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ABSTRACT

We demonstrate that hyperuniformity, the suppression of density fluctuations at large length scales, emerges generically from the interplay
between conservation laws and non-equilibrium driving. The underlying mechanism for this emergence is analogous to self-organized criti-
cality. Based on this understanding, we introduce four non-equilibrium models that consistently demonstrate hyperuniformity. Furthermore,
we show that systems with an arbitrary number of conserved mass multipole moments exhibit an arbitrary strong tunable hyperuniform scal-
ing, with the structure factor following S(k) ~ k™, where m is set by the number of conserved multipoles. Finally, we find that hyperuniformity
arising from a combination of conserved noise and partially conserved average motion is not robust against non-linear perturbations. These
results highlight the central role of conservation laws in stabilizing hyperuniformity and reveal a unifying mechanism for its emergence in

non-equilibrium systems.
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. INTRODUCTION

Complex systems, from flocks of birds' and financial mar-
kets” to neuronal networks in the brain’ often exhibit long-range
correlations that challenge the intuition of equilibrium physics.
At equilibrium, such large-scale order is a hallmark of criticality,
a special state that typically requires fine-tuning of system para-
meters such as temperature.” Yet, in many natural and artificial
systems operating far from equilibrium, highly correlated states
appear robustly, without any obvious fine-tuning. This observa-
tion suggests the existence of deep organizing principles governing
non-equilibrium matter. Self-organized criticality emerged as the
classic paradigm to explain this phenomenon, proposing that dis-
sipative systems can spontaneously evolve toward a critical-like state
without any external tuning.” One striking manifestation of such
emergent organization is given by non-equilibrium hyperuniform
fluids.® These systems exhibit very strong long-range correlations,
characterized by an anomalous suppression of density fluctuations
on large length scales.”” Disregarding non-equilibrium fluids for a
moment, a trivial example of a hyperuniform system is given by
perfect crystals. However, this extreme order is fragile: in equilib-
rium systems with short-range interactions, any thermal fluctua-
tion readily destroys hyperuniformity’ and its persistence at finite

temperature typically requires long-range interactions.”'’ There-
fore, a typical emergence of hyperuniformity requires driving the
system out of equilibrium.

Indeed, a wide variety of driven systems, such as center
of mass conserving random organization models,"'* related lat-
tice models,"”'° and active or granular matter with reciprocal

’ have been shown to display hyperuniformity.

interactions,”!”
Strikingly, these systems robustly self-organize into a hyperuni-
form state without requiring fine-tuning or long-range interac-
tions. This emergent behavior consistently arises from an interplay
between conservation laws and non-equilibrium driving,”’ a mech-
anism we detail in the following. Beyond these examples, hyper-
uniformity also arises in the late-time, self-similar regime of phase
separation”® *’ and in systems with long-range or hydrodynamic
interaction. In addition, hyperuniform states can emerge at crit-
ical points of absorbing phase transitions'’™"* or in other fine-tuned
settings.” °' Beyond fluids, hyperuniformity also emerges in sys-
tems at jamming’®** *’ and in a diverse range of athermal systems
in nature,”" *’ often manifesting as the solution to an underlying
optimization problem.”* "’

The significance of hyperuniformity extends well beyond
structural order. The long-range correlations that it induces pro-
foundly reshape classical problems in statistical mechanics. They can
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invalidate the Mermin-Wagner theorem, ™' "* accelerate crystal-
lization,” alter nucleation processes,”*’” suppress capillary waves,”®
and reduce the upper critical dimension of O(N) models.””””
On the applied side, hyperuniform materials exhibit remarkable
optical and acoustic properties,”’ ** enhanced transport properties
when used as disordered media,

89-9 .

991 and unconventional mechan-
. . e 9293 . .

ical characteristics.”" They have further been investigated as
platforms for selective Raman sensors,

4 efficient catalysts,”” and
high-efficiency photovoltaic devices.”

Despite these theoretical and technological advances, a funda-
mental question remains: under what conditions can hyperunifor-
mity emerge spontaneously, without fine-tuning or imposed long-
range interactions? In this article, we address this question with two
complementary aims. First, we clarify the deep connections between
hyperuniformity, conservation laws, self-organized criticality, and
non-equilibrium dynamics. Second, we exploit these insights to con-
struct and characterize new classes of systems that naturally evolve
toward hyperuniform states.

To this end, we describe in Sec. Il how conservation laws
together with non-equilibrium driving give rise to the majority of
hyperuniform states observed in driven and active matter; this dis-
cussion recalls the mechanism described in Ref. 20 and emphasizes
its link to self-organized criticality while being written for a non-
specialist audience. Building on this framework, we introduce four
novel systems exhibiting hyperuniformity. In Sec. I1I, we highlight
the role of non-equilibrium dynamics in center of mass conserving
systems and use this insight to explore models with multiple con-
served quantities such as quadrupole or octupole moments. This
enables the dynamical realization of arbitrarily strong hyperuniform
scaling in fluids. Finally, Sec. IV demonstrates that hyperuniform
states in systems lacking conservation laws are often fragile to
the introduction of non-linearities, such as non-linear damping,
underscoring the crucial role of conservation laws in stabilizing
hyperuniformity.

Il. DISORDERED HYPERUNIFORMITY IN
NON-EQUILIBRIUM SYSTEMS

A. Definitions

Consider the empirical density field p(r) of a d-dimensional
system of N particles,

N
p) = 3 8= M

where r; denotes the position of particle i. The spectrum of this
density field is called the structure factor S(k),

2

S(k) = , )

1
N

N ik-r
e
Z}

which quantifies the intensity of density fluctuations at wavevector k.
A system is said to be hyperuniform if S(k) — 0 as k — 0, indicating
the suppression of density fluctuations on large length scales.” Since
we will focus on isotropic systems, we shall typically consider the
angular average of S(k), denoted by a slight abuse of notation S(k).
In equilibrium fluids with short-ranged interactions, the long-
wavelength structure factor follows the Ornstein-Zernike form,'’
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S(k) _ KT
poksT 1+ (£k)*

3)

where Py is the mean density, kg is the Boltzmann constant, T is the
temperature, k7 is the isothermal compressibility, and & is the cor-
relation length. This relation implies that hyperuniformity can arise
only in the limit of zero compressibility at finite temperature. Other-
wise, S(k) remains finite and approaches a constant value for k « &,
proportional to the variance of particle number within a given large
region.”’

These constraints imposed by equilibrium render the emer-
gence of hyperuniform states exceedingly restrictive; we, there-
fore, turn to non-equilibrium systems, which can self-organize into
hyperuniform states, as we now show.

B. Typical non-equilibrium mechanism leading
to S(k)~ k? scaling

We recall the model introduced by Lei and Ni in Ref. 20 to
illustrate a very general mechanism leading to hyperuniformity.
Consider N hard-disks of diameter o and mass m confined in a peri-
odic box of volume L. Upon collision, two particles i and j undergo
an energy-injecting collision,

1 1 1 1
“mol® + fmvjl-z = —mvj + fmvf + AE, (4)
2 2 2 2

where AE is the constant energy gained per collision. Together
with momentum conservation, this uniquely determines the post-
collisional velocities v’ from the pre-collisional ones v. Between
these active collisions, each particle undergoes dissipative free flight,

vi(t) = vi(t =0)e”, (5)

with y being a viscous drag. Thus, particles gain energy upon
colliding but gradually lose it during free flight.

This dynamics can be described by a Boltzmann equation, and
successive integration of its centered velocity moments, combined
with a Chapman-Enskog expansion, yields closed evolution equa-
tions for the mesoscopic density field p(r), velocity field u(r), and
temperature field T(r) defined as the kinetic energy per degree
of freedom.” A simpler phenomenological approach, however, is
to modify the equilibrium fluctuating Navier-Stokes equations to
incorporate energy injection at collisions and dissipation during free
flight. This leads to Ref. 23,

Op+u-Vp=-pV-u,
Omu+u-Vu= —yu+p_lv. (H+Hrand)’ (6)
HT+u-VT = —mp_l[v J-10: Vu] L AT + ATrand'

The first equation expresses advection and dilatation of the density
by the velocity field. The second describes the velocity dynamics,
damped by y and driven by a stress tensor IT = II*** + II". The
dissipative part includes the viscosities I = O(Vu), while the
reversible part II' = —pI + O(V?p) includes the thermodynamic
pressure p. Due to the discrete nature of collisions, the mesoscopic
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velocity field also experiences a Gaussian random stress II"™*™, with
zero mean and correlations,””

(T (r, I (¢, ) = 2T[1(8w0j1 + 0udy)
+ y@,-jékl]&(r - r')6(t - t’). (7)

At equilibrium, the coefficients # and y would be related to shear
and bulk viscosities via the fluctuation-dissipation theorem. Out of
equilibrium, such a relation is not expected, although the tensorial
structure remains unchanged since IT must be symmetric in typi-
cal fluids.'”’ Importantly, because this noise is a stress, it conserves
momentum locally, as dictated by its collisional origin. However,
the presence of the global damping term —yu prevents conservation
of the total momentum field. This feature will prove to be central
to the emergence of hyperuniformity. The final equation in Eq. (6)
governs the temperature field, which is advected by u, driven by a
heat current J, the stress tensor, and by the non-equilibrium term
AT accounting for temperature change at each point in space due
to damping and active collisions. Unlike the velocity field, the noise
AT™ does not need to appear as a current, as collisions do not
conserve energy.

Since neither velocity nor temperature is conserved, they can
be adiabatically eliminated when focusing on the long-wavelength
behavior.'”! We fix the temperature at its steady value T, defined by
AT(po, To) = 0. For clarity and reasons that will become clear later,
we first retain the velocity field but assume that its gradients remain
small due to damping. With these approximations, we obtain the
equations introduced in Ref. 20,

Op ==V - (pu),

®)
du=—yu—p 'Vp+p'v-II

rand

The system is now modeled as being exactly at T = Ty. In this
simplified framework, the stochastic noise becomes the sole source
of energy injection, as all other terms are conservative or dissipa-
tive. This contrasts with the full description provided by Eq. (6),
where energy is also deterministically supplied by the term AT. It
is important to understand that the noise IT™™ arises from the dis-
crete nature of collisions and not from their non-equilibrium or
non-conservative character. It persists at equilibrium, although adia-
batic elimination is then not feasible and detailed balance ensures
that, on average, it neither injects nor removes energy from the
system.'*”

Equation (8) highlights an important scale separation: energy
is injected locally by the noise at the collisional scale but dissipated
uniformly across all scales. Indeed, the noise term v - TI™ vanishes
at large scales, as its Fourier correlations scale as k?, while damp-
ing acts equally at all k. This produces a depletion of energy at large
wavelengths. Indeed, linearizing around p = p, and u = 0 yields

) 2
oP,, 1, S(k) - To(2n + u)k
po

s 9
ooy ©

%POWH(k)uu(—k)) = %

where u denotes the component of u parallel to k, and the structure
factor is computed as S(k) = (p(k)p(-k)). As expected, the energy
spectrum vanishes at small k, with p,(u (k)u;(~k))/2 ~ k. Since
density fluctuations are excited only through this velocity field, long-
wavelength modes are suppressed, yielding a hyperuniform state
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with S(k) ~ k?, provided the average density remains homogeneous.
This is the result of Ref. 20.

