 1 and is very well predicted
by the theory, as shown in Fig. 3(c).

All other regular transport coefficients, as well as the pressure
and temperature, are also well captured by our theory and are pre-
sented later in the article. We now explain how these expressions are
derived.

IV. RESULTS DERIVATION

All analytical derivations and integral evaluations appearing
implicitly or explicitly in this section were performed symboli-
cally using SymPy*’ in a notebook provided in the supplementary
material.

A. Boltzmann equation

Because collisions are instantaneous and strictly binary, the
microscopic dynamics in Egs. (1) admit an approximate description
in terms of a Boltzmann-Enskog equation””"”

&f(rl,'vl,t) + v - Vf(rl,'vl,t) = j(r1,1)1|f,f), (14)

where f is the single-particle distribution for observing a particle
at time ¢ with position r; and velocity v;. The term J repre-
sents the collision operator, accounting for the velocity change
at a given position due to a collision with another particle. This
operator can be obtained by counting the number of collisions
per unit of time at (r;,v;) in phase space, i.e., by calculating
v(r1,v1, 02, 612 )dr1dv1dvad62, where v is the differential collision

[] ¢ =0.05 A o =10.10 —— Theory
0.10 *§ _
= 008 S 010 Z
<2005 =5 25
Z 8 £ 2005 =%
S T 003 z Zs
03 = = 005
= S
0.00 : S 0.00 : 0.00f=========moaaaax
0.0 05 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Restitution Coefficient o

Restitution Coeflicient o

Restitution Coefficient «

FIG. 3. Odd transport coefficients as functions of the restitution coefficient a—which also sets the strength of chirality—at three different packing fractions, ¢ = 0.01,0.05,0.1.
(a) Odd viscosity measured from an imposed shear flow, as detailed in Appendix A 2. The missing data points for ¢ = 0.1 correspond to systems in which the smallest
numerically accessible shear rate was still too large to yield reliable measurements. (b) Odd thermal conductivity measured using a Green—Kubo relation (see Appendix A 3).
(c) Odd self-diffusivity measured using a Green—Kubo relation (see Appendix A 4). Solid lines show theoretical predictions [Egs. (9), (11), and (13)], while dashed lines

indicate the corresponding values for a nonchiral system.
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frequency, proportional to the relative speed and the scattering cross
section, encoding the probability of a binary collision with impact
direction 612 = (r1 — r2) /0. For hard-disks,” the collision frequency
can be expressed as v(r1, V1, v2,612) = f2(r1, 12,01, V2)0|v12 - 612,
with f, the two-particle density distribution function calculated at
the coordinate of the second particle, r, = r; — 0612 and v12 = v —
;. Collisions can remove particles from velocity v; (loss term) or
bring particles from some pre-collisional velocity v} into v; (gain
term),

j(fbvl) == f®(—’012 . 512)1’(1‘1,’01,112,312)d’vzd512
+f®(—'0112'&12)1/(1‘1,’011,’Ug,fflz)d’li;’d&lz, (15)
with ® the Heaviside function ensuring head-on collisions and
v"' the pre-collisional velocities that produce v after a collision.

Inverting the collision rule [Egs. (1)] yields

1+a!

'U;, =vV] — (v12~&12)&12 +A(A)'i'2, (168)
-1
'vg' =V + (’U]z . 6’12)6’12 - A(A)'fz. (16b)

Since v depends on the two-particle distribution density function,
the evolution equation for f is not closed. To proceed, we adopt
the molecular chaos closure, which neglects velocity-velocity and
velocity-position correlations at collision,”

fa(ri, e, v1,v2) = x(r,12) f (r1,v1) f (12, v2), (17)

where x(r1,12) = y[n((x1 +r2)/2)] corresponds to the pair correla-
tion function y[n] at contact evaluated at the local midpoint den-
sity,® taking into account short-range spatial correlations arising
from the finite size of the particles.

Putting everything together and changing variables v" — v in
the second term of Eq. (15), we obtain the collision operator of the
Boltzmann-Enskog equation®

J(rr,vilf, f) = 0f®(—v12 <612)|v12 - G2y (11, 12)

% [f(rl"vlif;(rz’m = f(r,v1) f(r2,v2)

X d’Uzdé’u. (18)

Here, the prefactor 1/a” in the gain term comes from two contri-
butions: (i) the Jacobian of the linear change of variables (v{, v5)
~ (v1,v2), which yields dv’ = (1/a)dv,, and (ii) the transfor-
mation of the collision rate, which involves the normal relative
velocity |viy - 612| = (1/a)|v1z - 612] for the inelastic rule. Neither
the Jacobian nor the normal-rate factor is affected by the chiral para-
meter A, since it induces only an additive and transverse change of
the velocities. The shorthand J (r1, v1|f, f) highlights the bilinear
dependence of the collision operator on the single-particle distribu-
tions of the two colliding particles, f(r;, v1) and f(r2, v2). We keep
this bilinear structure explicit, since later we will also consider mixed
terms of the form J(r1,vi|f,g), where ¢ is a function distinct
from f.

ARTICLE pubs.aip.org/aipl/jcp

Equation (14) is a nonlinear and nonlocal integro-differential
equation and is therefore difficult to analyze. We first familiarize
ourselves with it by considering the spatially homogeneous state.

B. Homogeneous probability distribution

Our objective is to derive hydrodynamic equations from the
microscopic collision rule [Eq. (1)]. Before coarse-graining, we note
that non-gradient observables, such as the homogeneous stress, are
already accessible in the spatially uniform steady state, where time
and space derivatives vanish. Consequently, Eq. (14) reduces to

J(lf.f) =0, (19)

which determines the steady-state single-particle distribution
f(r,v,t) = f(v,t). In the equilibrium limit (¢ -1 and A — 0),
detailed balance yields a Maxwellian shape, whereas here dissipation
and parity-breaking may drive a nontrivial steady state.

We first assess whether non-Gaussianities are quantitatively
important by simulating the microscopic dynamics defined by
the collision rule (II). Figure 4(a) shows the steady-state veloc-
ity distribution in the dilute regime. At weak normal dissipation
(o = 0.99), the velocity distribution f(v) is effectively Gaussian. As
shown in Appendix B, this behavior stems from the divergence of
the temperature as & — 1, which makes the nonequilibrium chiral
contribution asymptotically negligible. In this limit, mA*> < T, and
the system approaches an equilibrium-like regime. As dissipation
(1 - a) increases, chiral effects become more prominent relative to
the temperature T (mA® ~ T), leading to small but systematic over-
populated tails. In the dilute limit ¢ — 0, these tails can be treated
perturbatively by expanding f in Sonine polynomials, which form
an orthogonal basis with respect to the Gaussian weight.”” The
derivation of this expansion beyond the Gaussian case is reported in
Appendix B. The results of this expansion are presented in Fig. 4(b)
via the 2D excess kurtosis «ex = (v*)/(v?)? - 2, which quantifies
deviations from Gaussianity since kex = 0 for a Gaussian distribu-
tion. The Sonine prediction is in good agreement with simulations
at low packing fractions ¢, independently of the restitution coeffi-
cient a. However, its accuracy deteriorates at higher densities, where
velocity correlations at collisions invalidate the molecular-chaos
assumption®’ [see Eq. (17)]. A Sonine expansion cannot capture the
resulting non-Gaussian features of the velocity distribution, which
are notoriously difficult to treat analytically.”””" Since Sonine cor-
rections are quantitatively small in the regime of interest, we neglect
them in the following. They can be straightforwardly reintroduced,
at the expense of more cumbersome expressions.

