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We show that long-wavelength interfacial fluctuations are strongly suppressed in nonequilibrium phase
coexistence between bulk hyperuniform systems. Using simulations of three distinct microscopic models,
we demonstrate that hyperuniform interfaces are much smoother than equilibrium ones, with a universal
reduction of height fluctuations at large scale. We derive a nonequilibrium interface equation from the field
theory of the bulk order parameter, and predict a reduction in height fluctuations, S, (k) = (|h(k)|?) ~ |k|~!,

in stark contrast to equilibrium capillary wave theory where S, (k) ~ |k|=2. Our results establish a new
universality class for nonequilibrium interfaces, highlighting the fundamental role of suppressed bulk
fluctuations in shaping interfacial dynamics far from equilibrium.
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Interfaces and phase separations are fundamental phe-
nomena driving the organization and dynamics of matter
across scales, from soft condensed matter systems [1-4] to
complex biological assemblies [5-9] or granular systems
[10—14]. These processes regulate the behavior of systems
where distinct phases coexist and interact, often leading to
intricate interfacial dynamics [15] possibly shaping the
geometry and controlling the physics of complex materials.

An equilibrium interface in a phase-separated system
obeys capillary wave theory, with a Hamiltonian on large
scales given by the excess area of the fluctuating interface
[2]: H[h] = yk*h(k)/2, where h(k) is the Fourier transform
of the interface height and y the surface tension. By
equipartition, the resulting static height correlations obey
Sy(k) = (|h(k)|*) = kgT|k|/y, with T the temperature,
and diverges as |k|™2, a signature of massless Goldstone
modes associated with broken continuous translational
symmetry [16], in analogy with vibrational dynamics in
crystals [17].

In contrast, nonequilibrium systems can exhibit quali-
tatively different interfacial behavior. While growing inter-
faces—such as those described by the Kardar-Parisi-Zhang
equation—are well-studied examples [15], we focus
instead on phase-separated systems with stable, nongrow-
ing interfaces. In this case, the interface is driven by the
nonequilibrium nature of the bulk phases that coexist. This
can arise through external driving, such as boundary
forcing [18-20] or shear [21,22], leading to phenomena
including traveling waves [23], reduced surface tension
[22,24], and interfacial instabilities [2].

Internally driven systems—such as active matter—
offer further richness. These can sustain novel interfacial
dynamics, including persistent traveling modes [25-27]
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and instabilities [28,29]. A vast majority of experimental
and numerical investigations of stable interfaces in
active and granular matter report S,(k)~ |k|72, in
agreement with capillary wave theory, albeit with
an effective surface tension and temperature [30-36]
that account for the deviations from equilibrium.
Recently, scalar active interfaces have been theoretically
predicted to exhibit scaling laws distinct from equilib-
rium capillary behavior [37,38], with some numerical
support [39].

Unlike many active systems, whose bulk and interfacial
large-scale properties often resemble equilibrium behavior
[40], non-equilibrium hyperuniform systems constitute a
distinct class of matter characterized by anomalous fluc-
tuations that defy equilibrium expectations [41,42]. Found
in diverse contexts such as optimization problems in
nature [43-45], driven colloids [46] or cosmology [47],
these systems are of wide interest for their potential to
form materials with novel physical properties [48,49].
Hyperuniformity is defined by the suppression of long-
wavelength bulk density fluctuations Sp(k), with a vanish-
ing bulk structure factor, S,(k) = (|5p(k)[*), at small k
[50]. Such behavior is forbidden in equilibrium systems
with short-range interactions at finite temperature, where
instead S,(k) converges to a finite value [41].

Here we study the statistical properties of the interface in
phase coexistence between nonequilibrium hyperuniform
systems. We construct and analyze three distinct micro-
scopic models and observe that bulk hyperuniformity is
inherited by the interface, which displays suppressed height
fluctuations at large scale. We derive an interface equation
that explains the observed behavior, which can be sum-
marized as

© 2025 American Physical Society
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FIG. 1. Binary-mixture with active collisions. (a) Snapshot of a fully phase-separated AB mixture evolving under equilibrium
Langevin dynamics with a square well potential interaction. The parameters are T/U = —0.8, 6, /0 = 1.6, m(eT')?/T = 0.075,
Nro? /(4L «Ly) =0.55,and L, = 1.81L,, where T is the kinetic energy of the system per particle. (b) Snapshot for the nonequilibrium
system governed by Eqgs. (2) and (3) with attraction. All parameters are identical to those in the equilibrium case without thermostat, and
AFE is chosen to match the kinetic energy of the equilibrium system. (c) Interface static height correlation functions for the two cases.
(d) Radially averaged structure factors in the bulk. (¢) Time evolution of W? for various system size for both models starting from a flat
initial interface, averaged between 80 and 900 independent realizations. (f) Time to reach steady state 7 as a function of the short box

length L = L, for the systems in ().

t— ocoandLlarge | Wi, w3,  S,k)
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with W2(t) = ([{(h(r, 1)) — h(r, t)]?), the interface squared
mean width. More generally, scale-free interfaces are
characterized by two critical exponents which can be
measured by starting from a flat interface at t =0 in
systems of linear size L [2]:

W2(t) ~ {sz

t2}(/z

if t = o0

Sy (k) ~ k== (1)

if L > o0

The dynamical exponent z is equivalently obtained from
the relaxation time to the steady state, (L)~ L*.
Hyperuniform interfaces then display a suppression of
height fluctuation from |k|=2 to |k|~!, and a reduction of
the roughness exponent y from (2 —d)/2 to (1 —d)/2.
We have numerically measured these reduced interface
fluctuations for three distinct hyperuniform phase separated
models with one-dimensional interfaces. A first mechanism
to produce bulk hyperuniformity is to locally inject energy
through nonequilibrium momentum-conserving collisions
combined with global dissipation via viscous damping [42].
This provides a robust framework for the spontaneous
emergence of bulk hyperuniformity in nonequilibrium
fluids [51]. We consider a system of hard disks of mass
m and diameter 0. When two particles i and j collide, they
undergo a momentum-conserving collision accompanied

by a constant energy increment AE > 0:
v+, = v + v,

%m(vﬁz +v}?) = %m(vl2 +v3) 4+ AE, (2)
where v} and v; are the post- and precollisional velocities
of the particle i, respectively. Particles are subject to a
viscous damping I" during their free flight:
v(t) = v(0)e". (3)
In the model defined by Eqgs. (2) and (3), phonons cannot
propagate and the system becomes hyperuniform [52,53].
To induce phase separation and create a nonequilibrium
interface, we introduce attractive interactions in addition to
the non-equilibrium energy injecting collisions. We use a
binary mixture with particles of types A and B, with
attractive AA and BB interactions, but no attraction for
AB. As in equilibrium, this results in a liquid-liquid
phase separation at large enough attraction [54]. The
attraction is modeled as a square potential with depth U
and width ;. This model system can be regarded an
idealization of a weakly cohesive quasi-2D vibrated granu-
lar gas. We will compare this system to an equilibrium one
in which collisions are elastic, AE = 0, and an uncorrelated
Gaussian white noise with variance 2I'T is added to
thermalize the system.
We perform event-driven molecular dynamics simula-
tions [55] of both equilibrium and non-equilibrium systems
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in a two-dimensional system of N particles in an elongated
periodic box with L, < L,, using a 50:50 ratio of A and B
particles. We operate away from the critical point, deep in the
phase coexistence region. As shown in Figs. 1(a) and 1(b),
the interface separating the two phases in the equilibrium
system appears rougher than in the nonequilibrium system,
despite the bulk phases in both cases being tuned to have the
same average kinetic energy. This visual difference is
quantified by the static height correlation S, in Fig. 1(c).
The equilibrium system exhibits the expected |[k|=> diver-
gence, characteristic of thermal fluctuations. Instead, the
interface separating the hyperuniform bulk fluids shows
strongly suppressed fluctuations at large scale, compatible
with a smaller |k|~! divergence. We confirm in Fig. 1(d) that
the bulk of each phase in the non-equilibrium phase
separated system remains hyperuniform, even in the pres-
ence of attractive interactions. Figure 1(e) shows the time
evolution of W2(t) in both models for different system sizes
starting from a flat interface at t = 0. At equilibrium, as
expected, we measure W2 ~ r24/% with z = 3 [2] for times
before the saturation to a system size dependent plateau. For
the hyperuniform system, however, the growth appears
logarithmic as y = 0 and we cannot directly extract z from
W?2(t). Instead, we can use the equilibration time 7y (L) ~ L*
as demonstrated in Fig. 1(f), and the results are compatible
with z = 3.

To verify the universality of our findings, we now
consider a second class of hyperuniform models: random
organization models. These models originated from the
study of sheared colloids and represent perhaps the simplest
framework for generating hyperuniform states. We study
two variants in two dimensions [17,46,56,57]. The system
consists of N particles in a square box of side L with
periodic boundary conditions, using again a 50:50 binary
mixture with two types of particles. To introduce attractive
interactions, we generalize the original dynamic rule as
follows. At each discrete time step ¢, particle pairs (i, j)
interact based on their pairwise distance r;; via two
interaction ranges o, and o, > oy. If r;; <oy, particles
undergo a repulsive displacement along the axis connecting
the two centers, as in the original model. If r;; < 6, and
particles (i, j) belong to the same species, they undergo an
attractive displacement along the axis connecting their
centers. During a collision, the amplitude of the resulting
displacement is drawn randomly from uniform distribu-
tions in the intervals [0, ¢;] and [0, ¢,], respectively.

In the conserved biased random organization model
(CBRO), the displacement amplitudes are the same for
the two interacting particles, so that the position of the
center of mass is conserved [17,58]. This conservation law
is the source of the bulk hyperuniformity. To assess the role
of hyperuniformity on the interfacial dynamics, we also
study the biased random organization model (BRO), where
the displacement amplitudes of the two interacting particles
are independent [59]. This second model displays equili-
briumlike density fluctuations and is not hyperuniform.
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FIG. 2. Random organization models. (a),(b) Snapshots of a
phase-separated mixtures evolving under BRO (a) and CBRO
(b) dynamics. The parameters are o,/0, = 1.4, €,/0;, = 0.5,
€,/0, = 0.1, N = 5 x 10*, L = 25606,. (c) Interface static height
correlation functions. (d) Radially averaged structure factors in
the bulk. Results are averaged over 20 independent realizations.