Before showing the generality of this mechanism leading to
hyperuniformity, we make a few remarks.

The argument above only holds away from criticality, where
aﬂ"pu,n =0. At the critical point in d <2, critical density fluc-

tuations scale as k™2, which exactly cancels the hyperuniform
k* suppression, yielding instead a flat structure factor.””

If collisions did not conserve momentum, the noise in the
velocity field could not be written as a stress but would instead
contain a noise, which does not conserve the velocity field,

Oip = =V - (pu),

(10)
du=—-yu—p 'Vp+p'v-II

rand 4 (rand.

At large scales, (™™ acts as white noise, ({*™(r, t)(j'a"d(r, 1))
=2D§;8(r — ')8(t — t'), which immediately destroys hyperunifor-
mity, leading to S(k) ~ D + ak?. Thus, although the velocity field
itself is not conserved, it is crucial that the noise exciting it conserve
momentum. Generically, any type of noise that does not conserve
the momentum will destroy hyperuniformity,'"*"’>”> making this
mechanism difficult to realize experimentally.””

Since u is not a conserved field, it can be adiabatically elimi-
nated. Setting J;u = 0 in Eq. (8) yields a single density equation,”’

yOp = Vp + V¢, (11)

with ¢ being a Gaussian noise of zero mean and variance
({(rt)C(r' 1)) =2To (25 + p)8(r — ' )8(t = t'). This is a fluctuat-
ing diffusion equation, distinguished from its equilibrium counter-
part by the appearance of a Laplacian noise rather than a divergence
noise.'’ We note that Eq. (11) strictly conserves the center of mass
of the system,'! unlike the underdamped hydrodynamics of Eq. (8),
where it is only bounded, with its velocity exponentially decay-
ing. Compared to the underdamped hydrodynamic equation, the
overdamped description no longer allows one to interpret hyper-
uniformity as the depletion of kinetic energy at large length scales.
Nevertheless, hyperuniformity can still be understood as the result
of weak driving on large scales. Indeed, taking the Fourier transform
of Eq. (11) and linearizing gives

yop = = Oppl,, 1 K +\/2(2n + u) Tok'E. (12)

This equation can formally be viewed as satisfying a
fluctuation—-dissipation relation if the thermal bath is assigned
an effective k-dependent temperature’’” proportional to Tok? and
vanishing on large length scales. Since the density field is effectively
driven at small k by a bath at T = 0, hyperuniformity emerges.

If we retain the full reversible stress and preserve non-linear
terms, we arrive at a generalized equation for the hyperuniform state,

OF n
Y&p=—V-(pV6—p—V'H e‘1)+V2<”. (13)
where F is a variational Landau free energy and II"*? is a non-
equilibrium stress that cannot be derived from F, as in active
model B+.!” Equation (13) can, therefore, be regarded as hype-
runiform model B, a natural starting point for the theoretical
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analysis of hyperuniform fluids arising from the aforementioned
mechanism.”””*

In this context, hyperuniformity originates from the break-
down of the usual fluctuation-dissipation theorem.'** In the hydro-
dynamic description, fluctuations originate at the collisional scale
while dissipation acts uniformly at all scales through global damp-
ing. The same mismatch is present in hyperuniform model B via
the effective k-dependent temperature due to the Laplacian noise.
At equilibrium, such a separation of scale between the noise and
the damping is forbidden. Either y = 0, in which case both dissipa-
tion (viscosities) and noise correlations scale as k* and are restricted
to short wavelengths; or y # 0, in which case consistency requires
the presence of an additional white noise acting uniformly across all
scales, as in colloidal suspensions. In both scenarios, the steady state
shows no large-scale depletion of energy.

The emergence of hyperuniformity from the violation of the
fluctuation-dissipation theorem, driven by the interplay between
conservation laws and non-equilibrium dynamics, mirrors in a
reversed manner, the mechanism by which long-range correlations
arise in certain models of self-organized criticality.” In many such
systems, the stochastic driving terms typically violate the conserva-
tion laws obeyed by the deterministic dynamics.'””"''® A canonical
example is provided by sandpile models, where the order parameter
is conserved under the deterministic rules but not by stochastic grain
addition.'’® Such mismatches generically induce strong fluctuations,
producing a divergence of the structure factor scaling as |k| 2. In
contrast, the mechanism of hyperuniformity described here can be
interpreted as a modified form of self-organized criticality, one that
suppresses (rather than amplifies) large-scale fluctuations. This sup-
pression arises from the action of a momentum conserving noise on
anon-conserved average term, leading to a depletion of fluctuations
at long wavelengths.

The mechanism described above is not specific to the model we
used for illustration. The hydrodynamic approach demonstrates that
these findings apply broadly to any system with a similar separation
of scales between noise and dissipation. In Sec. II C, we show how
this understanding allows one to readily construct hyperuniform
models.

C. Numerical simulations of new non-equilibrium
hyperuniform fluids

Based on the hydrodynamic description of Sec. I1 B, three ingre-
dients are required to obtain hyperuniformity: (i) global damping,

Chiral forces Underdamped DPD

Self-rotating ellipses
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(ii) the effective noise of the mesoscopic description must arise from
momentum conserving or center of mass conserving interactions,
and (iii) the system must be able to sustain an active state in the
presence of (i) without violating (ii). The first condition is easily
satisfied, either through overdamped dynamics (where momen-
tum conservation translates into center of mass conservation) or
underdamped dynamics with viscous drag. The second and third
conditions imply that activity and diffusion must arise from particle
pairs, as unbounded self-propelled particles or external momentum
non-conserving noise cannot yield hyperuniformity. This restriction
is the most stringent one. Based on these principles, we propose
four new systems, relevant to active matter or theoretical explo-
ration, which display hyperuniformity. For each, we outline only the
essential features; detailed simulation methods and models used are
given in Appendix A.

1. Noiseless chiral active particles

Particles of diameter o interact through chiral, non-
conservative forces acting tangentially but reciprocally between
neighbors: F,-? = —F]-Li = \Ffj|i',vj x z, with #;; being the unit vector
along r;; and z being the unit vector perpendicular to the xy plane.
These provide the momentum-conserving energy injection, while
viscous damping —yv dissipates energy. Together, these suffice to
produce hyperuniformity, as shown in Fig. 1(a), where the structure
factor scales as k* on large length scales. This model, motivated by
living active matter''” and colloidal spinners,''® is directly relevant
to active systems and has recently been explored in the contexts of
chirality-induced phase separation''” and edge currents.'*’ We note
that the introduction of an external white Gaussian noise destroys
hyperuniformity beyond a given length scale, as in Eq. (10).

2. Underdamped dissipative particle dynamics

Noise does not always destroy hyperuniformity. When it
respects momentum (or center-of-mass) conservation, it can in fact
generate hyperuniform states. A simple computational example is
provided by underdamped dissipative particle dynamics,

m'i)i = —ymv; — Z [ar,-U(rij) + Fw(r,-j)(?,-j . ’Uij)i‘,‘j

JEi

+ \/ZFTw(r,-j)G,-ji',-j], (14)

Oscillating disks

FIG. 1. Simulations of four models
in 2D periodic square boxes display-
ing hyperuniformity. Top panels: radially
averaged structure factor S(k). Bot-
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tom panels: corresponding snapshots of
the systems. The details of the models
and simulation parameters are given in
Appendixes A 1-A 4 for panels (a)-(d),
respectively.
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where U is a short-ranged repulsive potential, w(r) is a short-ranged
weight function, T' is a viscosity-like damping, v;; = v; — v}, and
0 is a Gaussian noise, with

(65()) =0, (6 (£)0u(t)) = (8 + 8udi)S(t = ). (15)

The noise and its associated damping act pairwise and oppositely,
thereby locally conserving the momentum. In the absence of global
damping p, they are commonly used to model coarse-grained sys-
tems while preserving their hydrodynamic modes.'?! With global
damping, however, this dynamics leads to hyperuniformity with
S(k) ~ k*, as given in Fig. 1(b). In the overdamped limit m — 0,
Eq. (14) represents perhaps the simplest continuous-time realiza-
tion of hyperuniformity, directly connected to random organization
models.** Its explicit noise structure also makes it amenable to a
Dean’s derivation of the fluctuating hydrodynamic equations of
these hyperuniform fluids Eq. (8), as done for a similar model
in Ref. 44. This derivation and a discussion concerning the lim-
itation of Dean’s method are given in Appendix B. By incorpo-
rating attractive forces into Eq. (14), one can readily study phase
separation, criticality, interfaces, and nucleation in hyperuniform
fluids.

3. Self-rotating active ellipses

Our third system is similar to the one of Refs. 26 and 27 and
consists of overdamped ellipses driven by a constant self-rotation wo,
causing every particle to rotate independently. Interparticle interac-
tions are purely Hamiltonian and steric, thereby conserving center
of mass. Energy is injected through the active torque, converted into
translational motion via collisions between ellipses and dissipated
through the overdamped dynamics of the system. This system also
exhibits hyperuniformity [Fig. 1(c)], provided that no external noise
is introduced. The model demonstrates that overdamped motion is
fully compatible with hyperuniformity and that interparticle inter-
actions need not be intrinsically out of equilibrium: it suffices that
activity is sustained through local momentum-conserving colli-
sions in combination with global damping for hyperuniformity to
emerge. At high densities, such a system forms an active nematic,
where defects are continuously generated by the interplay between
active torque and steric interactions. This state of matter is gener-
ally accompanied by the inverse of hyperuniformity: giant number
fluctuations.'” '

4. Oscillating-radius particles

Finally, we consider underdamped hard-disks whose radius
oscillates in time, providing the energy injection. This model, closely
related to one presented in Ref. 74, is conceptually similar to the
collisional energy-injection model discussed earlier, and likewise
yields hyperuniformity [Fig. 1(d)]. It falls into the broader class
of pulsating active matter, which has attracted increasing attention
recently.'””"'"

Many previously studied non-equilibrium systems display-
ing hyperuniformity can be understood through the same
mechanism.”'"'*"**” For instance, Keta and Henkes showed that
biological cells on a substrate with damping and pairwise reciprocal
interactions naturally arrange into hyperuniform patterns.'” Sim-
ilarly, chiral particles generically form hyperuniform states in the
absence of external noise, owing to pairwise momentum-conserving
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active forces and the fact that external driving is not required to
sustain activity.”” Even chiral self-propelled particles can display
hyperuniformity: a particle running on a deterministic circular tra-
jectory of radius R can be mapped to a fictitious particle of radius
R whose center undergoes momentum-conserving collisions.'””
Since circular self-propulsion confines the center of mass within
a bounded region, while diffusion originates from momentum-
conserving interparticle collisions, this type of self-propulsion does
not hinder hyperuniformity. This stands in contrast to more classical
self-propulsion mechanisms or to the limit R - co.!?*

lll. GENERIC EMERGENCE OF ARBITRARY STRONG
HYPERUNIFORMITY IN NON-EQUILIBRIUM
MULTIPOLE CONSERVING SYSTEMS

A. Non-equilibrium center of mass
conserving systems

We have seen that, on large length scales, hyperuniformity can
emerge from the interplay between non-equilibrium dynamics and
a center of mass conserving evolution equation, exemplified by the
hyperuniform model B Eq. (13). In the linear regime, this reduces to
a diffusion equation with an unconventional noise term,

Ap = kV’p + V2DV, (16)

where ( is a Gaussian white noise of zero mean and unit variance.
This equation was originally derived for a lattice process in which
two particles occupying the same site hop to opposite neighboring
sites, thereby conserving the center of mass.'’