We note that chiral hard-particle models with internal spin can
exhibit pronounced non-Gaussian statistics,”® which can limit quan-
titative accuracy. Since chirality in our model arises without internal
rotation, non-Gaussian corrections remain small.

C. Homogeneous temperature and stress

The homogeneous temperature is defined through the velocity
fluctuations as

m

T=-" /vzf(v)dv. (20)

2n
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FIG. 4. Comparison of the steady-state velocity probability distribution f(v) between simulations (N = 5000) and theory. (a) Distribution of the normalized velocity in a dilute
system (¢ = 0.01) for several values of the restitution coefficient a. We use vy, = \/2T/m so that the distributions have unit variance. (b) Excess kurtosis «ex as a function
of « at different packing fractions. Solid and dashed lines show theoretical predictions: xex = 0 corresponds to a Gaussian distribution, while a Sonine expansion predicts
ex # 0 in the dilute limit where molecular chaos holds. The data at low « are omitted for some values of ¢ when the system develops inhomogeneous configurations,

reminiscent of those observed in Refs. 51, 54, 83, and 84.

Since we consider a Gaussian approximation f(wv), motivated by
Fig. 4(a),

f(v)= ﬂef%z, (21)

2nT
the temperature field can be identified with the variance of the dis-
tribution. Multiplying Eq. (14) by mwv? and integrating over v yields
an evolution equation for the temperature’”” (see Appendix C 1)

O T(t) = %(M)wu =T, (22)

where 0F = m(v + v5 — v} — v3)/2 is the energy change at colli-
sion and w is the collision frequency per particle.” As a consequence,
the term w(JE) o coincides with the average rate of energy change
due to collisions and can be expressed as

W(OE) o1 = UXWI /@)(—’012 -612)|v12 - 612

X 6Ef('vz)f(vl)d(r12d'uldvz. (23)
Imposing stationarity in Eq. (22) yields a theoretical prediction for
the temperature (see Appendix C 2),

mA?
TGauss = T 2
l-«a

(29)

which follows from the condition 0 = (8E)cq = mA* — (1 - a*)T.
This steady-state temperature is independent of packing fraction
because higher density increases the collision rate but not the aver-
age energy exchanged per collision in the steady state, leaving the
balance unchanged.”” In practice, the breakdown of molecular chaos
invalidates this argument.

Even in the limit a — 1 at finite density, we find Tsim/Tincory
# 1, indicating that nonequilibrium correlations beyond molecu-
lar chaos persist even though the velocity distribution f is nearly
Gaussian. At moderate packing fractions ¢, small deviations from
a Gaussian distribution manifest as a weak density dependence of
T, demonstrating the breakdown of molecular chaos. Nevertheless,
the temperature is overall well captured by Eq. (24), as shown in
Figs. 5(a) and 5(b), and the agreement can be further improved by
including a Sonine correction (see Appendix B).

The homogeneous stress can be computed without invoking
the Boltzmann equation by using the standard expression for the
virial stress,”’

B zszl Mey ® Co — 0254; Gop ® Fop

2 , (25)

1-Ivirial _

where ¢4 = vo — (v) is the deviation of the velocity of particle «
from the local average velocity and Fog is the singular force given in
Eq. (3). In the homogeneous state, the average virial stress coincides
with the homogeneous stress tensor (IT""*) = II"™_ The interac-
tion term arises from collisions and can be obtained from a time
average over a window 7, which reduces to a collisional average,t) 495

.
(60 ® Fag) = T_lf&ap(t)@)Faﬂ(t)dt
0

- A coll coll
T Y eu(ts) ®Lu(t55)
all af coll
_w(¢,T)
2

(6ap® Iaﬁ)mu. (26)
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FIG. 5. Homogeneous temperature T [(a) and (b)] and pressure p [(c) and (d)] as functions of the restitution coefficient « for different values of the packing fraction ¢. Panels
(a) and (c) show the raw quantities, while panels (b) and (d) display the same data normalized by their Gaussian theoretical predictions [Eqgs. (24) and (27) with T replaced
by its Gaussian prediction]. Results are obtained for N = 10* particles, with each data point averaged over at least 10° independent snapshots. Only data corresponding to
homogeneous configurations are shown; data exhibiting inhomogeneous states—typically occurring at large ¢ and low « and reminiscent of the nonuniform phase observed

in Refs. 51, 54, 83, and 84—are omitted.

Here, we have used Eq. (3) to define Ig/m =—(1+a)(vag-
Gop)0ap/2 — AG5. Equations (25) and (26) yield an explicit expres-
sion for the homogeneous stress tensor II"™ as a function of the

model parameters (see the supplementary material),

™ = —pl + 7¢, (272)
p=p " 4 p = 0T+ ngy(1+ )T, (27b)
= 1% = ngy/ammTA. (27¢)

In this expression, the pressure reduces to the standard granular-
gas result,”” since the transverse chiral impulse does not contribute
to the momentum transfer along the line connecting the parti-
cle centers, 6. By contrast, chirality generates a purely collisional
torque density, 7, through the A term in the collision rule. The pres-
sure includes an ideal-gas contribution of order O(n) from me ® ¢,
whereas 7 is purely collisional, of order at least O(n*), so that |7| < p
at low ¢.

We compare simulations and theory in Plgs 5(c) and 5(d)
by replacing T with its theoretical value [Eq. (24)]. The agree-
ment is excellent, even though we use the equlhbrlum hard-disk
estimate® y ~ ¥ =~ (1 - 7¢/16 — ¢*/20)/(1 - ¢)*. An approximate
Sonine correction is again proposed, where the temperature in
Eq. (27) is replaced by the Sonine corrected one obtained in
Appendix B. The comparison between numerical and theoretical
results of 7 [Eq. (27)] has already been shown in Fig. 2 and shows
good agreement.

D. Chapman-Enskog ansatz

(4)] can be derived by
(see Appendix C 1),

The hydrodynamic equations [Egs.
taking time derivatives of the slow fields”

n(r,t) = /f(r,'v,t)dv, (28a)

(28b)

u(r,t) = vf(r,v,t)dv,

(f)

T(r,t) = Wrz,t) f(v —u)’f(r,v,t)dv. (28¢)

The homogeneous solution f(r,v,t) = f(v) introduced above is
independent of space and time and, therefore, cannot be used to
derive hydrodynamic equations. To capture spatial and temporal
variations, we construct an approximate solution of the Boltz-
mann equation through a suitable coarse-graining procedure using
the Chapman-Enskog expansion. Originally developed to derive
the Navier-Stokes equations for Hamiltonian systems®® and subse-
quently extended in various directions,””” this approach has more
recently been applied to active matter,” '"° including chiral models
with simplified dynamics.*®

The Chapman-Enskog method assumes that the space and
time dependence of f enters only through the hydrodynamic fields

and their gradients”'" so that we have

f(r,v,t) = f[n(x,t),u(r,t), T(r, t)|v] (29)
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To proceed, we perform a gradient expansion on the Boltzmann
equation [Eq. (14)] by introducing a bookkeeping parameter y set
back to 1 at the end of the calculation,

f=fOspe® o,

In practice, the expansion is never performed beyond O(u')
~ O(V"), because the resulting hydrodynamic equations are typi-
cally unstable.'”*'"” This ansatz is expected to hold on timescales
much longer than the mean time interval between collisions so
that the dynamics is governed solely by the slow fields n, u, and
the quasi-slow field T. Here, f© corresponds to the previously
obtained homogeneous solution—with density and temperature
promoted to spatially varying fields—yielding the dissipationless
Euler terms at order O(V). The term @V captures deviations from
this local equilibrium through field gradients, supplying the O(v?)
viscous and thermal-transport corrections that complete the chiral
Navier-Stokes equations.”® Regarding the values of the transport
coefficients, we remark that this approach is fully consistent with the
linear response one proposed in Ref. 58 (see also Ref. 86).