The snapshots in Figs. 2(a) and 2(b) show that the
interface in the BRO model displays significantly more
pronounced fluctuations compared to the CBRO model,
where the interface appears nearly flat. The visual differ-
ence is quantitatively supported by the static height
correlation S, (k) in Fig. 2(c), where the BRO model shows
a |k|~? scaling, consistent with equilibriumlike fluctuations,
whereas the CBRO model displays a milder divergence,
again compatible with |k|~!. Finally, Fig. 2(d) confirms the
different nature of the density fluctuations in the bulk for
the two models, even when attraction is present.

Our third model starts from Egs. (2) and (3) in a
monocomponent system instead of a bidisperse one, but
promotes AF to a function of the time elapsed since the last
collision, effectively linking activity to the local density.
Specifically, after a collision, particles undergo a recharg-
ing period before they can again transfer significant energy
in subsequent collisions, so that less energy is injected in
regions where collisions are more frequent. This may
trigger a phase separation without attractive forces [60],
in analogy with motility induced phase separation in active
matter [61]. Inspired by a model for vibrated granular
materials, we choose [60]

AE =28Ey+ 6E(1 —e™/")/ + SE(1 —e™/™)P (4)

with z; the time since the last collision of particle i, 7z, a
charging time, and 3 controlling the form of the recharging
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FIG. 3. Monocomponent system. (a) Snapshot with particles

colored by velocity magnitude. (b) Probability distribution
of height displacement /. The dashed line is a Gaussian fit.
Inset: enlargement of the distribution tail to reveal the asymmetry
of the distribution with measured skewness k3 ~0.045 and
excess kurtosis x4 ~0.031 for this system size. (c) Structure
factor of bulk coexisting liquid and gas phases. (d) Static
height correlation. Parameters are SE/SE, = 2 x 10°, g = 10,
7,I'=0.2, S6Ey/m(ol)* =10/36, L, =181L, =3830, and
Nro?/(4L,L,) = 0.31.

function. The energy injected in a collision varies between
26E, and 20E + 26E.

Figure 3(a) shows a typical snapshot of this model, with
particles colored according to their velocities, demonstrating
a phase separation between a dense phase with low kinetic
energy, and a dilute phase with large velocities, consistent
with underdamped nonequilibrium dynamics [11,62-64].
The difference in kinetic energy breaks the 7 — —h sym-
metry of the interface, as evidenced in Fig. 3(b) showing that
the height density distribution P(h) is biased towards the
dilute phase. Figure 3(c) confirms that both phases maintain
hyperuniformity. Figure 3(d) demonstrates our main result:
the nonequilibrium interface exhibits suppressed fluctua-
tions compatible with S, (k) ~ |k|~!.

To explain the observed universal suppression of inter-
facial fluctuations, S,(k) ~ |k|~!, in the three proposed
models, we consider a coarse-grained equation for the
dynamics of a conserved scalar order parameter ¢(r,1),
representing either the local concentration (liquid-liquid) or
the local density (liquid-gas). We generalize the linear
model from Ref. [58] to account for phase separation in
center-of-mass conserving systems:

oF

0, = MV? 5 +V2DV?¢,
SF
T —Ad + AP® — kV2h, (5)

where F|[¢] is a free energy allowing for phase separation
at ¢ =41 [65], k>0 adds cost to gradients, and
A, M, D > 0 are positive parameters and £ is a random
noise with zero mean and unit variance. Unlike equilibrium
model B with noise term V-mn (conserving density but
not center-of-mass), the noise V¢ preserves the position of
the center of mass [66]. Equation (5) can be derived from
the Navier-Stokes equations governing the density and
velocity fields of the monocomponent system described by
Egs. (2)—(4) (see Supplemental Material [67]). For the other
two models, involving binary mixtures, we assume Eq. (5)
still applies when the system is fully phase separated, thus
neglecting interspecies diffusion. The binary mixture with
damped velocity can also be described by an incompress-
ible hydrodynamic equation instead of Eq. (5), from which
all the results presented below can likewise be derived, as
shown in the Supplemental Material [67]. In the linear
regime, Eq. (5) correctly predicts bulk hyperuniformity,
S, (k) k|? [58].

