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Abstract

Starting from a microscopic multiparticle Langevin equation, we obtain a hydrodynamic descrip-
tion in terms of density and momentum fields for chiral active particles interacting via standard
repulsive and nonlocal odd forces. These odd interactions are reciprocal but non-conservative:
they are non-potential forces, as they act perpendicular to the vector joining any pair of particles.
As a result, the torques that two particles exert on one another are non-reciprocal. The ensuing
macroscopic continuum description consists of a continuity equation for the density and a gen-
eralized compressible Navier—Stokes equation for the fluid velocity. The latter includes a chirality-
induced torque density term and an odd viscosity contribution. Our theory predicts the emergence
of odd diffusivity, edge currents, and is consistent with an inhomogeneous phase—characterized
by bubble-like structures—recently observed in simulations. Specifically, the theory exhibits a lin-
ear instability arising from the interplay between odd viscosity and torque density, and admits
steady-state inhomogeneous solutions featuring bubbles and vortices, in qualitative agreement
with numerical simulations. Our findings can be tested experimentally in systems of granular spin-
ners or rotating microorganisms suspended in a fluid.

1. Introduction

Active materials [1-4] have recently attracted significant attention due to their distinctive properties, rep-
resenting a new class of nonequilibrium systems currently under intense investigation. In these systems,
the continuous injection of energy at the microscale drives the motion of individual constituents and
breaks time-reversal symmetry [5]. In many cases, an intrinsic degree of chirality leads to broken parity
at the microscopic level, inducing circular or helical motion [6, 7].

Chiral motion is typically generated by external torques acting on the particles, which may originate
from different physical mechanisms. For instance, active colloids subjected to external magnetic fields
perpendicular to the plane of motion exhibit chiral behavior and spinning dynamics [8, 9]. More gen-
erally, microswimmers with rotationally asymmetric propulsion mechanisms follow curved or rotating
trajectories. This is the case for sperm cells [10], which display chiral swimming paths due to asymmet-
ric flagellar beating, as well as bacteria moving near surfaces [11]. Similar circular behavior is observed
in L-shaped colloids [12] and in Janus colloidal beads with catalytic patches that are positioned at a
fixed angle relative to one another [13]. Chiral dynamics also arise in more complex biological systems,
including cells [14], algae [15], droplets [16], and starfish embryos [11, 17]. Moreover, chiral behavior
can be reproduced at the macroscopic scale by suitably designing chiral active granular particles [18].
Examples include chiral rotors spinning due to airflow [19], rotationally asymmetric granular particles
driven by internal motors [20], or particles actuated by a vibrating plate [21, 22].

To reproduce the behavior of these systems, chirality is often incorporated in the dynamics through
a constant angular velocity [6], which drives active Brownian particles along circular trajectories, both
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in free space [12, 23] and under confinement [24]. This circular driving reduces both the effective speed
and the diffusivity of active particles [23, 25, 26], thereby altering the melting point [27] and suppress-
ing clustering and motility-induced phase separation (MIPS) [28-30] (see [31] for a review of MIPS).
More generally, circular driving alone can induce a wide range of collective phenomena in glasses [32],
liquids [33], and crystals [34, 35]. These include the formation of vortices [36—38] and self-reverting
vorticity [39] in attractive systems. In the presence of alignment mechanisms, additional collective states
emerge [40], such as microflock patterns [41], traveling waves [42], and self-rotating crystallites [43, 44].

When two or more chiral particles interact, they exert forces that break the parity symmetry and
have no analogue in non-chiral systems. Indeed, these effective forces, termed odd interactions [45,

46], act transversely with respect to standard potential-derived interactions and are therefore non-
conservative. Odd interactions can be generated by rotational friction in colliding granular spinners,
or by hydrodynamic interactions when two swimmers rotate in a fluid, as in the case of algae [47]

or starfish embryos [17]. These forces underlie striking collective behaviors, such as cluster rotation
observed in starfish colonies [17] or fast-moving bacteria [11], as well as symmetry-protected surface
currents at the edge of a cluster, as reported in [48] in the presence of attractive interactions. In addi-
tion, odd interactions induce spatial velocity correlations [49] in crystalline phases and can drive a
chirality-induced phase transition from a homogeneous state to an inhomogeneous phase character-
ized by bubbles, i.e. empty, approximately circular regions in a liquid. This phase, termed BIO (bub-
bles induced by odd interactions), was discovered in [45] and represents a general collective behavior
uniquely arising from chirality. A similar phenomenon was observed by Di Gregorio et al [50] using a
different model for granular spinners subject to tangential friction, inspired by earlier studies on gran-
ular systems [51]. Finally, we note that the BIO phase is reminiscent of cavitation phenomena induced
by a rotating particle coupled to a viscous fluid through hydrodynamic interactions, as simulated using
lattice Boltzmann techniques [52].