We will work in the dilute limit by assuming collisions occur
at the same position r; for both particles, rather than at r; and r;,
=r; — 0612. This yields

V = uV. (30)

jdﬂme(l’b’vﬂf,f) = oy fdv2d612®(_v12 -612)|v12 - 612
X[f(rl,v{')f(rl,vé' B
2

(X f(l‘l,vl)f(l‘l,’vz)],
(31)

which has to be compared with Eq. (18). This approximation
neglects Enskog (collisional-transfer) contributions to the fluxes,
retaining only the kinetic terms."'”""" As a result, the stress reduces
to its kinetic part and is symmetric by construction (see also
Appendix C 1). It therefore cannot capture O(n?) effects, such as
the collisional torque density or any antisymmetric stress,

=1 = —m fc ® cf (r,v,t)dc, (32)

where ¢=v-u and H?jin = Hﬁ-m. While odd viscosity is
included—since it contributes to the symmetric part of the
stress—other parity-odd viscosities that produce a nonsymmetric
stress cannot be captured.

Finally, due to momentum conservation, the transport coeffi-
cients in our two-dimensional fluid exhibit a logarithmic divergence
with system size."'”'"” This effect is smaller than the numerical accu-
racy for the system sizes considered and is therefore neglected, as
it lies beyond the scope of our non-fluctuating Chapman-Enskog
approach, which yields the “bare” transport coefficients.

E. Order 4°
At order yi°, the Boltzmann equation [Eq. (14)] reduces to

8t(o)f(o) _ jdilute(f(o)’f(o)), (33)

where 850) denotes the O(u°) part of the time derivative. Recalling
that f is a function of the hydrodynamic fields, we obtain

Of® = (0m)Ouf @ + (Ou) - 0u f + (OT)Or f.  (34)
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From Egs. (4), O¢n and O;u are O(u), as they involve gradients,
whereas 9;T = 0T + O(u') is generally of order O(4”). We assume,
however, that collisions rapidly relax temperature fluctuations so
that the temperature is locally steady, 6T(r) ~ 0, making T a fast
field. Nonetheless, imposing ;T = 0 at all orders leads to unphysical
values of the viscosities. For this reason, we retain T as an inde-
pendent hydrodynamic field with its own evolution equation, as is
standard in granular hydrodynamics.®’ This approximation leads to

850)f(0) =0 and, therefore,

jdilute(f(O))f(O)) =0. (35)

This equation is formally identical to the homogeneous one
[Eq. (19)] and, therefore, admits the same solution. In particular,
we have seen that a Gaussian provides an accurate approximation.
However, the parameters entering f”’ do not necessarily coincide a
priori with the hydrodynamic fields #, T, and u, since these fields are
defined by Egs. (28) and can be influenced by ®'V. Nonetheless, the
Chapman-Enskog approach assumes that f ©) i written in terms of
the hydrodynamic fields themselves, ' *'"”

(0 _ mn(x,t) m(v —u(r, 1))’
A = T eXP[_ 2T(r, 1) ] (36)

with the parameters promoted to slowly varying fields. One may also

include the previously discussed Sonine corrections to f*), but their
contribution is negligible.

F. Order u': Generality

96

At order ‘ul, Eq. (14) becomes
(0 +v-9)F = £[0D], (37)
where we defined L as the linear Boltzmann operator
[,[CD(I)] _ jdilute(f(o))f(o)q)(l)) n jdﬂ"te(fm)(D(l),f(o) ) (38)
Using the O(u) hydrodynamic equations, we have
8,(1)71 =-V - (nu),
afl)u:-(u.v)wiv-nhm, (39)
mn
8}1)T =-u-VI-TV-u
In the dilute approximation, we neglect collisional transfer and,
hence, also the torque and use IT"°™ = —p1 = —nT1. Inserting
Eq. (36) into Eq. (37) yields®’
(8}1) +v- V)f(o) = %(D(c) :Vu+A(c) -V log T)f(o), (40)
where ¢ = v — uand
mc’ ¢
A(c) = T—ZT ¢, D(c)=m c®c—51 . (41)

Substituting Eq. (40) into Eq. (37), we obtain the equation for (D(l),

f(O)
S (D(0) : Vu+ A(c) -V log T) = c[oM. (42)

J. Chem. Phys. 165, 034501 (2026); doi: 10.1063/5.0332479
Published under an exclusive license by AIP Publishing

165, 034501-8

8T :ZT €T 9202 AInr ST


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

A formal solution of Eq. (42) requires a (pseudo-) inverse'>''® of
L. Instead, guided by linearity and rotational invariance, we expand
@Y in irreducible tensorial representations of O(2), allowing for
both even and odd two-dimensional tensors,*

oW = (D()D + D*(*)D*) : Vu
+(A()A+ A (F)AY) -V log T, (43)

where we have introduced A* = ¢ - AandD* =¢ - D, together with
the unknown scalar functions D, D*, A, and A*. Although the left-
hand side of Eq. (42) depends only on D and A, chirality permits
the operator £ to mix these tensors with their transverse coun-
terparts, coupling D to D* and A to A", in contrast to nonchiral
systems.”® This coupling underlies the emergence of nonzero odd
transport coefficients. Since Eq. (42) contains no scalar coefficient
on its left-hand side, ' does not include any term proportional to
V - u, consistent with the vanishing bulk viscosity of dilute smooth
monatomic gases.”'"”