To derive an equation for the interface, we make the
standard ansatz [21]

¢(r.t) = flro = h(ry. 1), (6)

where r and ry| are the axis orthogonal and parallel to the
interface, respectively. The function f(x) varies sharply at
the interface position, x = 0. This ansatz projects the
dynamics onto the interface /. By substituting Eq. (6) into
Eq. (5) and retaining only leading-order contributions, we
obtain (see Supplemental Material [67]) an equation for the
interface dynamics:

2
otk 1) = =" P, 1) 4" c(k 1), ()

where { is a white noise with zero mean and unit variance,
and yo =« [ f'(r)?dr, the surface tension [2]. At equi-
librium, the noise term in Eq. (7) would be proportional to
\/W(: . This crucial difference in k factors arises from the
difference between the equilibrium divergence noise and
the nonequilibrium rather Laplacian noise. Equation (7)
shows that nonequilibrium dynamics suppresses the
height fluctuations leading to y = (1 —d)/2 [instead of
x = (2—d)/2 at equilibrium], so that

D

Sp(k) = Mk

k[~ (8)

This distinctive |k|~' dependence, successfully observed
across our three microscopic models, constitutes our main
result. It shows that interface fluctuations between phase-
separated hyperuniform phases are themselves strongly
suppressed, thus leading to the concept of “hyperuniform
interfaces” that are much flatter than their equilibrium
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counterparts [81]. For the dynamical exponent, we find
z =3, in agreement with Fig. 1.

Finally, we discuss the influence of additional non-
equilibrium effects. In Eq. (5), nonequilibrium effects arise
solely from the noise, while the deterministic part derives
from a free energy. A nonequilibrium deterministic term in
the order parameter equation would break the h — —h
symmetry in the resulting interface equation [37]. The
asymmetric distribution of 4 observed in Fig. 3 suggests the
presence of such a term. The renormalization group
analysis performed in the Supplemental Material [67]
shows that this contribution is at most RG-marginal in
d =1, leading only to minor logarithmic corrections
leaving the scaling behavior of S, predicted by the linear
theory in Eq. (7) unchanged. The marginality of the
nonlinearity can also account for the weakness of the
observed non-Gaussianity of P(h) in Fig. 3(b).

In summary, we have identified a new universality class for
interfacial behavior driven by bulk hyperuniformity. Our
simulations of three physically distinct models, inspired by
vibrated granular media, sheared colloidal suspensions, and
active systems with trapping mechanisms, consistently
revealed a strong suppression of interfacial fluctuations, a
result supported by our theoretical analysis. This shared
feature should lead to a finite interface width in two
dimensions. This stands in contrast to the logarithmic
divergence with system size observed at equilibrium, and
lowers the lower critical dimension of the roughening
transition by one. This finding provides a new example
showing how hyperuniformity dramatically impacts the
nature of fluctuations in nonequilibrium systems. For in-
stance, it reduces the upper critical dimensions of O(N)
models [83], and enables phase transitions in low-dimen-
sional systems with N > 1, bypassing the equilibrium lower
critical dimension of 2 [84]. Likewise, it enables a breakdown
of the Mermin-Wagner theorem in two-dimensional crystals,
allowing true translational long-range order [17,52,85-89].
In all these cases, hyperuniformity efficiently suppresses the
Goldstone modes arising from broken translational sym-
metry and decreases the lower critical dimension.

Because hyperuniform interfaces appear much smoother
than equilibrium ones, this raises questions about the
corresponding surface tension and possible physical con-
sequences. Far from equilibrium, there exist multiple def-
initions of the surface tension. For example, using the
capillary wave spectrum would directly lead to a diverging
surface tension y = limy_ T|k|™>/S,(k) — oo, whereas
this expression leads to a finite value at equilibrium.
Instead, the nonequilibrium noise does not affect the surface
tension y, when using definitions based on Laplace pressure
or the Buff-Kirkwood approach [90,91]. This contrasts with
findings in active matter [28,92-94], where various novel
effects are found from all definitions.

In future work, it would be interesting to extend our
analysis to a broader range of nonequilibrium situations,

such as chiral particles [95-98], cells [89,99], or other
nonequilibrium systems [100-102]. A second avenue is to
broaden the search for peculiar interfacial effects beyond
nonequilibrium mechanisms. At equilibrium, long-range
forces generically produce hyperuniformity [103], a pecu-
liarity which also holds out of equilibrium [104,105]. How
such interactions reshape interface thermodynamics, the
existence of a surface tension and fluctuations, remains
almost entirely uncharted [106].
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I. DERIVATION OF THE MODIFIED MODEL B FROM HYDRODYNAMICS

We outline how to derive a modified model B for the density field p of a liquid-gas phase transition under non-
equilibrium driving starting from an equation taking into account hydrodynamics. We begin with the following
fluctuating compressible Navier-Stokes-Korteweg type equation with an Ekman damping I' = T'p:

dhp+ V- (pv) =0,
p(Ow+(v-Vv)=-Tvo+V-(c'+0”+0"),
ol =n(Vv+ VoT) 4+ u(V -v)l,

! ! 2 !
(0] 000", 0) =2 | (S + sy = 303300 ) + it o — )60~ ), 0
V.of = fpV(s—F,
op
F= /V(p) + g(V,o)er.