Equation (16) can also be justified on the basis of universality.
It is the simplest equation for a single scalar that conserves the center
of mass Q1(t) = [rp(r,t)dr. Indeed, we obtain'’

(1) = /r(;cvzp +V2DV)dr=0+ BT, (17)

where B.T denotes boundary terms arising from integration by
parts, which vanish in periodic or infinite domains. In finite sys-
tems with walls, however, the center of mass is no longer conserved,
just as momentum is not conserved in molecular dynamics simula-
tions of systems confined within a reflective box. A divergence noise
V - 1 would fail to conserve the center of mass in the bulk and is
thus excluded from Eq. (16).

This derivation, however, must tacitly assume a non-
equilibrium setting. An equilibrium system with center of mass
conservation is not hyperuniform because its statistical properties
are governed by the Hamiltonian and Gibbs measure, which are
insensitive to dynamical constraints.'*’'**

Assuming ergodicity in equilibrium center of mass con-
serving systems (which is far from guaranteed'’’), standard
statistical-mechanical constraints must apply, including the
fluctuation-dissipation theorem. Since Laplacian noise is the
simplest choice compatible with center of mass conservation, the
fluctuation-dissipation theorem requires that the deterministic
linear term be related to the square of the noise correlation. This
yields a bi-Laplacian dynamics,

dp = -’V p + V2DV, (18)

which produces a flat structure factor, as expected in equilibrium.
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From this perspective, it is not the Laplacian noise in hype-
runiform model B Eq. (13) that signals the lack of equilibrium,
but rather the diffusive deterministic term itself. In other words,
diffusion in a center of mass conserving system is intrinsically
non-equilibrium.

Interestingly, the linearized dynamics not only conserve the
center of mass but also, on average, the third multipole moment
Qs = [r®r®rp(r)dr, although this symmetry is broken by the
noise. This constitutes an emergent or “weak” symmetry of the sys-
tem, valid only, on average, in contrast to “strong” symmetries that
are exact along every trajectory.'** This weak symmetry is rooted in
microscopic time-reversal invariance and detailed balance.'*

To illustrate this mechanism, one can consider ordinary diffu-
sion. On a 1D lattice, let particles hop to the left with rate « and to
the right with rate 8. When a # 8, the system is driven out of equilib-
rium and exhibits a macroscopic mass current. When « = f3, detailed
balance holds: the macroscopic current vanishes and the large-scale
dynamics reduce to diffusion, which conserves the center of mass on
average. At continuum scales, this dynamics is described by

Orp = 0| A(B - @)p - BOp + /2D (19)

with A and B being constants, D dependent on & and f3, and # being
a white Gaussian noise. Detailed balance («a = ) enforces the weak
symmetry associated with diffusive behavior as the advective term
vanishes.

The same mechanism applies to center of mass conserving sys-
tems. Consider again the 1D lattice process introduced above: when
two or more particles occupy a site x, a pair may hop to x — 1 and
x + 1 with rate any(ny — 1), where ny is the occupation number.
The reverse process, in which a particle from x — 1 and a particle
from x + 1 simultaneously hop to site x, occurs at a rate ﬁn}H Myt
Detailed balance is recovered'’® when a = 8. We simulate this model
at high density via Gillespie algorithm,"*” with 8 < « to avoid clus-
tering, and measure the structure factor for various values of /a.
The results are presented in Fig. 2. As expected, the equilibrium case
yields a flat spectrum, while any violation of detailed balance pro-
duces hyperuniformity. In the high-density and linear regime, we
can show (see Appendix C 1) that the coarse-grained density satisfies

Oip = 03((1 - Bla) (Ap - BOup) — COZp +V/2Dy),  (20)

with constants A,B,C, and D being functions of the rates. The
corresponding structure factor is

Dk?

T A(1-BJa)+ CK @)

S(k)

Hyperuniformity arises as long as detailed balance is broken.

Defining k+ as the crossover wavevector below which S(k )
< S« for some small threshold S+, which would indicate the begin-
ning of the hyperuniform scaling, we find k+ o< /1 — /&, which
vanishes as /& — 1, consistent with simulations (Fig. 2, inset).

Thus, hyperuniformity emerges generically in center of mass
conserving systems that break detailed balance. This naturally raises
the following question: do systems conserving higher-order mul-
tipole moments display analogous behavior? In the following, we
demonstrate that this is indeed the case.
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FIG. 2. Relation between detailed balance breaking and hyperuniformity. The main
panel shows the structure factor S(k) for a 1D lattice model with center of mass
conservation, for different values of the jump-rate ratio 8/a. The case 3/« = 1 cor-
responds to equilibrium and yields a flat, non-hyperuniform spectrum. Inset: largest
wavevector k = kx such that S(kx )/S(k+) < Sx = 0.5, with k. being the
maximal lattice wavevector, as a function of the non-equilibrium control parameter

B/a. The dashed curve is the prediction kx o< /1 — 8/a.

B. Non-equilibrium multipole conserving systems

We now consider conservation of higher-order multipole
moments. The Mth multipole moment of the density field is defined
as

QM=fr®-~-®rp(r)dr. (22)

M times

To explore the consequences of such constraints, we construct 1D
periodic lattice models whose dynamics locally conserve all mul-
tipoles of order below or equal to M. Each lattice site x hosts #y
particles, and an event corresponds to a local redistribution of
particles specified by a kernel £ = [8_,/,0_,/41>- - ->0m], where &;
denotes the particle number change at a given site. We set m = m’
for events spanning an odd number of sites and m = m’ + 1 for those
involving an even number. We define the operator Ly, which acts

locally around site x as

AN = [H0se e gy + Ok
+ (So,...,l’lx+m+6m,...,1’lN]. (23)

Lin= Lyno,...,nx..

The lattice dynamics of Sec. I11 A can be described by £ = [1,-2,1],
which corresponds to two particles leaving a site x and hopping to
x+ 1.

An event associated with Ly occurs at a rate R{;ﬁ) given by

9

RE =a[] mp (24)
j==m'
where
-1)---(n-|8]+1), iféd<0,
[0, 8 o5
1, otherwise.

Thus, the more particles available at departure sites, the higher is the
event rate.
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The reverse event £7! = —£ occurs with rate Rgﬁ_}l When

a = f3, detailed balance holds and the system is at equilibrium;
otherwise, it is driven out of equilibrium.
Conservation of the Mth multipole requires

Qu(Lxn) = Qu(n) = > jM§ =0. (26)

j=—m’

This condition is independent of the choice of origin, provided all
lower-order multipoles are also conserved. Using Eq. (26), one can
systematically construct dynamics conserving all moments up to
order M. Some minimal examples are given in Appendix C 3.

M c
0 [+1,-1]

1 [+1,-2,+1]

2 [-1,+3,-3,+1]

3 [-1,+4,-6,+4,-1]

7 [-1,+8,-28,+56,-70, +56, ~28,+8, ~1]

K COMLCT ) D () D ()]

As M increases, the number of constraints grows linearly,
requiring less local and more particle-involving kernels to satisfy
conservation.

We now simulate these lattice models, comparing equilibrium
dynamics where a = with strongly non-equilibrium dynamics
B =0. However, all our conclusions will also hold as long as
a > . We note that the cases f> «a leads to a diverging accu-
mulations of particles on sites with our choice of kernel. The
results of the simulations are presented in Fig. 3. In Fig. 3(a),
we again simulate the event £ =[1,-2,1], as a comparative
baseline against other events conserving higher order multi-
pole. This specific event only conserves the center of mass
and, as we previously found, the non-equilibrium case (=0)
leads to a structure factor in S(k) ~ k* while the equilibrium
(a=B) structure factor is flat. For M =3, the dynamics con-
serve particle number, center of mass, quadrupole, and octupole
moments. As shown in Fig. 3(b), equilibrium again yields a flat
spectrum, whereas the non-equilibrium case produces stronger

L£=[1,-21]

Conserved center of mass

L£=[-1,4,-6,4,—1]
Conserved 3rd multipole

S~

00 o
I I-’_'_'ff—IOIOIOIOII 000 eee|
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hyperuniformity with S(k) ~ k*. For M = 5, additional conserva-
tion of the hexadecapole and dotriacontapole moments leads to an
even stronger suppression of fluctuations in the non-equilibrium
case with S(k) ~ k® found in simulation, as given in Fig. 3(c).
In Appendix C 4, we also show that lattice dynamics conserv-
ing up to the second and fourth moment, leads, respectively, to a
hyperuniform scaling of S(k) ~ k* and S(k) ~ k*.

Therefore, we hypothesize that homogeneous non-equilibrium
hyperuniform fluids conserving up to the M multipole are generi-
cally hyperuniform with

M+1 .
S(K) ~ {kM when M %s odd, 27)
k when M is even,
with M being the order of the highest multipole conserved. Thus,
out of equilibrium, arbitrarily many conservation laws can produce
arbitrarily high hyperuniform exponents.

To understand these results, we can use an argument similar
to the one presented in Eq. (17) and obtain the most general evo-
lution equation that conserves all moments up to order M. In any
dimension, we find

QnsM =0+ BT = 8tp = 8{081'] cen a,‘M ji0>il’~~~>iM’ (28)

where repeated indices are summed over. 0;, is a spatial deriva-
tive and J is a tensor current related to the mass current J
by Ji=-0i ...0i Jii,...iy» such that Eq. (28) can be written as
O:ip = =V - J. This class of models known as fractons, typically aris-
ing via quasiparticles in quantum systems,'* is characterized by
stringent dynamical constraints: particles can move only collectively
in order to satisfy the conservation laws. In the linear regime, this
results in subdiffusion.'*” While we focus on 1D examples for clar-
ity, the results that we present generalize to higher dimensions under
rotational symmetry. However, the fluctuating hydrodynamics of
these systems can easily break down in lower dimensions due to an
arbitrarily large upper critical dimension, which increases with M,
the order of the highest conserved multipole moment.'*’

Decomposing J into an average and fluctuating contributions
yields

p(xt) = N T (x,£) + O T (x, 1), (29)
with the latter having Gaussian white correlations,

(T, ) T, 1)) = 2D8(t - £)8(x - ). (30)

L =[1,-6,15,—20,15,—6,1]
Conserved 5th multipole
! FIG. 3. Steady-state structure factor

S(k) for one-dimensional lattice mod-
els with conservation laws up to different
multipole orders. (a) Dipole (center of
mass) conservation; (b) conservation up
to the third multipole; and (c) conserva-

0l0|0|0] (0] |

Wavevector k/k. Wavevector k/ky

S~ 10°fe o enne 10°F W0°Fg o o oo™ o tion up to the fifth multipole. For each

Ex o s>l case, we simulate an equilibrium system

g2 i a) » . i ¢) (a =) and a non-equilibrium system

£ 1072 0,‘9’_’12 s 1077 107%r 9.9’_16 R (B = 0). The cartoons above each panel

£% 0 o, o ‘ 0 v o N depict the underlying non-equilibrium
1072 107! 1072 107! 1072 107!

hopping process.
Wavevector k/k.
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At equilibrium, within the linear regime, the fluctuation-dissipation
theorem requires J* (x, t) o< 9+ p. This yields

Op(a,t) = (~1)MdZ M p(x, 1) + M T (x 1), (31)

with x being a constant. This equilibrium system is of course
predicted to have a flat structure factor.