To proceed, we assume the unknown functions to be constants,
namely D(c*) = Dy, D*(?) = D, A(?) = Ap, and A*(c%)
= Ajy. In principle, these functions could be expanded in a polyno-
mial basis to retain their velocity dependence; however, higher-order
terms are typically negligible.® By linearity and rotational invari-
ance, L does not couple irreducible tensors of different rank, so each
sector can be treated independently. We therefore first focus on the
shear sector associated with D and D™

G. Order y': Obtaining Do and Dj

To determine Dy and Dé, we introduce the matrix elements of
the linearized collision operator

Lug = ((fm))’lpfj“),c[pfjﬁ)]), wBe{lii),  (44)
with scalar product
(e = [FO@u(0)de, (45)

and Di(j“) = Dy, Di(jL) = Dj. Factoring out the velocity-gradient
tensor, the shear part of Eq. (42) yields

(0
fTD(c) = Do L[D(c)] + Dy L[D*(c) ] (46)

By projecting onto the basis {Dj;, Dj; }, we obtain

1 ((Djj, Djj L L D
,(< i Y>) :( I \u)( 3)_ )
T (D,‘j,Dij) Lyp Lo Dy

Rotational invariance implies L, | = =Ly, and L, = L. In a parity-

invariant system, PILP=L (with P the reflection operator)
forbids mixing between D and D*; hence, Lj, = 0 and parity-odd
transport is excluded. Parity-odd transport, therefore, requires par-
ity breaking®® and hence a non-self-adjoint £. However, £ can
be non-self-adjoint for many reasons unrelated to parity breaking,
and non-self-adjointness alone does not guarantee odd transport:

ARTICLE pubs.aip.org/aipl/jcp

generic non-self-adjoint collision operators—such as those in equi-

librium dense gases''® or in dissipative dilute granular gases''”

(A = 0)—do not, by themselves, generate parity-odd transport.
Using the relations (Djj, D;;) = 4nT* and (Dy;, Dij) = 0, we find

_ Ly 1 Ljs
DO = 4”Tﬁ, DO = 4”Tﬁ (48)
L+ b L+ Y.

The evaluation of L is straightforward but lengthy (see Appendix C 3
for details) and leads to the following result:

2
LHH =—XO‘I’!2TZ\[ LT(% + (1 +(X)(7—30())
m

s2-a)(1+a)

= — 4/myon’m’|A| (1o (49)
Ly, = 2myon’ T°A(1 - )
1
= 271)((mzm2A5 (50)

(1-a)(1+a)*

In both cases, the second line is obtained by substituting the steady-
state temperature [Eq. (24)]. We nevertheless keep T, A, and «
explicit in the intermediate expressions. Treating them as inde-
pendent is unphysical but useful for building intuition and for
consistency checks in various limits, as we now do.

At fixed T, the achiral limit A — 0 restores parity, so the cross
coefficient vanishes: L, — 0. The longitudinal coefficient L also
goes to zero, but only once T is replaced by its steady-state value,
since T — 0as A — 0. If instead one sets A = 0 while keeping T'and «
fixed, the term L remains finite, formally recovering the dissipative
hard-disk result°’ and, as & — 1, the equilibrium hard-disk limit.*

The limit « — 1 is singular because T — oo. Substituting the
steady-state temperature therefore causes L to diverge. At fixed T,
however, Ljy o< 1 - a,s0 Ly, remains nonzero near & = 1 only due to
the divergence of T. Without this divergence, the coefficient would
vanish even when parity is broken by A. This surprising result origi-
nates from the microscopic collision rules: chirality allows a single
collision to rotate D into D*. Yet, in the limit & — 1, each such
contribution is canceled by its mirror counterpart in the relevant
integrals. Dissipation lifts this cancellation because v1{, - 612 # —v12 -
612, thereby leaving a finite coupling Ly, oc A(1 - a).

With Dy and Dj in hand, we can now compute the viscosities.

H. Order y': The viscosities
With Eq. (32) and f=f@(1 +u®d®), the stress splits into
a zeroth-order (homogeneous) part and a first-order (viscous)
correction,
IM=-m fc@cf(o)(l +yd)(l))dc

=-nTl—yum c®cf(0)<1)(l)dc. (51)

Substituting oW [Eq. (43)] into Eq. (51), we obtain
Hviscous

ij = —(mDo /f(o)c,-chkldc)aku,

- (m’Dé /f(o)cich,f,dc)akul
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= —I’sz Do(éik6jl + (Sﬂéjk - 6ij5kl)8kul
+ HT2 ,Dé(siké\jl + eﬂéik)akul, (52)

which, upon identification with the viscosity tensor [Eq. (8)], yields

fo=-nT’Dy, fo=nT"Dy, (=na=np=nr=0.  (53)

We note that the primary effect of chirality is to generate an odd vis-

cosity 7. By contrast, the antisymmetric viscosities #7,, and #, vanish

because the kinetic stress is symmetric, while { and #, are zero since

@Y contains no scalar V - u sectors. However, these coefficients are

expected to acquire collisional contributions in the non-dilute limit.
Using Egs. (48), (50), and (53), we finally obtain

4m|A|(2 - )

_ 2mA(1 - «a)
o = xo(1 +a)P(a)’ (54b)

(54a)

with P(«) a positive polynomial in 0 < a < 1,
P(a) =4(2-a)*(1+a) +7(1-a)’. (55)
We note that the viscosity #, can be rewritten as

_4(2-a)
~ xoP(a) TT

m TGauss

115 > (56)

upon substituting Tgauss [Eq. (24)] into Eq. (54a). This compact
expression shows that chirality (through A) primarily renormalizes
the conventional viscosity 7 , via the temperature TGauss. Moreover,
in the elastic limit « - 1 (P(« — 1) = 8), it reproduces the standard
equilibrium result for the viscosity of a hard-disk gas.*

---- Hard Disks Theo.
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Figure 6(a) compares simulations with Eq. (54) for the shear
viscosity, showing excellent agreement at low ¢. Theory and sim-
ulations for 7, were already compared in Fig. 3(a); as noted there,
7, 0as a—1 This indicates that, in this model, odd viscosity
requires dissipative normal collisions. Indeed, in the limit « — 1, the
temperature diverges so that mA*/T ~ 1 — a* — 0. As a result, chi-
rality becomes asymptotically negligible and L, /L — 0 [Egs. (50)],
causing #, to vanish. An alternative argument can be made at fixed
T; in that case, L, o< T*A(1 - a), which directly implies 7, o< 1 -
[Eq. (C20)]. However, with this model, the divergence of T as o — 1
masks this effect, and the vanishing of the odd viscosity has to be
found in the previous argument. This mechanism becomes relevant
when T remains finite as & — 1, for example, because of external
damping. We return to this point in the conclusion.

. Order u': The thermal conductivities

Applying the same Chapman-Enskog procedure in the thermal
sector yields the regular and odd thermal conductivities, x and #,. As
detailed in Appendix C 4,

- 168](1+ @) (4 - 3a)

, (57a)

xo/TV 1 - *Q(a) !
~8A(1-a)

°= T 0Q@) (57b)

where Q is a positive polynomial given in Appendix C 4. As for vis-
cosity, chirality generates the odd conductivity «, and affects the
conventional conductivity k. In the elastic limit & — 1, x diverges
due to the divergence of the steady-state temperature, while x, — 0.
Figures 6(b) and 3(b) show good agreement with simulations at
low ¢. The small discrepancies between the theory and simula-
tions for the odd thermal conductivity are likely attributable to the
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FIG. 6. Even transport coefficients as functions of the restitution coefficient « at several densities ¢. (a) Shear viscosity measured from an imposed shear flow, as detailed
in Appendix A 2. (b) Thermal conductivity measured by imposing a temperature gradient via a spatially dependent driving A = A(x), as discussed in Appendix A 3. The
missing data points for ¢ = 0.1 correspond to systems in which the smallest numerically accessible thermal gradient was still too large to yield reliable measurements.
(c) Self-diffusivity measured using a Green—Kubo relation (see Appendix A 4 for details). Solid lines show the predictions of the chiral theory [Egs. (54), (57), and (59)],
while dashed lines indicate the expected values for regular hard disks at equilibrium temperature kg T = ma? /(1 — a?). The parameter v, denotes an arbitrary reference
velocity, kept fixed across simulations to allow a direct comparison between the chiral and equilibrium cases without rescaling by the temperature, which provides the only

natural velocity scale at equilibrium but varies with o in our system.
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difficulties in measuring this transport coefficient, as explained in
Appendix A 3.