The first two equations show that p is advected by v, itself driven by stresses and damped by T. o? is a dissipative
stress arising from viscous forces with n the shear viscosity and p the bulk viscosity, o” is a random stress with
variance postulated to satisfy the fluctuation-dissipation theorem with respect to a¢ (but not with T') and o” is a
reversible stress associated with gradients of the density field. In principle, the deterministic part of Eq. (1) can be
derived from the Boltzmann equation governing the evolution of dissipative hard disks [1]. The modified Navier-
Stokes-Korteweg Eq. (1) then follows from a revised Chapman-Enskog procedure [2], in which the reversible stress is
obtained by expanding the Boltzmann equation to second order in the Knudsen number while still neglecting Burnett
corrections [3]. The temperature field is slaved to the density field and is therefore omitted in the Navier-Stokes
equation.

On large length scales (1> > n/T'), terms involving derivatives of the velocity field will be negligible compared to
Tw and the reversible stress. Therefore, Eq. (1) simplifies to:

I'op=V- (pvg) -V (V.o"). (2)
Thanks to the autocorrelation of the random stress, the noise can be written as the Laplacian of a scalar random field.
To recover an equation resembling model B, we simplify the expression p(r)V (§F/dp(r)) by replacing the density field
with a constant average density po, yielding poV (6F/dp(r)). A similar approximation transforms the multiplicative
noise—arising from the density dependence of viscosity and temperature—into additive noise by setting n(p(r)) — 1n(po)
and p(p(r)) — p(po). Although uncontrolled, especially in inhomogeneous systems, this approximation greatly
simplifies the analysis and is common in equilibrium settings. It underlies the derivation of model B and phase-field
models from more microscopic theories, such as dynamical density functional theory or the Dean-Kawasaki equation [4—
7]. At equilibrium, despite modifying the dynamics, this approximation preserves the steady-state distribution Pys[p] o
e~ Flel/T in compliance with the fluctuation-dissipation theorem and more surprisingly does not affect the universal
coarsening [8].
This simplification leads to the modified model B introduced in the main text:

op = MV2‘;—F +V2DV?,
o 3)
F= / V(o) + 50 ar,



where £ is a white Gaussian noise with unit variance, and D, M > 0 are constants. The system exhibits non-equilibrium
dynamics due to the violation of the fluctuation-dissipation theorem; instead of the equilibrium V - { noise, we find
V2¢. This Laplacian form originates from the intrinsic stress-like character of the noise. Moreover, at mesoscopic
scales, density fluctuations arise solely from collisions, which conserve both density and center-of-mass. Therefore,
the form of Eq. (3) is further justified by universality: it is the minimal stochastic extension of the Cahn—Hilliard
equation that conserves both density and center-of-mass, consistent with the underlying physical constraints.

II. DERIVATION OF THE DYNAMICS OF THE INTERFACE FOR A LIQUID-GAS PHASE
SEPARATION FROM MODIFIED MODEL B

To derive an interface equation, we start from the evolution of the order parameter:

Oip = MVZ% +V2DVZ,

F= [V + 5(9prar. ()
Vip) = Alp— p1)*(p — pg)* /4,
and use the ansatz [9]:
p(’l",t) = f(rl_ - h(’l‘”,t)), (5)

where h (7, t) denotes the interface position, r is the coordinate normal to the interface, and f describes the interfacial
profile. At mean-field level, f satisfies §F/dp = u = 0, yielding [10]:

f(w):fMF(:v):pl;pg—kpl;pgtanh(x_axo), (6)

with § oc y/#/A the interfacial width. In the sharp-interface limit, f’ is approximated by a Dirac delta of area p; — pg.
The surface tension is found from the excess free energy stored in the interface [10]: vo = & [ f'(u)?du.
Insertion of Eq. (5) into Eq. (4) leads to:

— [0eh(ry, )] f'(ri — h(ry,t)) =MV [&h" f'(r — h(r,t) — (14 (h')?) " (rL — h(r),1))

7
V' (f(re = h(ry,1)))] + V2DVZE(ry, r1 ). @

We perform the useful change of variable v =7, — h(r|,t) in Eq. (7), multiply formally by f’(u)(V?)~" (justified
by the vanishing of the deterministic part of the RHS at infinity) and integrate with respect to u:
/f ~H([0eh] ' (w)) du = / (fd\/fh"f'(u)2 — KM (1 + (h)*) f () f" (w) + MV (f(u)) f'(u)
+V2D (W(ry,71,1)) du
— [ kMH"F(? ~ VEDF (w)e(r, w, thdu -+ O((0,,€)h)
~ My Vih+ /2Dv/k(,

with ¢ a white Gaussian noise with unit variance. We now compute (—V?2)~! by defining the Green function of minus
the Laplacian: G(ry,r) for which f(z) = (-V?)"'g(z) = [ G(z — 2’)g(2')da’. Straightforward computations lead
to G(ky,rL—1') = e_|k||||”_ﬂ|/2|k” |. This simplifies the LHS of Eq. (8):

/duf’(u)(—v2)—1([at (k)] /du/dvf Glky,u - 0)f (v) [Drh(k))] = 2A|k|8t (ky) + OKD),  (9)

with Ap = p; — p, arising from the approximation f’(u) ~ Apd(u). Egs (9) and (8) lead to the interface equation in
the monocomponent liquid-gas phase separated system:

2
(k1) = —=5 Rk, 0 |20, (10)




III. DERIVATION OF THE DYNAMICS OF THE INTERFACE FOR A BINARY FLUID MIXTURE
DESCRIBED VIA A DAMPED MODEL H

We derive the interface dynamics for a conserved order parameter in the presence of hydrodynamic effects, using
Model H, appropriate for incompressible AB mixtures far from criticality.
We introduce the concentration field ¢ € [-1,1]:

) — 2Ar) ~ pi(r) )
pa(r) + pp(r)
with pa(r) and pp(r), the local densities of A and B. Its evolution is postulated to follow a modified model H:
Oic+v-Ve=-=V - (—=M(()Vu+T"),
p(Ow+(v-V)v)=-Tpv+nVv-Vp—cVu+V-a", V-v=0
(o0 (r, )op, (7, 1)) = 20T [0k 650 + 606,50 (r — )3 (t — 1), (12)
p= ‘;i; P /V(c) +5(Vepdr, V(o) = Ale—1)(c+1)/4

The first equation describes concentration evolution with advection by velocity v, and diffusion with M a mobility
and J" a random current. The second equation is the incompressible fluctuating Navier-Stokes equation with global
damping T, viscous damping nV2wv and coupling to the concentration field ¢ via the chemical potential y defined from
a free energy functional F'.

Interspecie diffusion is confined to the interface region where |¢| < 1, which in a low-temperature, phase-separated
system is negligible: —M(c)Vp + J" ~ 0. Moreover, assuming small-amplitude interfacial fluctuations [11], we
neglect both the convective term and time derivative in the velocity equation, since v relaxes quickly due to damping.
This reduces Egs. (12) to a linear Stokes equation:

V.v=0,

_ ) (13)
—Tv+nVv—-Vp=flc)=cVu+V-0o",

with T = I'p and f(c) driving the velocity field. The Stokes equation (13) is solved using a modified Oseen tensor
T(r), defined in Fourier space as T(k) which verifies:

1 k®k
k) == —
v(k) F+77k2( k?

We now derive the final equation governing the concentration field in the phase-separated system. Starting from
Eq. (12) and substituting the velocity field via the Oseen tensor from Eq. (14) (with repeated indices implying
summation), we obtain:

) F(k) = T(k) £ (K). (14)

Dy = — / Brc(r) T (' — #)sc(r’)] p(r )’ + C(r),

' (15)
() ) = 2T0,0(rV sy (r — )03 ¢ — 1),
with
T(k) = nk> Ty~ K () kok
T(k) = nk*Tr [T(k)TT (k)] = RS (]I o ) . (16)

In contrast to equilibrium systems (T’ = 0) [9] and other non-equilibrium cases [12], T # T due to the violation of the
fluctuation-dissipation theorem: the damping I' in our non-equilibrium setting lacks a corresponding noise.
In order to obtain an evolution equation for the interface, we use again the ansatz:

c(r,t) = f(rL—h(r),t)). (17)
Replacing Eq. (17) in Eq. (15), we obtain:
—(O¢h(r) f'(re — h(ry,t)) = — / [aif(m_ — h(mht))'ﬂ“ij(?“ﬂ —ry,r — )0 f(r — h(?“ﬂ,t))}
< [Rh£/0, = 1)) = (1 + (WD), = (e, 0) + V(767 = (o )] d
+ C(T\|77“J_)-



We perform again the useful change of variable u = 1 — h(7|,t), and use the standard approximations:
I

u) = f'(u )5u7
T (r)— 7w —u' —h(ry) = h(r])) =T (r) -
Clrp u+h(ry)) = ¢(r,u).

We multiply both sides of Eq. (18) by f/(u) and integrate afterward along wu:

YoOih(r))/k ~ —/ [(/ f(u, )Ty (7] r|,uu')du> f’(u',t))]
X [Rhf(l 8) 4 R(L+ ()27l 8) — VI (f ()] dr + /f C(rypu (20)

Z

T u—u'), (19)

~ 3 /Tu(rﬁ — 7, r = 0)Vih(r)dr /K + Y0 (r)) /K.
The white Gaussian noise £ has 0 average and the following correlation at lowest order:
(R, t)E( ﬁ,t’)) = 2T'ﬁ‘¢¢(k\|,n_ = 0)(27r)d6(k:“ + k"l)d(t —t), (21)

with d the dimension of the interface (i.e., the dimension of the system minus one).
We now evaluate the Oseen tensors. We recall that

1 K2
Ty (ky kL) = = 1- ,
Loy ) r+n(kz2+ki)< k2|+k3>

22
- (ki + k) K2 (22)
TJ_J_(k“ka_) = 2 2112 1- 2 2 :
(F+77(k’“ + k1)) ku + k1
A partial Fourier transform leads to:
Too(ky,re) = | ”l el — Jhgy | ———=¢" LTI
A/ 1—‘/77 + k” )
23
k2 -V f/n""il 1 (
Toy(ky,re) = Hrik Iro|+ =
AT+ 1" 0 \/F/n+k|\
Therefore, for the long-wavelength dynamics, we obtain:
k 1 1
Toi(kpre=0)= % 1 - |k3|\\f72 = E'k”‘ + O(kf),
I+ k|
(24)