Out of equilibrium, owing to the absence of a
fluctuation-dissipation theorem, lower-order terms are allowed,

op(x,t) = M (Ap + Bdp +--- ) + M 7™ (1),  (32)

with A and B having well-chosen signs to ensure linear stability. The
resulting structure factor is

DkZ(M+1)
S(k) = . M+1 .
Re[(zk) (A+sz+---)]
%kMH when M is odd,
_ 1Al (33)

D
@ KM when M is even.

This matches our lattice simulations and confirms that hyperuni-
form scaling exponents are dictated by the highest conserved multi-
pole. A more rigorous approach than simply guessing the equations
is to coarse-grain the lattice dynamics. By doing so in Appendix C 1,
we can demonstrate that the resulting continuum description is
indeed given by Eq. (32). This method shows that, as expected, all
terms of order below O(0™*") vanish identically due to the micro-
scopic conservation laws. It also reveals that all non-equilibrium
constants, which violate detailed balance in the hydrodynamic equa-
tions (such as A, B, and so on), are directly proportional to the
difference between the parameters « and f. Consequently, these
non-equilibrium terms vanish in the equilibrium limit & = 3, leaving
only a flat structure factor. We note that the interpretation of hyper-
uniformity generation as an effective thermalization with a bath at a
k-dependent temperature ~ Dk™*! still applies.

As shown above, the emergence of hyperuniformity in non-
equilibrium systems with multipole conservation is a generic conse-
quence of the structure of the hydrodynamic equations. For instance,
because moment conservation naturally arises in quantum matter,
one may ask whether our conclusions remain valid in a quantum set-
ting. From a hydrodynamic perspective, there is no reason to expect
a different outcome. Indeed, replacing the classical hopping parti-
cles on the lattice by quantum particles (thereby introducing effects
such as Bose enhancement or Pauli blocking'*!) does not alter the
central conclusion: a breakdown of detailed balance generically pro-
duces non-equilibrium terms in the hydrodynamic equations that
permit hyperuniform states (also see Appendix C 2).

Another realization of these hydrodynamic equations in con-
tinuous time and space can be envisioned using a system with
overdamped dynamics. One direct way to enforce the conservation
of an arbitrary multipole is to project a conventional overdamped
dynamics, at each instant, onto the manifold of configurations
with the desired multipoles fixed. Such a projection would need
to act locally. This approach is, however, computationally arduous
and conceptually inelegant. A more natural route is to impose the

ARTICLE pubs.aip.org/aipl/jcp

conservation laws via symmetries and Noether’s theorem.'** Con-
sider a Hamiltonian dynamics for N particles,

i = 8P1H’ pi= —arlH, (34)

where H is the Hamiltonian and p is the canonical momentum.
Noether’s theorem then implies that conservation of all multipoles
of order n < M,

. d

Quem=—| D ri®---®r [=0, (35)

at\ 5 —m
n times

arises from the invariance of the Hamiltonian under momentum

shifts of the form'**

M-1
H(rip;) H(p > “) (36)
k=0

where each £ is a symmetric vectorial tensor of rank k. For exam-
ple, exact conservation of the center of mass corresponds to the
constant shift: p, = p, + &. A representative Hamiltonian invariant
under these transformations is

1
H=22 m -p)’K(ri=r) + V(ri-ri), (37
i*]

where K(r) decays rapidly for r # 0, ensuring the momentum sec-
tor remains local in real space. Such a system, provided it is
ergodic, exhibits equilibrium-like static properties. Moreover, as p
is conserved, the generalized momentum—which is no longer sim-
ply proportional to velocity #—constitutes an additional slow field
alongside the density on hydrodynamical scales.'** To realize a gen-
uinely non-equilibrium continuum model of the type in Eq. (32),
one may damp the generalized momentum in a manner that pre-
serves the imposed conservation laws (although we may note that, in
Sec. II B, a non-conserved but bounded center of mass already suf-
ficed). Simultaneously, the system must be driven, for example, by a
non-conservative chiral or non-reciprocal force to sustain an active
steady state. We do not pursue this construction here and leave this
promising direction for future work.

Beyond these specific realizations of hyperuniformity, an anal-
ysis of the multipole moments provides a broader framework to
understand hyperuniformity in other systems. Following Ref. 145,
we assume the Taylor expansion of the structure factor converges
and obtain

0*S(k) .

0kiOk;Ok0ky |, _,

(38)
The dipole moment field, q,(r) =rp(r), has a power spec-
trum given by Si(k)=N"'[ e ek e @ ¥ (p(r)p(r')) = —(Ok
® 9x)S(k), which directly relates to the coefficient of the |k|* term in
the expansion of S(k). The same reasoning applies to higher-order
multipole fields of order m, with power spectrum S,,,. Consequently,
any system whose structure factor admits such an expansion and
scales as |k is not only hyperuniform but also exhibits suppressed
multipole fluctuations for all orders n < m, i.e., Sy<m(k — 0) = 0.
Building on this idea, Ref. 145 constructed static distribution of
points with arbitrarily high hyperuniform scaling via a constrained

2
S(k) = So + %k,k o S(k)

1
- — kikikik
T ki, |, 24l
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tiling of the plane, providing a geometric and static counterpart to
our analysis, which focuses on the dynamical realization of such fluc-
tuation suppression. More generally, this analysis could be helpful to
understand systems displaying strong hyperuniformity.”**’

In a recent work, Mukherjee et al. quantified the mass cur-
rent autocorrelation of systems with a non-equilibrium center of
mass conserving dynamics."* They found that it differs from the
one obtained in an equilibrium diffusive system. We generalize their
analysis to dynamics that conserve higher-order multipoles. We
define the autocorrelation C; = (J(x,¢)J(x,0)) in 1D, with J being
the mass current obtained from 0;p = —0xJ, and compute it using
Egs. (30)-(32), and we find the following.

M Equilibrium C;(¢) Hyperuniform Cj(t)
__4aM43 3M+1
M even oc t M+ oc t M2
_ _4M+3 3M+2
M odd oc t 2M+D) oc ¢ Mel
M=0 o 32 o 12
M=1 o 74 o {752
M=2 o 41106 o 17
M — oo o« t72 o<t

We recover Cj(t) ~t>? for equilibrium systems with dif-
fusion'*® or peculiar non-equilibrium systems without center of
mass conservation but with a diffusive deterministic term such as
the Manna model.'*” We also recover the result Cy(t) ~ t™% of
Ref. 14 for a non-equilibrium dynamics conserving the center of
mass but with diffusive deterministic evolution. Beyond reproduc-
ing known results, our analysis unveils a general trend: current
fluctuations decorrelate more rapidly as the order of the highest
conserved multipole M increases. In the asymptotic limit M — oo,
the decay exponent saturates to —2 for equilibrium systems and
-3 for their non-equilibrium hyperuniform counterparts. Although
derived here for one-dimensional systems, these scaling relations
can be readily generalized to higher dimensions.

Finally, we comment on absorbing phase transitions in these
systems. For concreteness, consider again the lattice model with
B=0and £ =[1,-2,1]. At low densities, the dynamics may halt
since no site contains two or more particles, leading to a per-
manently frozen absorbing state. Increasing the density beyond a
critical threshold, p_ restores activity. Near p_, the long-wavelength
behavior is described by a coarse-grained field theory involving both
the conserved particle density p and the density of active particles
p,» defined as those with nonzero hopping probability. A minimal
phenomenological description is'**

Oipa = (a+bdp)pa — cpi + kV’pa +/2Dpan,

(39)
ASp = 'V’ pa,

with 8p(r,t) = p(r,t) —p,. Here, a(p,) +b(p,)dp controls the

growth rate of activity and c saturates this growth. Particle diffusion

occurs solely via the active population, which is subject to multiplica-

tive noise with correlations proportional to the local activity. # is a

white Gaussian noise with unit variance.

ARTICLE pubs.aip.org/aipl/jcp

Equation (39) describe the conserved directed percolation uni-
versality class and can be derived from simple lattice rules (e.g., £
=[1,-1,-1,1] with 8 = 0).!*” Is the universality class modified if the
microscopic dynamics conserve the Mth multipole? The active pop-
ulation can still diffuse, as local conservation laws do not constrain
this non-conserved subset, but the coupling between density and
activity must respect multipole conservation. In particular, the diffu-
sive coupling of the conserved density is replaced by a higher-order
spatial derivative, giving

Oipa = (a+bp)pa — cps + KV °pa +/2Dpat,

40
5;5;7 _ (—I)MT_IK,VM+1pu) ( )
where M is assumed odd so that the linear operator produces dissi-
pative relaxation. Power counting (See Appendix D) shows that p?
is irrelevant near the Gaussian fixed point for d > 4, as in ordinary
conserved directed percolation. However, the non-linear coupling
between Jp and p, becomes irrelevant above d = 5 — M. Hence, for
d > 5— M, the critical behavior may revert to the non-conserved
directed percolation universality class. Below this dimension, the
system may flow to a new universality class, distinct from conserved
directed percolation when M # 1, potentially exhibiting hyperuni-
form criticality. Verifying these scenarios requires extensive numeri-
cal work; moreover, the renormalization group analysis of conserved
directed percolation is notoriously challenging,"””'"' so we leave this
avenue for future studies.

IV. FRAGILITY OF HYPERUNIFORMITY
WITHOUT CONSERVATION LAWS

We have seen that a physically motivated route to hyper-
uniformity is the interplay between conservation laws and non-
equilibrium driving. For center of mass conserving systems, this
mechanism yields Eq. (16), which in Fourier space reads

dip(k,t) = ik’ p(k, t) + V 2Dk*5(k, t). (41)

For underdamped active collision models, the velocity field reads
Eq. (8)

Ou(k,t) = —yu(k,t) — py " (ik)p(k, t) + po (ik) -TI™™.  (42)

In both cases, hyperuniformity arises from the violation of the
fluctuation—dissipation theorem. Within field theory, such viola-
tions are straightforward to engineer: one simply imposes colored
noise whose correlation scales differently in |k| than the determin-
istic linear term, as advocated in Ref. 79. For example, consider
an order parameter ¢ that is not conserved by the deterministic
averaged relaxation but is locally conserved by the noise,

Ap(k,t) = —1¢p + V 2Dy
op(k,t) = -1+ V 2Dk2(m71)(ik) -5 ifmisodd,

if m is even,
(43)

with m > 1. The structure factor is found to be hyperuniform
(p(k)P(K)) ~ K",

A natural question is whether this hyperuniformity survives
the inclusion of non-linearities. To address this question, consider
a non-equilibrium ¢* Allen-Cahn equation with divergence noise,
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coupling between modes generate a new effective Gaussian white

+V/2D(ik) - q(k, t),

Og(k,t) =
6¢>( k t) (44)

o)1= [(56+ 59"+ 3(v9)?)ar

When u = 0, the theory reduces to a linear equation equivalent to
Eq. (43). For u # 0, non-linear couplings between Fourier modes
appear,

2906 [ p@9wotk-a-p) 1L,

— (+K)¢(k) + /2D(ik) - n(k, 1), (45)

producing non-trivial dynamics that must be analyzed
perturbatively.