By substituting the temperature Tgauss [EqQ. (24)] into Eq. (C28),
we obtain a compact expression for the thermal conductivity,

_16(1+a)(4-3a) [ Tauss
*= x0Q(a) am

(58)

In the elastic limit « - 1 (Q(a — 1) = 16), this expression reduces
to the results for a dilute hard-disk gas.®® It shows that chiral-
ity (through A) primarily affects the thermal conductivity x by
renormalizing it via the temperature TGauss-

J. Self-diffusivities via Chapman-Enskog

The self-diffusivity D and its odd counterpart D, follow from
a Chapman-Enskog expansion of the Boltzmann-Lorentz equation
for a tagged particle.”’ In this framework, the nonlinear bilin-
ear operator J(r,v|f,f) is replaced by the linear tracer-bath
operator J (r,v|fs, f8), where only the tracer distribution f; evolves
and “collides” with the bath distribution f3 = f© (v).

Performing a Chapman-Enskog expansion on f;, we obtain the
self-diffusivities'? (see Appendix C 5 for the derivation),

VrolA|

p- VAL (59a)
o0/1— R (a) )
D, oA (59b)

" 26x(1+ W)R(a)’

with R(«) a strictly positive polynomial given in Appendix C 5.

As in the case of viscosity (#,) and thermal conductivity («),
chirality introduces off-diagonal antisymmetric elements in the dif-
fusion matrix (odd diffusivity D,) and renormalizes the diagonal
self-diffusivity D through the temperature Tgauss [Eq. (24)]. By sub-
stituting Eq. (24) into Eq. (59a), the self-diffusivity can be expressed
as

4 T
D= _ * Gauss ] (60)
nyoR(a) mm

As expected, this compact expression shows that D reduces to the
standard hard-disk result®” in the elastic limit o« — 1, for which
R(a—1)=8.

As a consequence of the temperature divergence in the elastic
limit, the self-diffusion D diverges, while D, remains finite as @ — 1.
Indeed, each chiral collision imparts an oriented transverse kick to
the tagged particle, so the mean transverse response—and the cor-
responding integrals—remain finite even as & — 1. However, as for
odd viscosity and odd conductivity, the ratio of off-diagonal to diag-
onal matrix elements of the linearized Boltzmann-Lorentz operator
still vanishes in this limit. The comparison between simulations and
theory shows excellent agreement across a broad range of densi-
ties within the low-density regime, as illustrated in Figs. 6(c) and
3(c). At higher packing fractions, however, both the odd and even
self-diffusion coefficients tend to increase slightly.

Although the self-diffusivity is well defined, the system as a
whole does not diffuse in the absence of an external bath. A nat-
ural extension would therefore be to add noise and study how

ARTICLE pubs.aip.org/aipl/jcp

the collective diffusivity depends on the packing fraction. In the
strongly chiral regime, this dependence was recently found to be
non-monotonic,'?' as for the self-diffusion of active chiral tracers
in passive baths.'??

V. DISCUSSION AND OUTLOOK

Because our model is based on hard disks, the interaction
is singular. Nevertheless, we expect the qualitative phenomenol-
ogy derived here to persist for chiral fluids with short-ranged
forces. In particular, systems with softer repulsive cores and short-
ranged chiral interactions should display comparable behavior.”’
Indeed, one may start from a smooth N-particle dynamics, write
a Liouville equation for the full phase-space distribution, and
derive a Boltzmann description by truncating the associated BBGKY
hierarchy.”’

It is also straightforward to incorporate damping y, possi-
bly together with a Langevin bath at temperature T,. Between
collisions, the velocities would obey © = —yv ++/2yT,/m{(t) so
that the Boltzmann equation acquires the additional contribution
YO - (Vf) + yTy/md2 f. Within the Chapman-Enskog expansion
for a Gaussian homogeneous solution, this modification amounts
to a simple shift of the linearized operator L[e] — L[e] + YOy -
(ve) + yT,/md% (e). These new terms mainly change the steady-
state temperature and shift the diagonal matrix elements of £ after
integration by parts.'”’ In the shear sector, for instance, Ly — L -

8ynT? while L, is unchanged and the viscosities still follow from
Eq. (53). Here T is determined from Eq. (22) as a stable positive root
of the cubic equation:** 0 = w (¢, T){SE)con/2 — 2y(T - T}).

A limitation of our current computation is the dilute-gas
approximation. It neglects collisional-transfer contributions to
transport and, crucially, cannot capture antisymmetric stresses gen-
erated by collisions at finite densities. Yet this is precisely the exper-
imentally relevant regime for most chiral systems such as crowded
biological media.”'”* '*° Extending the theory beyond the dilute
limit is thus essential to bridge this gap and identify the mechanisms
that control dense chiral transport. Notably, it would lead to the first
analytical expressions for the other odd transport coefficients, such
as 1, or .

The dense regime is also where correlations and fluctua-
tions become unavoidable, motivating a fluctuating kinetic descrip-
tion beyond the Boltzmann-Grad limit: a fluctuating Boltzmann
equation.””'*”'** Non-Gaussian corrections to the velocity distri-
bution captured by the Sonine expansion are known to violate the
fluctuation-dissipation relation for the associated noise in the fluc-
tuating Boltzmann equation and to induce memory effects in the
hydrodynamic noise.”””""" We expect these corrections to strongly
influence the fluctuating hydrodynamics of chiral particles.®

Beyond fluids, in dense regimes, chirality can also produce an
antisymmetric elastic response known as odd elasticity in amor-
phous or crystalline materials.'’! In equilibrium, hard-disk systems
can be systematically coarse-grained to derive a hydrodynamic
description of a crystal.'”” Carrying out an analogous program for
active chiral crystals would be particularly timely, as these systems
display a rich set of instabilities that depend sensitively on transport
coefficients and elastic moduli.”

More broadly, while we focused on the self-diffusivity of a
tagged particle identical to the bath constituents, an immediate
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extension is to consider a geometrically complex tracer immersed in
a bath of chiral colliders.””*” By tuning the tracer shape, one can
implement symmetry breaking in a controlled way and generate a
hierarchy of nonequilibrium transport effects, from granular-ratchet
drift'""""* to autonomous rotation." '

Finally, extending these calculations to 3D is natural, but
the symmetry constraints are qualitatively different from 2D.*"'**
In a fully isotropic 3D fluid, an odd viscosity is forbidden—no
fourth-rank isotropic tensor can be built from a single &;—and
the torque density 7y = g;11;/2 is a pseudovector that must van-
ish by isotropy. Odd viscosity and a nonzero T become possible
only if isotropy is broken by a distinguished axis £ (e.g., select-
ing the plane of transverse kicks A), in which case one may write
113»‘,3? = no(sikm@m(Sjl + ejkm@m(?il) and 7 = 72. In principle, the addi-
tional contractions enabled by £ even allow for a richer set of
transport coefficients than in 2D.