- k2 \/n/T
TLL(’CH,TLZO): — 5 I 5 = 4f kﬁ+0(kﬁ)
4(I‘+k”77),/I‘/77+k:”

Using Eqgs (24) and (20), we finally obtain our final equation for the dynamics of the interface on large wavelength:

T
PN (25)

Bih(k,t) = f;—%|k|3h(k:,t) n

with ¢ a white Gaussian noise with unit variance. Compared to an equilibrium dynamics when the bulk is diffusive,
the noise is proportional to |k| instead of \/|k|.
We note that for intermediate k, an effective equilibrium is recovered as:

T, (kj,ri =0) =Ty (kj,rL=0)+0(k| %) = + O(|ky|%). (26)

4 |k\|



Therefore, the equation for the dynamics of h for large k reads:

(I, 1) = L klA(k. )+ /#‘k'g(k,t) k] > \/T/n. (27)

This results correspond to the one obtained at equilibrium when the dynamics of the interface is completely controlled
by hydrodynamics effects [9]. This is not a surprise as the dynamics of the large k modes if effectively unscreened,
and the fluctuation-dissipation theorem for these modes of the velocity field is approximately recovered since I' is
negligible.

IV. RENORMALIZATION GROUP ANALYSIS OF THE NON-LINEAR INTERFACE EQUATION

A new universality class for non-equilibrium interfaces called |q|KPZ was recently found due to the possible existence
of the non-linearity —Alk| [, a- (¢ —k)h(q,t)h(q—k, t)dg/(2m)? in the equation of motion of h, with X a coupling
constant and A an ultraviolet cut-off. It is not derivable from a free energy and breaks the equilibrium A — —h
symmetry. Introducing non-free energy terms or multiplicative noise in the order parameter equation is expected to
generate this term in our interface equation [12, 13].

In 1d, this non-linearity is marginal for our system (relevant for Ref. [13]), suggesting logarithmic corrections to the
linear theory’s scaling. While analogous systems can exhibit strong-coupling behavior that alters this conclusion [14,
15], our one-loop calculation reveals no such strong-coupling regime for our hyperuniform interface. We do, however,
confirm the presence of logarithmic corrections as expected.

We start from our interface equation and add the non-linearity:

Oyh(k,t) = —y|k[*h(k,t) — AlK| s q-(q—k)h(g,t)h(q —k,t) (Qd%d + (k. 1), (28)
with:
(n(k,t)) =0 (i(k, t)ij(K ') = (2m)"2D5(k + k')o(t — t'). (29)

We rearrange Eq. (28) in a more appropriate way to perform a perturbative expansion [16]:

dq dS2

h(k, w) = Go(k, w)ii(k, £) + Go(k,w)/l » /_OO g0 (ks 0, q — k)h(g, Qh(q — K, O — w)

with:

1 2Dk

kow) = —— k — _\klq- ke w) = ——21F 31
GO( ,'lU) —zw+’y|k\3’ gO( 7qap) >\| |q D, CO( 711.)) w2+72|k|6’ ( )

where Gy, go and Cy are the bare propagator, vertex and correlator, respectively.
Successive insertion of the left-hand side of Eq. (30) in its right-hand side, leads to a perturbative solution of
the equation. Using standard method we can organize the perturbation expansion in Feynman diagrams where:

q
k i k -k
GO(kvw) = k. ) go(k7qak - q) = and Co(k,UJ) = O
k

—-q
For clarity, frequencies are omitted from the diagrams. The complete diagrams include loops where internal mo-
menta are integrated within the high-energy shell A(1—4d1) < |g| < A. This restriction avoids ultraviolet and infrared
divergences. These integrations will partially re-sum the bare parameters, leading to the Wilson renormalization group.
We set the external frequency to 0 (w = 0) when calculating renormalized quantities, as higher time derivatives are
irrelevant.
The propagator gets the following contribution:

q —-q
G](k, 0) = Go(k, 0) + 4 x 4E—£O:X—F (32)

k—q k



Using the rules introduced above, the integral over the internal frequency €2 is performed on R as it is convergent
and the integral over momenta on A(1 — 61) < |g| < A = shell, to eliminate the fine scales:

o dqd)
GI(k:;O) = Go(k70) +4G0(k50)2/ / gO(k7q,k_q)GO(k_q,_Q)CO(q7Q)gO(k_q,_q,k)(?gw
—oo Jshell
(33)
A’D (g-k)* dq )
= Go(k,0) [ 1— +O(lk]) ) -
olk,0) ( ¥ Jenen [k[?|qf® (2m)4 (1D
As Gy'(k,0) = y|k|?, v gets renormalized as follows:
NDKy, 4
N~y (1 + ?FdAd 15z) , (34)

with Ky = Sq/ (27T)d and Sy the area of the unit sphere in d dimensions. Where 7; is the new “dressed” surface
tension after the integration of the high momenta modes.
D is renormalized through the renormalization of the correlator C' at w = 0 at one loop:

q qk q -q q —-q
= —k —k
Cr(k,0) = Cy(k,0) + 2 x k +4><—>—£O:&—»Q++4X . (35)
k k—q k -k k —k—gq
k k