We begin by simulating Eq. (44) and present the results in
Fig. 4. For u = 0, the structure factor exhibits the expected hype-
runiform scaling S(k) ~ k*. However, for any finite amount of
non-linearity, a plateau develops at small k: hyperuniformity is lost.
Perturbative calculations of the non-linear corrections to S(k) can
capture this effect, but the underlying physics is more transparent in
a renormalization-group framework, even if we remain far from the
critical point.

Integrating out high-momentum modes of Eq. (44) yields an
effective coarse-grained theory valid for |k| < |k« | (see Appendix E),

Op(k,t) = 5¢( k ) +/2Dgr(ik) - n(k, t)
DUkt for k< ksl O
LK) = 2r)*8(t - )o(k + k),

with a renormalized free energy,

g = [( T8+ ot Jvep)in @)

In addition to scale-dependent renormalized parameters

(7r,ur,Dr), the renormalization group procedure and the
1071t
<
=
= M
ISP 34
=10 L
. . 7’
5 N . [} H 4
< 4
E 1073’ ://
= *s 1
L= 1
A _//
1072 101 0

Wavevector k/ k-

FIG. 4. Structure factor of the non-equilibrium ¢* model Eq. (44) in a d =2
periodic box of size L x L driven by a conserved noise (divergence noise) but
non-conserved deterministic relaxation, for various values of the non-linearity.
Hyperuniformity is present only in the linear case and is destroyed by arbi-
trarily small non-linearities. Simulations are performed using a pseudo-spectral
method5? with v/7dx = \/7dy = 1, TL? = 10242, and zdt = 0.025.

noise \/ﬁ {, similar to the one found at equilibrium for model A.
This additional noise, absent in the bare dynamics and effectively
acting on large scales, destroys hyperuniformity at small wavevec-
tors, just as any simple Gaussian white noise would in the linear
regime.

More generally, when the deterministic dynamics obey con-
servation laws as well, we show in Appendix E that if the noise
conserves multipole moments up to the same order as the deter-
ministic terms, the linear prediction for the structure factor remains
valid, as new noises, qualitatively different from the bare one, are not
generated. However, if the bare noise conserves higher multipoles
than the deterministic part, the renormalization group generates a
noise that obeys the same (lower) conservation laws as the determin-
istic dynamics. Thus, the effective large-scale behavior is governed
by the conservation laws of the deterministic term. An analogous
result holds for hyperuniformity induced by temporally correlated
noise’”'” (see Appendix ). Consequently, hyperuniformity aris-
ing solely from spatio-temporally correlated noise, as in Ref. 79,
is generally unstable to non-linearities in systems lacking conser-
vation laws. This aligns with recent studies on the breakdown of
the Mermin-Wagner theorem in non-equilibrium systems, which
found that within their framework, a conserved mode is necessary
to stabilize non-equilibrium-induced long-range order.'™

In the underdamped examples discussed in Sec. II B, the evolu-
tion equation for the momentum field resembles the linear regime of
Eq. (44). We, therefore, expect the same reasoning presented here to
carry over. Indeed, as shown in Appendix F, hyperuniformity in our
molecular dynamics simulations emerges only under linear damp-
ing. By contrast, introducing a nonlinear damping term of the form
—v|v|" with n > 0 destroys hyperuniformity, for reasons analogous
to those discussed above. This further complicates the experimental
observation of such hyperuniformity.

In Sec. II B we argued that hyperuniformity reflects energy
injection at short scales combined with dissipation across all scales,
leading to a depletion of long-wavelength fluctuations. At first sight,
this reasoning should also apply here, where deterministic dynam-
ics do not conserve the order parameter. Yet, hyperuniformity is
absent. The resolution is that the energy-transfer mechanism must
be local in k-space for the argument to hold. Without a conserva-
tion law, nothing prevents non-local transfers: energy injected at
high k can directly leak into small-k modes. This leakage provides
the physical intuition for the emergence of an effective noise under
renormalization.

V. CONCLUSION

Our results establish that conservation laws are decisive for
stabilizing hyperuniformity in non-equilibrium systems, whereas
mechanisms relying on partially conserved dynamics are intrinsi-
cally fragile. Using these conservation laws, we can generate configu-
rations with arbitrarily strong hyperuniformity through short-range
interactions alone and without any fine-tuning. This work opens
intriguing directions, such as the study of dissipative Hamiltonian
fractions Eq. (37), as well as new lines of inquiry within the broader
landscape of self-organized criticality.

We only investigated the emergence of generic hyperuni-
formity via the interplay between conservation laws and a

J. Chem. Phys. 163, 214507 (2025); doi: 10.1063/5.0300881
Published under an exclusive license by AIP Publishing

163, 214507-10

0S:¥0:€1 920z Areniged Zo


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

non-equilibrium density field. Other directions of research would
include the effects of coupling the density field to other slow fields,
a deeper look at the effect of temporally correlated noise, or non-
equilibrium mechanisms leading to a generation of an effective mass.
Theoretically, these systems are well-suited for investigation via
non-equilibrium stochastic field theories and gradient expansions. A
linear theory may often suffice, provided that nonlinearities do not
generate additional noise absent at the bare level. The main chal-
lenge, however, lies in the fact that while constructing such field the-
ories is relatively straightforward, identifying physical realizations of
them is difficult.

Another approach to achieving generic hyperuniformity is to
utilize long-range interactions. At equilibrium, liquid-state theory
can often predict the emergence of hyperuniformity given an inter-
action potential;'” far from equilibrium, however, each system must
be analyzed individually to assess hyperuniformity, as a general
liquid-state theory remains, for now, far from reach and a Herculean
task.

The systems considered here were homogeneous, and hyper-
uniformity emerged from fluctuations on top of this uniform back-
ground. This contrasts with systems in which the average density
field itself is hyperuniform. Such hyperuniformity arise, for example,
during phase separation. With the recent surge of interest in active
matter and its tendency to form complex patterns, these systems may
offer a promising platform for generating hyperuniform states. Such
mechanisms are particularly intriguing because they could sustain
hyperuniformity even in the presence of thermal fluctuations.

Finally, the emergence of hyperuniformity in finely tuned sys-
tems is also of considerable interest. In such cases, hyperuniformity
is not generic and may arise only through non-linear effects. A
notable example is conserved directed percolation, which is hype-
runiform only at its non-trivial critical fixed point and not at its
Gaussian one.'”! This distinction is significant because most mecha-
nisms for hyperuniformity are understandable within linear theory,
making these non-linear instances a considerable theoretical chal-
lenge. An interesting question is whether the critical point of the field
theory proposed in Eq. (40) is hyperuniform.

These open theoretical questions underscore the vast and
promising landscape of hyperuniformity and its relation to other
fields, offering a fertile ground for future exploration.

Note added in proof. While finalizing this manuscript, we
became aware of Refs. 26 and 27, which employ self-rotating under-
damped dumb-bells to generate hyperuniformity, a system closely
related to our self-rotating ellipses.
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APPENDIX A: METHODS AND DETAILS
ON THE MODELS

1. Chiral active particles

We consider a system of N particles in a 2D periodic box of
size L x L, of mass m with position r; undergoing the following
underdamped dynamics:

mi; = —myii — Y (Or, Uwca(|ri = 1j]) + Or, Uahiral (|ri — 1j]) x 2).
i
(A1)
Uwca is a repulsive Weeks—Chandler-Andersen (WCA) potential,

Uwea(r) = 46[((:)12_(:)6]”’ rete (A2)

0, r>te

with . = 2Y°6. We chose Uepiral = wre /r but numerically cut off the
force at |r; — rj| = 5r; £ is the unit vector perpendicular to the xy
plane. Note the absence of external noise: Ucpiral injects the energy
that is retrieved by the viscous damping .

We define the natural time unit as 7 = o/m/e. Simulations are
performed using a velocity-Verlet algorithm with time discretized
as dt/7 = 0.01. The physical parameters are set to w/e =1, yr=1,
¢ = Nno*/(4L%) = 0.4, and N = 20 000.

2. Underdamped dissipative particle dynamics

We consider a system of N particles in a 2D periodic box of size
L x L, with position r; undergoing underdamped dynamics with a
dissipative particle dynamics noise,

muo; = —ymuv; — Z [8,1.(](1‘,']') + l"w(rij)(ffj . 'vij)i'ij

Jj#i
+ \/ZFTw(r,-,-)Gi]-iqj], (A3)

with 6 being a random Gaussian noise,

(6;(1)) =0,

and w(r) = O(r/ow < 1), with @(x) =1 when x is satisfied, and
0 otherwise, making the force local. Uwca is defined in Eq. (A2).
Note that the noise conserves momentum and is similar to a ran-
dom stress for a coarse velocity field, associated with the viscosity at
equilibrium.

We define the natural time unit, 7= 0y/m/e and solve the
dynamics using a velocity-Verlet integrator with dt/7 = 0.0003 (the
potential large number of neighbors can make the noise vari-
ance large). The phgsical parameters are fixed to T/e = 1, y/7 = 10,
0w/ =45,¢=No*nw/L* =0.6,T/7 = 1,and N = 20 000.

(05(1)6u(t)) = (8wdii + 8udj)d(t ~ 1) (A4)
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3. Self-rotating active rods
We consider N rod-like particles with positions r; and orienta-
tions #; = (cos 6;,sin ;) in 2D. The dynamics is overdamped with a
constant active rotation rate wy,
) GB N
myti = =y Oy, Uwea (rij> i, 1),
i

yebi = yrwo = . O, Uwea (i it it).

j*i

(A5)

The pair interaction is given by the purely repulsive Gay-Berne
potential, a smooth anisotropic generalization of the WCA potential,

12 6
Omi Omi
. 4e n};“ — n;m +¢&  rij <t
Ugs (tij, i, i) = rii 1 (A6)

0, Tij > Te,

where rfj = rij — o(#ij, i, ;) + 0 and

PP A A~ N2
P YT
o(#ij, i, i) = 0[1 - )—((—(r” i+ Fyly)

2 1+Xﬂi-ﬂj
s a . aN2\T771/2

y (Fidti=Fiedt)) , (A7)
I—Xu,--uj

with y = (& = 1)/(«* +1). re = 2"%0min is the ellipse width and
K = Omax/Omin 1S its aspect ratio. We note that for full consis-
tency, we should use an orientation-dependent potential well
e(#4j, iy i) = €0 1 —X'z(ﬂrﬁj)z]ﬂﬁ, with y" = (&' - 1)/ (&
+ 1) and «’ being a parameter controlling the energy anisotropy.'*
However, our choice is particularly simple and widely used in the
literature."”® Once again, no translational or rotational noise is
included and the activity of the system is fully provided by the active
angular drive wo.

Simulations are performed using HOOMD-Blue'”” with
the Brownian integrator.”® We define the natural time unit:
T = myopay/e. The time step is set to df/r=0.0005. The
physical parameters are set to wor =025 k=4, yfer=2,
¢ = N0 minOmax/ (4L*) = 0.6, and N = 100 000.