SUPPLEMENTARY MATERIAL

A Python notebook is provided as supplementary material to
automatically evaluate all integrals encountered in this work.
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APPENDIX A: NUMERICAL MEASUREMENT
OF TRANSPORT COEFFICIENTS

1. Stress and heat current in event-driven molecular
dynamics

The stress and heat current are generically given by a kinetic
part plus an impulsive collisional contribution. For hard-disks with
instantaneous collisions, their microscopic expressions read'*’

ARTICLE pubs.aip.org/aipl/jcp

I(t) = _gzl calt) ® ca(t)

(4 N col
+ FaZ(;ja,,cﬁ(t) ® Ia/g(t)é(t— taﬁ“),

(ORS00

- L%Zﬁ [Ls(t) - Ca,;(t)]&a,;(t)zS(t— t;‘;“), (A1)

where ¢y = vo — (v), Cop= (cu+¢g)/2, and Iog is the impulse
transferred during the collision between af, I = m(v;—va)
= —m('u;; - 'U’g).

Transport coefficients are often expressed through
Green-Kubo formulas with time integrals of current autocor-
relations. However, the instantaneous microscopic currents contain
impulsive collisional contributions, which would never be sampled
via instantaneous measurement in the simulations, and only the
kinetic term would be retained. Moreover, in driven, nonequilib-
rium steady states, Green-Kubo relations are not guaranteed to
hold in their equilibrium form.'* We therefore avoid this route
whenever an alternative, more direct evaluation is available.

2. Viscosities

The viscosities are measured under a controlled simple shear
rate y imposed via Lees-Edwards boundary conditions'*! in a box of
size Ly x L, where the periodic images above and below the simula-
tion cell slide along % with velocities +yL,/2 (equivalently, a relative
velocity yL, between the top and bottom images). This introduces a
time-dependent shear offset 0x(t) = ytL, between adjacent replicas.
Accordingly, when a particle crosses the top or bottom boundary,
its position is remapped as y — y ¥ L, together with an affine shift
x = x F 0x(t) (mod Ly).

Following Egs. (4), such boundary conditions impose a shear
profile

u(y) = jy3, (A2)
which implies
Oyux =, Oxuix = Oxtty = Oyuy = 0. (A3)
Using Eq. (7), we find
s = (I ;ynm, o = (Hxxz—y Hyy>. (Ad)

Since (IT) can be computed using a time average, the singular con-
tributions of the collisions to the instantaneous stress are smoothed
out to simple jumps in values.'*?

A drawback of this approach is that the range of y over which
the response is truly linear is not known a priori. In practice, we
had to use an extremely low shear rate, oj/A = 2 x 107°, because at
larger values we observed a pronounced j dependence of 7,. Beyond
genuine nonlinearities, this sensitivity may also reflect the fact that
even a nonchiral fluid under shear develops a nonzero normal-stress
difference Il — IT,. This term is typically neglected since in lin-
ear theories it appears only at Burnett order,’”” O(V?), but the
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small magnitude of 7, (despite entering already at Navier-Stokes
order) likely makes it comparable to this Burnett-level contribution
unless j is taken extremely small. We note that 77, could be accurately
measured with a/A ~ O(107°) for all our densities.

The viscosities are measured in systems of N = 1000 parti-
cles for a time 1.3 x 10° < tA/o < 5 x 10° with between 5 and 50
independent realizations.

3. Conductivities

It is possible to measure the thermal conductivities by impos-
ing a thermal gradient. However, a gradient generated by fixing T
at two slabs (e.g., via a Miiller-Plathe scheme'**) is screened by
bulk relaxation due to energy non-conservation during collision.
Therefore, it is easier to impose the thermal gradient by directly
fixing the temperature T(x) ~ mA®(x)/(1 — &) at each point by
varying A with x. For example, we can ask that the temperature pro-
file have a triangular shape: T(x) = To + 8T/2 - 28T|x — Ly/2|/L«
which linearly interpolates between T(0) = T(Ly) = To — 6T/2 and
T(Lyx/2) = To + 8T/2. Such a profile is imposed by using a colli-
sion rule dependent on the positions of the two particles, 1 and 2,

with A, = \/T( (x1 +x2)/2 )(1 = &*)/m. Assuming 8T to be small
enough, OxT|y~r /4 = —OxT| 31,74 = cst and the conductivities can
be obtained by measuring the local heat current around these points.
This method works well for the regular thermal conductivity, but
not for its odd counterpart. Indeed, the largest §T we can use while
maintaining an acceptable signal-to-noise ratio still does not yield
a converged value, as a slight increase in 8T changes the extracted
odd conductivity. One possible reason is that, under periodic bound-
ary conditions, imposing a temperature gradient while enforcing
uy =0 can generate a density gradient through the requirement
of mechanical equilibrium (uniform pressure). This may contami-
nate the measurement because the resulting torque density may not
remain uniform and can therefore induce a transverse flow (u, # 0).
In addition, if we retained Sonine corrections to the local stationary
distribution so that f© were not strictly Gaussian, the heat current
would acquire an additional contribution proportional to the density
gradient,'!’

Inon—Gaussian = AVn-— /108 .vn, (AS)
which would further interfere with our determination of the thermal
conductivity. For these reasons, we adopt an alternative method to
measure this coefficient.

As previously described, the measurement of the instantaneous
heat current is impossible for discontinuous potentials due to the
singular terms arising in its expression. The typical method to
circumvent this problem involves the use of Helfand moments'*®
related to the time integral of J, which smooths out the singular
contributions. However, no Helfand relation is available for the
odd thermal conductivity, and we have to rely on the standard
Green-Kubo expression'*®

5 ©@

f (T()Jy(0) = I, (£)]:(0))dt. (A6)

0

In practice, since J(t) contains impulsive contributions, we evalu-
ate the correlator using the time-averaged current over a finite small

ARTICLE pubs.aip.org/aipl/jcp

bin At, J(t) = At_lftHArI(t')dt', and compute Eq. (A6) with J - J.
This binning is less problematic for x, than for x (if we were to use
a standard Green-Kubo for the latter), since the singular term'*’
(J:(t)J;(0)) o< 8(0) cancels under antisymmetrization.

We see systematic discrepancies between the measurements
and the theory for the thermal conductivities. Such discrepan-
cies also appeared when we tried to evaluate the viscosities using
Green-Kubo relations (with or without using Helfand moments).
We also verified that no such strong discrepancies appeared in pure
equilibrium hard disks for the regular thermal conductivity. This
suggests that the issue is not the treatment of impulsive currents per
se, but rather the limited applicability of equilibrium Green-Kubo
relations in this nonequilibrium steady state."*”'** We also note that
using n(|T(q — 0)|*) instead of T* [with T(q) the Fourier trans-
form of T(r)] in the denominator, as suggested by Ref. 146, does
not improve the result.

The regular thermal conductivity is measured in systems with
8T/mA* =2 x 107, N = 10000, and Ly = 3L, for a time 2.5 x 10°
<tAJo<4x10°.

The odd thermal conductivity is measured in systems of
N =2000 particles where the autocorrelations are computed each
dtAJo = 1 over a window of tA/o = 2 x 10° and averaged over ten
independent realizations.