—q q-

The last two diagrams are already included in the renormalization of G. The first diagram is more interesting and
corresponds to a renormalization of D:

dqd)

oyt T

Cy(k,0) = Co(k, 0) + 2|Go (k, 0)]? / / g0k q.k — q)Co(k — q, —)Colg, Vgo(—k, —q,q — k)
—oo Jshell

\2D d
|Go<k,0>|2<2D|k|2+2Dk|273 [ +0<|k|4>)+ga,
she

(2m)
(36)
where G correspond to the last two diagrams of Eq. (35). Therefore, D gets the following contribution:

A2D

D;~D (1 + BKdAd‘16l> : (37)
Y
The graphs contributing to the renormalization of the vertex are:

Gy, (k,p) =4 x (38)

Direct computations show that at the lowest order, the non-linearity A does not get renormalized at one loop because
Gy, (k,p) + Gy, (k,p) + Gy, (k, p) = O(|k|3,p?) . This is usual in conserved KPZ like equations [12, 13, 17]. Note that
the non-linearity is not protected from renormalization by a Galilean invariance as is the case for the KPZ equation
and therefore, probably does get renormalized at two loops [18].

In order to complete the renormalization procedure, we rescale the parameters and the field to restore the cut-off
to A. This gives us the RG flow for D, v and A:

dX

dvy 2D

v (Z -3+ dif}/?’KdA 75 (39)
2

% = (z—2x—d—2+)\73DKdAd_l> D.
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It is however convenient to define the adimensional quantity g = (A2D/43)A9~1 K4 which quantifies the importance
of the non-linearity in the system. The RG flow of ¢ at first loop is:

dg 3—d
dl (1_d_ d 9)9 (40)

As dimensional analysis predicts, the Gaussian fixed point remains stable in d < 2, with no evidence of strong coupling
at one-loop. In d = 1 however, the non-linearity is marginal and therefore, logarithmic corrections can be expected.
To show this, we follow Ref. [19].

In d =1, the RG flow Eq. (40) decays algebraically instead of exponentially in higher dimensions:

dg 1
942 = — ind=1 41
¥ g-=g(l) = STy in ; (41)

with go the bare value of g. From the RG flow of v and D in 1d and Eq. (41), we obtain the values of «(I) and D(I)
at different RG “time”:

d
= (2 =3+ 9y = (1) = 0V/T+ 200l,

dD
o ~(z=2x—2—d+g(l))y= () = Do/1+ 2g0l,

(42)

where we choose z = 3 and x = (1 — d)/2. Therefore, while the non-linearity decays to zero under the RG flow, its
marginality leads to a slow (algebraic rather than exponential) decay, which causes v and D to diverge with [. In
contrast, an exponential decay of the non-linear term would result in finite values of «(I) and D(I) as | — oo.

From the scaling of h(k,w) and the relation Eq. (31), we can write down a relation concerning the exact correlation
function C at different step of the RG:

C(e'k, e*'w,~v(1), D(1), \(1)) = e~ EXF=4DIC (K w, 49, Do, Ao). (43)

This relation holds exactly when evaluated at a fixed point (otherwise, the exponents acquire a scale dependence on
1). The parameter | can be chosen arbitrarily, and a particularly convenient choice is |k|e! = A. With this choice, the
left-hand side of Eq. (43) is evaluated at the cutoff wavenumber A and [ is large enough for the reduced nonlinearity
to have become negligible. Consequently, up to small finite corrections arising from standard perturbation theory, the
correlation function on the left-hand side can be accurately approximated by its counterpart from the linear theory.
We obtain:

C(k,w, 0, Do, Xo) = ePXFT=+DC (el ke, e, ~(1), D(1), M(1))
_ @xtatd) 2D(log(A/|K|))|k|*e*
w2e?2t + 42 (log(A/|kl))[k|Ceb!
2D(log(A/|k]))|K[? (44)
w? +v2(10g(A/lk|))lk\6
2go log(A/|k|)|k|?
+70290 log(A/|kl)|k|6

Where we again used z = 3 and x = (1 — d)/2 and the last line follows in the limit |k| < A. We can also find the
static correlation function in the low k limit:

C(k Do 45
/ 27T 70|k| (45)

which is the same as the one obtained in the linear regime. From Eq. (44), we obtain that the characteristic timescale
of relaxation of a mode k is: 75 ~ |k|~3//log(A/|k|) different from the linear result: 74 ~ |k|~3. We can equivalently
find:

LS

W2(L — co,t > 1/(A%y)) ~ log (t log(t)) /3 and Ty = m. (46)



Therefore, in d = 1, the relaxation time acquires a logarithmic correction compared to the linear case while the
roughness of the interface is unaffected by the non-linearity. The measurement of the relaxation time difference is
however difficult.
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