4. Active oscillating radius

We consider a system of N hard-disks in a periodic box of size
L x L, with position r; of mass m and whose diameter o(t) varies
periodically in time, following a triangular pattern between omin and
Omax at frequency w,

0, — Omi
0(t) = Omin + M[

1+ % arcsin (sin (wt))] (A8)

All particles have the same radius at each time. When two parti-
cles i and j are located at a distance |r; — rj| = o (¢), they undergo the
following collision:'*”

v = v + (v i + da)?
i = Ui ij * Tij . ij>
dt (A9)

’ A do\,
'uj:'vj— 'vl-,--r,-j+E 1‘1‘]',
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where v and v; are the post- and pre-collisional velocities of the
particle i, respectively. v;; - #; is the translational velocity difference
between i and j projected along the collision axis, which must be
supplemented by the additional velocity of the radius increase or
decrease. Particles are subject to a viscous damping y during their
free flight,

v(t) = v(0)e ™. (A10)

Note the absence of external white noise usually associated with the
global damping, required at equilibrium for consistency with the
fluctuation-dissipation theorem.

The simulations are performed using an event-driven molec-
ular dynamics algorithm'®’ with parameters fixed to w/y =2/,
Omin/Omax = 0.95, Gmax = N0 /4L* = 0.4, and N = 100000. The
dynamics can be solved exactly without damping with a piece wise
linearly increasing or decreasing ¢ or with damping and a con-
stant 0. However, it cannot be solved exactly with both damping
and changing radius; therefore, we time step the event driven algo-
rithm and apply a discrete damping v — ve ", every At that we set
approximately equal to 0.25 times the average frequency of collision.

APPENDIX B: DEAN’S DERIVATION FOR
UNDERDAMPED DISSIPATIVE PARTICLE DYNAMICS

In this appendix, we derive a fluctuating hydrodynamics the-
ory of an underdamped dissipative particle dynamics system using
Dean’s method.'*"'®* We start from the microscopic equations of
motion,

ri = &,
m
: cons diss rand
Pi = _ypi + Z (Fl] + Fl] + Ft] ),

J#i

(B1)

with
Ff]-ons = -0, U(ry),
ng“ = —Tw(rij) (#j - vij) Fijs
Ff?nd = m@ij(t)fﬁj,

(65 (£)0(t")) = (8dj + 88 )8(t — ).

We define the empirical density and momentum,

(B2)

N
p(rt) = Z 8(r—ri(t)),
i=1 (B3)

g(rt)= ;ﬁ (1) 8(r = ri(1)).

We could also define the empirical full distribution function
f(r,p) =N, 8(r —r;)3(p - p,) @ la Klimontovich and take its var-
ious moment;'®’ also see Refs. 125 and 164-166. We do not take
this route and continue directly with our two fields.'”” """ Taking
the derivative of the empirical density field directly yields

op(r,t) =-V- (g(th)) (B4)

We also have
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0g = Z [Pii'i “Or,0(r —1i) + pid(r - ri)]
V- (Z L:p"é(r—ri)) -2

L1 Z Z ( Feons +Fdlss +Frand>6(r_ri). (BS)

i j#

We will now do each force term in Eq. (B5) separately. The
contribution arising from interparticle interaction yields

(1) = Z Z Fcons(r,' —-1;)0(r-r;)

i j#i
-3 ¥ 0,U(i-1)(r =) [o(r; - y)dy
i g
- [ 5 0.UG =80 - r)3(r; - y)dy
i j#
- [p(,UGr - 9)p(3)dy. (86)

We proceed similarly with the dissipative contribution,

@) =% % Fr=n)otr=r) == [5 5 w)(i-p,)is

i g i j#i
x8(r—ri)8(rj—y)dy=—— fZ > w(r-y)

i j#
y (P;—p;)-(r-y)
(r-y)?

= —% fw(r—y)(r—y)

(r-=y)8(r—r)d(rj - y)dy

(p(»)g(r) - p(r)g(y)) - (r- y)
(r-y)?

- T ]w(lyzl)yp(y)P(r,y)[i,(,,y) —o(r)] - ydy, (B7)
¥l

where we defined mp(r)©(r) = g(r) as the empirical velocity field.
Since w(y) vanishes quickly away from zero, it is safe to expand the
fields around y = 0,

pr—y) =p(r) =Y Ipp(r) +---, (B8)

D(r—y)=o0(r) -y 0u®(r) +---. (B9)

For simplicity, we will neglect the density gradients, which intro-
duce cumbersome coupling between velocity and density gradients
and, therefore, coupling between reversible and conservative terms.
Using the expansion Eq. (B8) into Eq. (B7), we obtain

p(r)p(r+y)[0(r-y) - o(r)] = —p*(r)y' 0 (r)

+ %ﬁz(r)yiyj&-&j'f)(r) o
(B10)

The first-order term vanishes after integration by isotropy, and we
finally obtain

(2)1 (Sl,djk + 81]61k + 81)(81])318]’0

—
=

s
2

2v(V-®) + Vo], (B11)
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with:

/ (Iy |)ylyly]yk dy = B( 8,0 + 610 + i) (B12)

and I'p”B related to a contribution to the bulk and shear viscosities
of the fluid. From the dissipative term, we obtain as expected the
viscous dissipative contributions typical in Navier—Stokes fluids.
The last term is the noise. We define the noise,
(=% Fran (ri—rj)8(r—r;), and obtain its correlation
(G(r )G, 1)) = 2Tp(r) TCii(r,7")S(t — t'), following Ref. 44,

Cy=0(r—+) [3(utr & e )'_(y')z 4y
=) OO
r—r’)
-/ p(y)w(r—y)W(s(r—r')

- 8(y=r"))dy = p(r) fw(y) (8(r=1")
= 8(r =1~ 3)dy + O(p(r))

p(r) Iy /
=== fw(y)yizdyak&&(r— r)

- P(;)B (80 + 00 + iy ) DS (r — 7). (B13)

We expanded around y = 0 since w(y) vanishes rapidly away from
0. The zeroth-order term vanishes identically, while the first-order
term vanished after integration by isotropy. Only the second-
order contribution remains, corresponding to a second deriva-
tive of a Dirac delta. Because the dissipative viscous forces FU
and the noises F™™ are related by the fluctuation-dissipation
theorem, it is unsurprising that Eqs. (B10) and (B13) also satisfy a
fluctuation-dissipation theorem. The global damping, however, vio-
lates the total fluctuation-dissipation theorem. Reference 44 argued
that the noise derived from Dean’s method in the random orga-
nization model is fundamentally distinct from a Laplacian noise.
Our analysis shows that this distinction is not essential: the Lapla-
cian noise naturally arises when focusing on hydrodynamic scales
via a gradient expansion. This could be expected from the series
expansion in k of its autocorrelation as correlations fully determine
Gaussian noise or from the fact that at equilibrium its associated
dissipation corresponds to a viscosity.'*!
Collecting all terms, we obtain the following field equations:

Op(r.t) ==V - (p0),
Qo (r,t) + -V = —% fc’)r,U(r—y)ﬁ(y)dy

+y[2v(V-0) + V0] - yo + V- 1I

rand
>

(B14)
with # = TpB/2 and IT™ being a Gaussian random stress with
correlations,

(ﬁ?ndﬁﬁnd) = 21T (80 + 80 + Oy
x8(t-t)o(r—-1"). (B15)
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These equations closely resemble the hydrodynamic equations for
active hard disks Eq. (6). The spatial integral of the interaction force
contributes to the reversible stress, while the velocity gradients gen-
erate viscous stresses associated with F¥**. The stochastic term enters
as the divergence of a stress tensor, consistent with momentum-
conserving noise. Linearization of Eq. (B14) indeed produces S(k) ~
K? for a local potential U. Adiabatic elimination of @ recovers the
hyperuniform model B dynamics, Eq. (13).

Despite these similarities with the equations given in the main
text, Eq. (B14) differs in a crucial aspect: they govern the micro-
scopic, non-coarse-grained density and velocity fields. No coarse-
graining length or timescale has been introduced, nor have fast
degrees of freedom been eliminated.”” " Without the gradient
expansion used to obtain local dissipative terms and noises, the
equations would be formally exact. Consequently, the transport
coefficients lack contributions from the reversible interactions: for
example, U does not appear to contribute to the viscosities, even
after a gradient expansion. Such effects emerge only after a proper
coarse-graining. Similarly, the noise in Eq. (B14) is the microscopic
external noise inserted at the level of the particle dynamics. It should
not be interpreted as an emergent mesoscopic internal noise arising
from interactions at intermediate scales—something Dean’s method
cannot capture since it is blind to mesoscopic physics.

This subtlety is easily overlooked. For instance, applying Dean’s
method to a Hamiltonian system without noise or damping simply
yields the Klimontovich equation for f(r,v). At the microscopic
level, the only stochasticity originates from initial conditions and
the method correctly predicts the (trivial) absence of noise or dis-
sipation. On the mesoscopic scale, however, ensemble averaging
induces dissipative terms, which demand the inclusion of fluctua-
tions, as described by Landau-Lifshitz fluctuating hydrodynamics.
At equilibrium, projection-operator techniques recover the cor-
rect mesoscopic noise and dissipation, which include the effect of
the reversible interactions.”* Out of equilibrium, the situation is
more subtle. Typically, in active matter, for example, external noise
is introduced at the microscopic level. At low densities, Dean’s
method is appropriate, as dissipative contributions and the emergent
mesoscopic noise can be neglected. 71175178 Eyurthermore, the meso-
scopic noise often resembles the externally imposed noise, which
can lead to quantitatively inaccurate results, although the qualita-
tive behavior is usually preserved. However, this resemblance is not
guaranteed.

To show how problems related to the lack of dissipation in
Dean’s equation can arise, we will follow Ref. 17 and consider 2D
self-propelled, chiral particles,

yi’i = yuon — Z 8,‘U(r,- - rj),
¥ = yrw + /2y, TG,

with n = (cos(0), sin(f)) and uy being the free self-propulsion
speed. The active angular drive w induces circular trajectories,
perturbed by the noise. Dean’s method yields'”

(B16)

i ._OF 2 )
Op(r,t) =V - | pV— +\/ upp/2n(r,t) |,
yOip(r,t) (p 5% oP/2n(r,t) B17)

(n(r,t)n(r',¢')) =1 cos (w(t ~ £))o(r - 1),
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with F being a microscopic free energy, depending on U.
Remarkably, as Ref. 17 found out, even in the limit T — 0, the den-
sity field is still driven by a non-zero noise Eq. (B17) accounting
for the external active angular drive. Yet in this limit, Dean’s pre-
dictions become pathological. In the linear regime, the intermediate
scattering function is

Sk 1) = (ks p(—h 1)) = £ 0ok

3 m cos (w(t—1t")). (B18)
K is a coefficient arising from the linearization of F. Although
S(k,0) correctly exhibits hyperuniformity, decorrelation is never
achieved since S(k,t — oo) # 0. This limitation reflects the micro-
scopic nature of Dean’s description: it cannot generate dissipative
terms. The T'— 0 noise is non-dissipative, encoding only the active
angular drive. Interestingly, simply adding a Laplacian mesoscopic
noise (uncorrelated from Dean’s noise) arising from interparticle
collisions is insufficient to restore full decorrelation. To accurately
recover the mesoscopic physics from Dean’s equation, it would be
necessary to separate the solution p into two components: one aver-
aged over initial conditions and a second fluctuating part. Both
components would need to be determined for a fixed external real-
ization of noise.'"'”’ To the best of our knowledge, this is a complex
endeavor that has not yet been attempted.