4, Self-diffusivities

The ordinary and odd self-diffusivities are obtained from the
velocity-displacement correlations introduced in Ref. 29,

D= 1im L) = x(0))v:(0) + ((2) = 7(0))1,(0))

>

t—o0 2
b = 1 (GO =5(0)5,0) - () = y0)a(0)) 7
t—oo 2

Unlike stress or heat current autocorrelations in hard-particle sys-
tems, these estimators are free of impulsive singularities and can be
evaluated directly without special regularization.

The diffusivities are measured in systems of N =200 parti-
cles where the autocorrelations are computed each dtA/o = 10 over
a window of tA/o = 0.5 x 10° and averaged over ten independent
realizations.

APPENDIX B: SONINE EXPANSION FOR THE
HOMOGENEOUS SOLUTION

The homogeneous distribution f(v) must be obtained from
the stationary Boltzmann equation

J(vlf,f)=0. (B1)

Using Eq. (18), the stationarity condition J(v|f,f) =0 follows
from a global balance between loss and gain terms. It is easier to
check for the more restrictive pointwise (effective) detailed balance,

ff@)) = f(v1)f (v2). (B2)

At equilibrium, @ — 1 and A — 0; such a relation is exactly satis-
fied by a Gaussian. We can try to see how far away we are from the
Gaussian in our case,
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G G "2 "2 2 2
+ J— —
oczf (v1)f"(v2) _ Zexp(vl vy — V] v2)

I CHTECH 2T/m
-2 _q A N2
:oc2 exp (‘X )('012 0'12)
2T/m
ZAZ +2A’U12 6’{'2
_—= B
2T /m (B3)

The right-hand side must approach 1 if a Gaussian is a solution.
In the limit « - 1 and A — 0, since collisions conserve energy,
the Gaussian is exactly a solution. In the case a + 1 and A #0,
a Gaussian typically does not satisfy Eq. (B1). However, we saw
that T = mA?/(1 - &*) and since v1; ~ O(V/T), the two terms pro-
portional to A and A* become negligible in the limit a — 1 since
T oc (1-a?)™" - oo. Similarly, the term proportional to a2 -1
vanishes in this limit, leaving

G G
LA
asl” fO(v1) fO(v2)

Therefore, a Gaussian is a solution in the limit « — 1 because the
energy increments of A at collision are negligible with respect to the
system temperature T.

We now compute perturbative corrections to f° around & — 1
using a Sonine expansion®

f(0) = ) (1 +ar$i(v*) + @S (v?) +---),  (BS)

where the Sonine polynomials S, are orthogonal to each other with
respect to the Gaussian weight. In 2D, we notably have

(B4)

Sl(vz) =1- 'vz/v%, Sz('vz) =1- sz/v% + v4/(2v§1~), (B6)

with vy = \/2T/m. The temperature definition T = 2 [v’f(v)dv
imposes a; =0 since [v’f(v*)dv =2nT(1-a;)/m, while the
remaining non-trivial coefficients follow from the requirement that
f satisfy Eq. (B1).
Multiplying Eq. (B1) by v% and integrating yields moment
constraints,
Y . .
/UZPJ(U|f,f)dU = 7)( f@)(—vu . 0'12)|’012 . 0'12\
(o) + (w) — v~ v¥)
x f(v1)f(v2)dvdv,dé,
=0. (B7)

Evaluating these integrals with the method presented in
Appendix C 2 (see also the supplementary material) and truncating
at a, gives, forp = 1,

2 2
mA”+ 30 - a)T +31(61 DT o@)-0, (B8)

(1-a")T-mA* +a,
and, forp =2,

(mA*[mA® + T(2a° +7)] + T (¢" 1) (20 +7))

- %(Tz(l + @) (306 (a — 1) + 177a — 209)

- mA*[mA® - T(6a” +29)]) + O(a3) = 0. (BY)
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Solving these two equations determines T (&, mA*) and a, (o, mA*)
at this order, leading to the theoretical prediction given in Fig. 5.
The solution is density-independent because the sole density depen-
dence enters through y, which reduces to a constant prefactor in J
for homogeneous states.

Other closures are possible (e.g., using p = 1 and p = 3 to get a,
and T), but lower-order moments typically provide the most robust
truncation.

APPENDIX C: CHAPMAN-ENSKOG METHODS

1. Derivation of the hydrodynamic equations

To derive the hydrodynamics equations for n, u, and T
[Egs. (4)], we start from the Boltzmann-Enskog equation (14),

O f(r,v,t) +v-Vf(r,v,t)= J(r,v|f,f). (C1)

For any test function A(v), multiplying by A and integrating over v
gives

&fAfd’u+V-/A’ufdv=[Ajdv. ()

Density—With A = 1, mass conservation by collisions implies
fjdv =0and (C2) yields

O+ V- (nu) =0, (C3)

corresponding to the continuity equation (4a).
Momentum—With A = mwv, Eq. (C2) gives

at(mnu)+v-(mf'u®'ufdv)=m['ujd'u. (C4)

Writing v = u + ¢ and defining the kinetic stress IT" = —m [ ¢ ®

cfdv and its collisional counterpart I via v - 1 = v Jdv,
one obtains

1 .
Om+u-Vu= %V NG 1S (C5)

The collisional stress stems from collisional momentum transfer
over the contact displacement, even though each collision locally
conserves mwv. In the dilute limit used in the main text, collisions
are treated as occurring at the same point, so this contribution is
neglected. We also note that II"®™ and IT"*° both get kinetic and
collisional contributions.

Temperature—With A = mc®/2, Eq. (C2) yields

HT+u-VT = %(1’[:Vu—V-(Ikm+I°°H))+8T, (C6)

with J" = m [ Pefdv/2 and -V -J" + ndT = m [ Jdv/2. In
the homogeneous state, ] =0 and u = 0, and Eq. (C6) reproduces
Eq. (22).

2. Kinetic integrals

We repeatedly encounter matrix elements of the linearized
collision operator of the form
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@(r”) el = [o(e) Llyiende
:Xaf@)(—clz'?712)|Clz'f’12|5¢
xy(e2)f O (1) f (e2)derderdérs, (C7)
for any ¢ and y, and where
89 = 9(ch) + $(h) - (er) - 9(e2), (C8)

is the change of any quantity ¢(c1) + ¢(c2) at collision.
These integrals simplify in center-of-mass C = (¢, + ¢)/2 and
relative ¢12 = ¢ — ¢2. Using the collision rule (1),

1
a=C+ 5612,

1
=C- 5612,

1 1+« (©9)
& =C+ 5612 - (c12 - 612)612 — Ab1,
+a

1 A\ A A
C;=C—Eclz+ (C12-0'12)0'12+A0'f2.
The integrals are Gaussian and evaluated with SymPy®’ in the
supplementary material by fixing

Ci2 = s N 6'2 Cf)S (\P) 5 C= Cx . (CIO)

0 sin (W) (0¥
As an example, we analytically calculate the integral w(SE)con
= O'Xl’l_l f@(—’vlz . (A712)|’l)12 . 6’12|6Ef(’l)2)f(’01)dé’lzd’vld’vz, given
in Eq. (22), which has the form of the previously discussed inte-

gral. We proceed by performing the change of variables in Egs. (C9),
which leads to

f(v)f(v2) = (%)2 exp (—mTCZ)eXp(—mC%Z). (C11)