APPENDIX C: DETAILS ON THE LATTICE DYNAMICS

1. Derivation of a field theory for p
from the lattice dynamics

To better capture the emergent large-scale dynamics in the lat-
tice, and to derive the associated correlation functions, it is useful
to formulate an evolution equation for the coarse-grained density
field.'?¢

Let a be the lattice spacing, with total system size L = aN. In the
continuum limit @ — 0 with L fixed, it is straightforward to derive
the deterministic evolution equation for n(x,t). The stochastic
equation, however, requires more care, as we now describe.

Following Ref. 180, we introduce the moment generating
function for the local increment An,(t) = ny(t + dt) — n.(t),

2] - (exp [z m(r)m(r)]} “TT (exp [in(B)Am(9)]),

Xt Xt
(C1)
where the average (---) is over realizations of An(t) and # is
conjugate to An.
Using the rates defined above, we perform the average and
obtain in the limit dt — 0,
()] = T] [de Ry g R, (507

Xt

+1-de(RE) + R{f})]

=exp[a_1.[[R£i}<eﬁ'(an_")—1)
b R (e 1)dtdx]. (C2)
Nonlocal products such as nync, are expanded in a using

Taylor series, e.g., nxis2 = n(x)(n(x) +2an’ (x) + (2a)*n” (x)/2 +
-+ +), which yields a local field theory for the occupation number.
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We define the cumulant generating function by W[a(t)]
=log (Z[#(t)]). Its functional derivative leads to various cumulant
of Oyn,

W

On(x,t) |,

Fw

On(x, t)dn(x',t") |,

= (Oin(x.1)),

 (Oun(e, Yo 1) )

= {0mn(x1))(Oyn(x, 1)),

Using the non-anticipating property of the noise in Ito discretiza-
tion, we can obtain the associated Langevin equation.

As an instructive example, consider the process
L =[-1,4,-6,4,-1], which conserves all multipole of order
below or equal to 3. We will consider the time reversed event too.
We obtain

- (LE'n—n) = Fiy + 41 F 6ty 4 F v
~ 7' 0fn(x), (C4)
Rz} = anyg_ang(ny — 1) (ne = 2) (nx — 3) (nx — 4) (ny — 5)nx42
& ANy p My ;’t(x)é(n(x)2 + 4a’n(x)?9? log (n(x))

2@ (3(8in(x))” — 4(9en(x)) (9n(x)) + n(x)aﬁn(x)))»

(C5)
R{L@ = Pre-1 (-1 = 1) (-1 = 2) (N1 = 3)
* gt (Mt = 1) (st — 2) (nxar —3) = Brs_ynby,y
~ ,/.3rt(9c)6(r1(x)2 +4a’n(x)’0; log (n(x))
" a4%n(x)_2(18(8xn(x))4 ~36n(x) o
x (Oxn(x))*d5n(x) — 4n(x)*(9xn(x)) (n(x))
+ n(x)*(21(02n(x))* + n(x)din(x)))).
This yields the cumulant generating function,
Wla(D)] =a” ff R (&0 1)+ R (&0 1) dna,
(€7)
and its functional derivatives,
iy~ oL (RE)e
R{ﬁ} a0} (x, f)) (C8)

82 4 04 {a} —a'®i(xt)
— - dai(r UC
Sa(x, t)én(x,t) [( o€

+R W 20N o(x x5t~ )] (C8)

When detailed balance holds, a = 5, the leading contribution
to the deterministic part cancels at zeroth-order in gradients and the
first nonzero deterministic term appears at higher order in gradients.
We find, to leading linear order,

ARTICLE pubs.aip.org/aipl/jcp
oW 8
S0, . ~ —a’ nddn(x, 1),

C9
Sw (C9)

(o oA, T) -, ~ 24" n§dL 08 (x — x')o(t - ).

We linearized the occupation field as n(x, t) = ng + dn(x,t). From
Eq. (C3), these cumulants correspond to the linear Langevin
equation,

0n(x,t) = —a’ njdon(x,t) + \/2a’ ngdin(x, t). (C10)

We readily verify that this dynamics yields the expected equilibrium
result for the structure factor,

S(k) = lim (dn(k,t)on(~k, 1)) = no, (C11)

as expected for the dynamics that satisfies detailed balance.'*

We now consider a case in which detailed balance is broken:
B =0. The lower-order gradient terms can survive in the deter-
ministic drift. Evaluating the functional derivatives in this case and
linearizing yields

oW

On(x,t) |,

Sw

Onn(x, t)dn(x',t") |

~ —8a nydson(x, 1),

(C12)
= a n§dL0h 8 (x - x)o(t - ).

Hence, the linear Langevin equation becomes

D0n(x,t) = -8a’nydsdn(x,t) + \/ @’ ngdin(x, t), (C13)

which leads a strongly non-equilibrium and hyperuniform result,
S(k) = lim (on(k, )8n(~k.1)) = nok*/(8a*). (C14)

We note the dependence of the final result on the lattice spacing a.
The example above generalizes naturally. We want to find a
general equation for the local occupation number written as

oW
on(xt) |,

(n(x,)n(x',¢)) = W

om(x,t) =

+n(x,t),
(C15)

Suppose the events locally conserve all multipole of order equal or
below M with the M- th multipole denoted Qu = ; j™n;. In the
continuum limit, it implies the following:

fl- (Efln—n) =+ Z 6jﬁx+j

j=—m’
=0 ifksM
f—-’—\
—iZ i @ ok > ot
]——m

= 290 () + OO h), (C16)
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where y = a"*! /kI¥;6;/"*". The vanishing of the k- th sum comes
from the fact that it is equal to the change of the k— th multipole
after an event Zj"; , ,-jk: L* Q; — Q. From Egs. (C1) and (C17),

we find

—m

ow
on(xt) |,y

Sw Y ame pf(let | g8
Sh (e, Yoo )|, @ [(RE+ =)

8(x-x)o(t-1)] (C17)

Y or(RE - R0,

The second functional derivative is straightforward to obtain as at
lowest order, we must find

RIE - zc,x/ﬁrl(ac)A + O(0«n), (C18)

Lil

with #,p being a positive constant and A=Y,8,0(di >0)
=—3,0i0(8; <0) the number of particles that are moved by the
event. Therefore, from Egs. (C18) and (C19), we deduce that in the
linear regime, the noise can always be written as a derivative of order
M + 1. We rewrite Eq. (C16) as

aon(xt) = [D(RE - RE) +V2Di(x 1)), (C19)
with
(LK) = 8(x—x')o(t - 1), (C20)

where T'=a"'y and D is a constant. It is now left to us to obtain
RE — R We will show that

R - ﬁRW + O 5n). (C21)
That is, at equilibrium, when a = f3, 72{;:} - R{Lﬁ,}] = O(9 8n).

We start the proof of E % (C22) by taking the largé density limit, in
this case Eq. (24) simplifies

R{“} =« H nx+] o H max(w) (C22)

j==m' j==m'
We also recall that the reversed process has rate,

n max (0,—6;
R{f:}l 2B T nl O, (C23)

. , X+]
j==m

Since for any number x, x = max(0,x) — max(0, —x), we have
d; ——6 o

Rﬁl_in X+ 7Hn

]f—m ]——m

ﬁexp( > Olog (nxﬂ)) (C24)
j=-m’

We now continue by performing a Taylor expansion,
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=0 ifksM
/—H
log £Re. z dlog(n(x) 3 &% (C29)
(Xchl k=0 ]——m

where the sum vanishes, again due to multipole conservation. We
exponentiate both sides to find Eq. (C22),

Mgm 5 M
( ( J=‘*m’ ] )33/“1 log n(x))

(M+1)!
RY =RE_Ze
= RL;I =+ 00 on). (C26)

B

This concludes the derivation of the field theory as we now have all
the required information to analyze Eq. (C20).
If B = a (equilibrium/detailed balance), the leading determinis-

tic contribution is of order 62(M+1)6

0i0n(x,t) = (~1)MTeq@2M ™ 81 (x, 1) + \/2Deq®2 (. ).
(C27)
The derived structure factor is flat as expected from equilibrium
fluctuations.
If B =0, the deterministic drive generically contains a 92'n
term,

0n(x,t) = (1) Toeqd2 7 0n(x, 1) + \/2Dneq 2 (5, 1),
(C28)
with M odd. It produces a non-equilibrium scaling of the structure
factor S(k) ~ k*!. With M even, we need to consider the next to
leading term in derivatives to properly compute the structure factor,
as the leading order term is non-dissipative,

Aon(x,t) = (v + (~1) ML M) n(x, 1)
+\/2Dnegd2 (%, 1). (C29)

This yields S(k) ~ kM.

2. Non-equilibrium quantum lattice dynamics

For systems of indistinguishable quantum particles, transition
rates must incorporate Bose or Fermi statistics.'*

For fermions, each single-particle state can be occupied by
at most one particle. Introducing a degeneracy g (necessary to
avoid falling too easily into an absorbing phase), the classical rate
in Eq. (24) must, therefore, be multiplied by I"[j"; (8- nx+j);‘sj,
which enforces the Pauli exclusion constraint at the arrival sites.

For bosons, the presence of particles at the arrival sites
enhances the rate (Bose stlmulatlon) _The classical rate is multi-
plied by HJ._f (14 154j)™, where n’ =n(n+1)...(n+8 - 1)
if § < 0 and 1 otherwise. In principle, a similar construction extends
to anyonic statistics'®! and parastatistics.'*

These modifications respect detailed balance whenever « = f8.
Consequently, the equilibrium hydrodynamic equation for the den-
sity field retains the same form and derivative order as in the
classical case. Out of equilibrium when « # f3, the rates are altered
numerically relative to the classical dynamics, but the conclusions of
Appendix C 1 remain unchanged, notably Eq. (C22) still holds and
hyperuniformity is expected.
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3. Structure of kernels conserving multipole moments

We now demonstrate how to construct kernels that conserve
multipole moments up to order M.

We recall that a kernel £ =[81,0,,...,84] is a vector con-
structed from the particle changes J; at a given lattice site during
an event. Conservation of all moments m < M requires

> 8" =0,

j=1

m=0,1,...,M, (C30)

which forms a system of M + 1 linear equations for n unknowns
{9}

Equivalently, these constraints state that the kernel is orthogo-
nal to the vector of powers (17,2",...,n™) forall m < M.

To construct such kernels, we invoke the forward finite-
difference operator of order M +1, defined for any vector
sby

el SifM+1
R ( i )s,-ﬂ-. (C31)
i=0

This operator acts as a discrete derivative. For instance, Alsj
= sj+1 — s and Azsj = §j — 28j41 + Sj+2, - . .. since derivatives of order
higher than the degree of a polynomial annihilate it, we have
AM“(lm,Zm, ...) = 0. This is similar to the assertion that contin-
uous derivative of order higher than a given polynomial annihilates
it. It follows that the kernel §; = (—1)M*'~/ ( M;I ) automatically sat-
isfies Eq. (C31). The fact that the change of particle at a given lattice
site can be written as a discrete derivative of order M + 1 explains
why, in the continuum, the time evolution of the density field is
given by a derivative of order M + 1 in Eq. (28).