4T

Then, using the parameterization Eq. (C10) yields

oy [ mn \?
W(OE)eon = ZX(ZTT) J(=cos (w))s cos ()
x 8Ee"C 1T oM 1T pyr s, (C12)

By direct computation, we obtain 8E = mA? — mAs sin(¥) — m
(1 - a?)s* cos(¥)?/4. The term sin(¥) integrates to 0, while

3n/2

T 37 -
f cosVa¥ = -2, fs4e “Szds = %a 5/2,
/2 0
N (C13)
4 _ _
/ cos’Wd¥ = -3 /sze as’ ds = ?a 3/2,
/2 0

with a = m/(4T). Putting everything together yields

W(OE)con = Zﬁxan\/Z[mAz -(1- aZ)T]. (C14)
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3. Viscosities

For the viscosities, we need to compute

Ly =Los = ((f("))le,-j, C[Dz-j]>»

0 (C15)
LHJ- = _LJ-H = <(f(0)) Dij, £|:DZJ]':|>
Using Eq. (C7), this gives
i =x0 [0(-en#)(-ei-6)f e)f (e
X Dij(Cz)(S(Dij)dquzdﬁ',
Ly =10 [0(-c ) (-2 6)f (e f O (e2)
X D,‘lj(Cz)(S(Dij)dquzdéi (C16)
After some algebra and using Eq. (C8), we find
Dij(c2)d(Dy;
J(Czn)qz( J) _ (c; _62)2 + (C;_Cz)z _ (C1 _Cz)z
1
—(e2-62)* - Ec%é(cz), (C17)

DUEDIDD _ (ot ) er- ) + (6 - h) )

with ¢" =& - c. After inserting Eq. (C9) and carrying out the
Gaussian integrations, we obtain (see the supplementary material)

[T ( mA?
L”H :—XOI’IZTZ %(mT+(1+OC)(7—3(X)), (C18)

Ly, = 2myon’ T°A(1 - ).
From Eq. (53), we have
L
pe = P o
L+ L
Ls
2 2
L+ L

(C19)
Ho = an’T’

After replacing L and L, by their values and replacing T by
its steady-state value, we recover the main text result Eqgs. (54).
We also note that the odd-viscosity

3 8myon*T°

Al —«a), C20
Lﬁn“\zu( : (20

vanishes in the limit & — 1, even before setting T to its steady-state
value, as argued in the main text.

4, Thermal conductivities

Similarly to the viscosity calculation, the thermal sector
requires the matrix elements,

Mag = ((f@))’lAf“), E[Afﬂ)]>, wBe{li},  (C21)
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with A,.( D'z A;and AI.(L) = A} Projecting the thermal part of Eq. (42)
onto {A, A"} gives

1 4nT3/m (M ML Ao
T( 0 )_(ML M)\ Ay ) (22

where we used (A;, 4;) = (2nT?/m)d;; and (A}, A;) = 0. The inver-
sion yields

41’lT2 M Il

2
1 4nT MHl
2 2 -
moMj ML

2 2
moMjp ML

Ao = (C23)

The matrix elements follow from the kinetic integral (C7) with
integrands,

Ai(e2)8(Ai) _
m/2

2
(% —ZT)[CiZ(Cz-CS) +¢5(e2-63)

—ci(ea)-ale-o)l

A+ (6)8(A; mc?
7 (’121)/2( ) _ (Tz —ZT)[ciz(cjc;) +c7(cr - ¢h)

—ci(es-a)-a(e - cz)]. (C24)

Upon integration, we obtain (see the supplementary material)

VAT yno
2

My, = myorn’ T°A(1 - &) /m.

My = - (T(1+a)(19 - 15a) - 3mA°),

(C25)

To relate M to the conductivities, we use the heat current

J= % fcch(c)dc

= ,u% fcch(o)(c)(A0A+ AgA*)-vTde

2nT? 2nT?
=,u( LR TY P Ags)VT, (C26)
m m
so that
2nT? 2nT?
K=— " Ao, Ko = " As. (C27)
m m

Substituting Eq. (C23) and the steady-state temperature yields

_ 16A](1+ @) (4~ 3)

) (C28)
Vo 1-aQ(a)
8A(1-a)
0= —————, C29
“ 7 @ ©
with Q(«) a positive polynomial over 0 < a < 1,
Q(a) = (1 - )’ (1 - a®) + 4(1 + a)*(4 - 3)”. (C30)
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5. Self-diffusion coefficient

We compute the regular self-diffusivity D and its odd counter-
part D, from the Boltzmann-Lorentz equation for a tracer following
Ref. 60,

Ofs(rv,t) +v-Vfi(nv,t) = T (r,0|fs, f5),  (C31)

where f3 = £ is a fixed homogeneous Gaussian and only f; evolves
with time. The tracer density ns(r,t) = [ fi(r,v,t)dv obeys
Oms=-V-J,, Js=-DVns—D,(e-V)ns (C32)

We use a Chapman-Enskog expansion with, for convenience, a
slightly modified ansatz relative to the main text

fi(tw.t) = fOTn(e. )]+ uf O ns(x 1)|v]. (C33)

Since tracer and bath particles are identical, their homogeneous
distribution must be the same,

Qe —”S(: 2 fa, (C34)

where n = (N — 1)/L* ~ N/L? is the global bath number density. At
order u', the Boltzmann-Lorentz equation reads

350)1(5(1) +3t(1)f5(0) ‘- st(o) _ jdilutE(fB,fs(l)). (C35)

In the steady state 8fo)fs(l) =0, and since dn; = O(V?) we also
have 8}1) f © -y, yielding

%('U'Vns)fB _ jdﬂme(f3>fs(l))- (C36)

By linearity of 7%"¢(f3,---), we seek a solution of the form

M = (B(v)v - Vn, + B (v)v* - vay) fa(v), (C37)

with v* =& - v. We assume again B(v) =By and B*(v) = Bj.
Therefore, we must solve

1 ilute ilute
;fB’U =By jdll t (fB,fB'U) + B(J)' jdl ¢ (fB,fB’UL). (C38)

Projecting onto {v, v*} yields

1(2nT/m):(NII NL)(BO), (C39)
2\ o =Ny Ny J\Bg

with (see the supplementary material)
dil
Npj = fv' T (fb, frv)dv

= 2\/n(T/m)’yn*o(1 + @),
Nj, = fv_ jdilutE(fB’vai)dv
B ﬂaxnzTA

(C40)
m
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We now relate By and Bj to the diffusivities via J, = [ fidw,
Ji=u f'va('v)(Bo'u +Byv') - Vndv
= y%(BOI - Bye) - Vn.. (C41)
By identifying with Eq. (C32), we obtain
D= —%Bg, D, = ﬂBé. (C42)

Inverting Eq. (C39) and using the steady state temperature Eq. (24)
yields

V7ol noA
D= —F——r, =, (C43)
oxV'1 - a*R(a)  2¢x(1+ a)R(a)
with R(«) a strictly positive polynomial over 0 < a < 1,
R(a) =41+ a) + (1 - a). (C44)
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