More generally, any kernel of length #n > M + 1 that conserves
all moments up to order M can be constructed from shifted copies of
the finite difference operator along the lattice and their linear com-
binations. Concretely, if co, . . . , cu—m—2 are arbitrary coefficients, the
kernel,

n—-M-2

§= 3 kM, j=1,...n (C32)

r=0

satisfies all the constraints, with ki(MH) =0ifi<0ori>M+1and
ki(M“) = (-1 (M) otherwise.
For example, £ = [1,-2,1] conserves all moments up to M = 1.

The most general solution with n = 5 and M + 1 can be obtained by

L =¢[1,-2,1,0,0] + 1[0,1,-2,1,0] + ¢2[0,0,1,-2,1].  (C33)

4. Dynamics conserving up to an even
multipole moment

In Fig. 5, we present simulation of two lattices with kernels
L£=[-1,1,3,-52] and £=[1,-3,0,10,-15,9,-2] constructed
using the method in Appendix C 3 and conserving, respectively, up
to the second and fourth multipole moment. We set 8 = 0 to enforce
a non-equilibrium dynamics from which we indeed observe a hype-
runiform scaling: S(k) ~ k™ with M the highest order multipole
conserved, in agreement with Eq. (33).

The doubtful reader will rightfully remark that the kernel used
are not the simplest ones that conserve up to second and fourth
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FIG. 5. Structure factor of a 1D lattice simulation with kernels
L=[-1,13-52] and L =[1,-3,0,10,-159,-2], consering up to
the second and fourth multipole moments, respectively. The dynamics is
non-equilibrium with 8 = 0.

multipole moments: £ =[-1,3,-3,1] and £ =[1,-5,10,-10,
5,—1], respectively. We simulated these cases and found a flat struc-
ture factor, indicating that the lowest-order dissipative term in the
density evolution are those expected for an equilibrium system
despite the dynamics being non-equilibrium. Using the method of
Appendix C 1, we correctly find not only a leading non-dissipative
term of order 92'*! but also a non-zero dissipative term of order
AM*? instead of the numerically obtained &; (1) This suggests that
our theory does not correctly capture next-to-leading-order terms.

A possible explanation is that simple kernels such as
[-1,3,-3,1] lack sufficient dissipative character since they cor-
respond essentially to permutations of particles. In contrast, ker-
nels such as [1,-2,1] represent particle splitting and redistribu-
tion, which generate genuine dissipation. Similarly, events such as
[1,-2,0,2,-1] or [1,1,-8,8,—-1,—1] (all conserving multipoles up
to order 2) also yield flat structure factors, consistent with the inter-
pretation that pure rearrangements without redistribution fail to
produce effective dissipative terms.

This phenomenon remains to be fully understood, but it
appears to concern only a very restricted class of multipole-
conserving kernels—albeit a natural one to consider.

APPENDIX D: POWER COUNTING OF THE MODIFIED
CONSERVED DIRECTED PERCOLATION EQUATIONS

In this appendix, we assess the relevance of the density field in
the modified conserved directed percolation equations Eq. (40).

We consider the scale transformations: t — I°f, x - Ix, pa
— Wip,, and 8p — Kp. We want to find z, X and y such that the
linear terms in Eq. (39) are scale invariant to place ourselves in the
vicinity of the Gaussian fixed point. To this end, we set a = 0 and
assume that all coefficients (b, , . . .) are scale invariant, as expected
at the Gaussian fixed point. This yields

b)(a—za[pa _ ZX“+Xbppa _ lz)(u Cpi + l_2+Xu KVZPa
+ 104292 HDpan, (D1)
b""zatép _ l—(M+1)+Xﬂ(_1)M;1 K’VM+1Pa-
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Scale invariance of the linear terms require z = 2, y, =2 - d, and
X =3-M-d. The term cpﬁ is, therefore, irrelevant near the Gaus-
sian fixed point for d > 4, while the non-linearity coupling the two
fields bp,6p is irrelevant for d > 5 — M.

APPENDIX E: RENORMALIZATION GROUP
GENERATION OF A LOWER-ORDER NOISE

We now perform a partial renormalization group analysis,
focusing on the renormalization of the noise term, which arises at
two loops in ¢* theories. We consider the general theory,

(k. t) = —|k|2M% +n(k, 1),
oo 2o
(nh w)n(K,w)) _ pyon o050k k60w + '),

(Zﬂ)d-H

We introduce the bare propagator Go, the bare vertex g,, and the
bare correlation function Co,

1
Golkyw)= ——
o) = kP (s 1)
go(k) = —ulk|™, (E2)

Co(k, w) = 2Dy (K, )| Go (K w) 2,
Do(k,w) = DIk |w[*,

The noise in the correlator is renormalized at two loops by a sunset
Feynman diagram made of bare correlator,'*

Ca(k,w) = Co(kw) + 1285 (K)|Go(k: ) [[ Calgwy)

x Co(powp) Colk - g~ prw - wy — wp)dadp + G,
(E3)

with dp = dpdw,/(2m)**! and G denotes additional diagrams con-
tributing only to the propagator renormalization at one and
two loops. We define the renormalized correlator as Cr(k,w)
= 2Dr(k, w)|Gr(k,w)[?, with Gg being the renormalized propaga-
tor and Dy proportional to the autocorrelation of the renormalized
noise. From Eq. (E3), we obtain

Dr(k,w) = Do(k, w) +48u2|k|4M/ Do(qw,)

x Do(p,wp)Do(k—q— p,w — wq — wp)

1 1
X

wy + g™ (t+ q°) wy + p™M (1 + p7)
) dadp

(w=-wp—wy)* +|k-p—qM(r+ (k-p-q)°)

(E4)

In the first time, we consider the simpler case 6 = 0, which corre-
sponds to a noise delta correlated in time. The double integral in
Eq. (E4) over wq and w) that we call I, is easily done. We also take
the limit w — 0 and obtain

ARTICLE pubs.aip.org/aipl/jcp

oM’ 2M . 2M
z(k,o):szf lal™ p[™ |r] dqd de, (E5)
4A4Ap A (Aq + Ap + Ar) (2m) (21)

with Ay = g™ (1 +¢*) and r=k—q—p. I(k - 0,0) has a well-
defined non-zero limit with an integration region over large wave-
lengths, as usual in renormalization group computation. It might be
necessary to include higher power in the denominator [correspond-
ing to higher power of (V¢)” in the free-energy] to make the integral
well-behaved in the UV, in any case, we use a UV cutoff. Therefore,
we find at lowest k-order, the renormalized noise,

Dr(k,0) = D™ +124°D* (1(0,0) + O(K)) k™. (E6)

We first recall the equilibrium results M = M ' Model A is M =0,
and the bare noise as well as the pertubative contribution both have
leading order terms in k°, implying that the noise intensity D sim-
ply gets renormalized. In model B, M = 1 and the bare noise has a
leading order term in k%, while the perturbative contribution has a
leading order term in k*. The latter being less relevant than the for-
mer, we usually ignore this contribution if we are interested in the
large-scale behavior and D gets no perturbative contribution; D is,
therefore, not renormalized.'®> However, in the case simulated in the
main text with M = 0 and M’ < 1, an effective noise with correlation
oc k" is generated, which eventually completely changes the analysis
of the linearized system as it prevents the hyperuniformity predicted
in the linear regime since it acts as a white noise.

To correctly predict the structure factor, we should also check
that the functional shape of the linear deterministic term is not
changed and, therefore, that 7 is simply renormalized. To check that,
we use the renormalization of the propagator,'®’

Gr(k,0) = Go(k,0) — 3ulk|* Gy (k,0) fCo(q,'w)di]

= Go(k,0) - 3ulk|"™ Gy (k,0)* f So(q)(szq)d, (E7)

with Sy being the bare structure factor, the integral I "=
I Sy(9)dq/ (2m)? over a ring is finite. Therefore, we obtain that the
linear term is renormalized to

7 =7+ 3ul /1. (E8)

No lower terms, such as 7, = 7 + 3ul’ /T + k2, get generated.

With the noise correlation qualitatively modified in Eq. (E10)
and the linear term only quantitatively modified, we find a structure
factor in

S(k) ~ |k|2(min (ZM,M’)—M). (E9)

We note that if M < M’ < 2M, the noise conserves lower or equal
multipole moment that the deterministic term (as in equilibrium),
then S(k) = 1M =M \hich coincides with the prediction of lin-
ear theory. However, when 2M < M’, the noise conserves higher
moments than the deterministic term and the obtained structure fac-
tor is S(k) ~ k*M, in disagreement with linear theory. In the linear
regime, this would correspond to a situation in which both the noise
and the deterministic term obey the same conservation law.

Let us go back to our original problem, with the full expression
for the bare noise, including temporal correlations,
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2M 20
Dr(k,w) = Do(k,w) +48D’u |k|4Mff"1| ‘“"1|

\PIZM Jwpl ™ e

w,+A

dqadp. (E10)
wp +Ap

In the limit w — 0, power counting tells us that the integral con-
verges when 6 < 2/3; moreover, the limit k — 0 of the integral over
internal momenta has no reason to be non-zero. We, therefore,
again find a result equivalent to Eq. (E6), which holds now, a pri-
ori only for 6 < 2/3. In this, case, a noise non-correlated in time
is generated, which can destroy the time correlated induced hype-
runiformity found in the linear regime. We note that, once again,
conservation laws can protect the bare noise to be renormalized, for
example, if M' = M and 6 < 2/3.

APPENDIX F: NON-LINEAR DAMPING FOR THE
MOMENTUM FIELD AND LOSS OF HYPERUNIFORMITY

We simulate the model of Lei and Ni,”’ in which a collision
between two particles i and j of mass m and diameter ¢ injects energy
according to

1 1 1 1
fmv,(2 + 7mv]/-2 = 7mv, + = m'v + AE. (F1)
2 2 2 2
To this model, we introduce a modification in the dissipative free-
flight dynamics by including a nonlinear damping term,

Vj = —pv; — y'v,-|'v,~\". (F2)
When 7 =0, the damping is purely linear. For »n >0, however,
the damping couples modes in a way that breaks momentum-
conservation (unlike, for example, the nonlinear advective term).
As demonstrated in Fig. 6, this nonlinear damping eliminates
hyperuniformity.

A comprehensive theoretical analysis of this behavior would
require a perturbative treatment of the compressible Navier—Stokes
equations. However, the mechanism underlying the loss of hype-
runiformity is most likely the same as that responsible for the

e  Linear damping: —yv
__1n0-1L ® Non-linear damping: —yv — 7'v|v|
< 10
= e  Non-linear damping: —yv — y'v|v|?
=
3
§ -2 o".
<0 oAanet
= »Te®
E o o o ot
I CR
& 1077 )2

e’ 1
1071

Wavenumber ok

FIG. 6. Structure factor from the molecular dynamics simulations of Egs. (F1)
and (F2), with n =0 (linear damping), n =1, and n = 2. When the damping
is non-linear, hyperuniformity is lost. N = 100000, ¢ = No?/(4L%) = 0.4, and
AE/(mo®y?) = 0.5. We set ' = 1forn = 1and y’ (¢%y) = 1forn = 2.
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emergence of the renormalized white noise in Eq. (46); we do not
attempt the perturbative calculation.
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