Chiral systems are often modeled at a coarse-grained level using elastodynamic or hydrodynamic the-
ories [53]. Owing to broken parity symmetry, these theories differ fundamentally from their equilibrium
counterparts since they are characterized by odd elasticity [54—59] in solids and odd viscosity [60, 61,
61-66]—also known as Hall viscosity—in chiral fluids. Odd elasticity is a non-energy-conserving prop-
erty found in certain solid-like systems, such as mechanical metamaterials, and is associated with anti-
symmetric shear and bulk elastic moduli. It underlies unconventional mechanical responses, including
lateral deformation under compression and wave propagation, even in the overdamped regime. The con-
cept of odd viscosity was introduced into hydrodynamics by Avron [67] and has recently been observed
experimentally in both electron fluids [68] and active-matter systems [69]. Unlike ordinary (even) viscos-
ity, which is dissipative, odd viscosity [62, 64, 70, 71] is reactive and does not lead to energy dissipation.
Ordinary shear viscosity, being proportional to the strain rate, dissipates energy through friction between
adjacent fluid layers moving at different velocities, while bulk viscosity characterizes a fluid’s resistance to
compression or expansion and is likewise dissipative. In contrast, odd viscosity conserves energy and, in
the case of shear flow, gives rise to a stress component perpendicular to the flow direction [72, 73].

While the odd elasticity tensor can be derived directly from microscopic dynamics governed by odd
interactions [49], the form of the odd viscosity tensor is typically introduced phenomenologically to cap-
ture the parity-breaking induced by chirality. We follow this phenomenological approach here, despite
the recent proposal of a microscopic derivation of odd viscosity in [74]. Crucially, however, a direct con-
nection between hydrodynamic descriptions and the emergent collective behavior—specifically, the BIO
phase—numerically observed in chiral systems remains an open problem.

Here, starting from a microscopic Langevin description of non-motile chiral active particles, we
obtain macroscopic continuum equations for the density and fluid velocity governing a chiral active
fluid. The resulting hydrodynamic description differs from the continuity and Navier—Stokes equations of
an ordinary fluid by the presence of an additional effective odd force term proportional to the skew den-
sity gradient, which can be identified as a chirality-induced torque density (figure 1). We discover that
this torque density generates odd diffusion and, when combined with odd viscosity, a linear instability
of the homogeneous phase with constant density and vanishing momentum. The linear stability analy-
sis leads to a phase diagram in qualitative agreement with previous results based on molecular dynamics
simulations. In addition, the theory admits a steady-state solution in the inviscid limit featuring cavities
and vorticity, which is reminiscent of the BIO phase.

We begin by introducing the model and deriving the coarse-grained hydrodynamic theory in
section 2. The consequences of this description-namely odd diffusion and the linear stability of the
homogeneous phase-are examined in sections 3 and 4. In section 5, we present an approximate solution
of the nonlinear equations, before concluding with a summary and outlook.
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Hydrodynamic theory for a chiral active fluid
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Figure 1. Hydrodynamics of a chiral active fluid. The panels of the figure illustrate the main logical steps of this work and high-
light the key results. Starting from a particle-based model of a chiral active fluid subject to odd interactions, we formulate the
corresponding Fokker—Planck equation for the N-particle distribution and close the BBGKY hierarchy at the single-particle
level, obtaining a Boltzmann-like equation for the single-body distribution. Projecting onto the subspace spanned by the den-
sity n = n(r, ) and the velocity field u = u(r, r), we obtain a hydrodynamic description. The resulting chiral active fluid is gov-
erned by a compressible odd Navier—Stokes equation, featuring odd viscosity and a chirality-induced torque density. Our theory
predicts that (i) odd interactions generate transverse diffusion; (ii) the interplay between odd viscosity and torque density desta-
bilizes the homogeneous state; and (iii) this instability gives rise to an inhomogeneous phase characterized by bubbles, termed
BIO. Reprinted from [45], with the permission of AIP Publishing.

2. Hydrodynamic theory for chiral active particles

In this section, we address the classical problem of statistical mechanics: deriving the laws that govern
the large-scale behavior of a many-particle system starting from the dynamics of its elementary con-
stituents. For equilibrium systems, a proper coarse-graining can be carried out in appropriate limits [75]
and at sufficiently large spatial scales, such that the fluid can be described in terms of smooth fields.
This procedure leads to the Navier-Stokes equations for a compressible fluid.

By contrast, in chiral active matter governed by odd (transverse) interactions—which break both
detailed balance and parity symmetry—the same protocol yields a hydrodynamic theory contain-
ing additional terms beyond those of an equilibrium fluid. Specifically, we argue that a chiral system
is described by a continuity equation for the number density n(r,) and a modified Navier—Stokes
equation for the velocity field u(r, ) (see below for precise field definitions), with the following form
(see figure 1):

om(r,t) ==V - (n(r,t)u(r,r)) (1a)
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1
du+u-Vu=—— (VP—rnVV’n) —yu+ U VA iV(V~u)
mn mn mn
— % VPu— X2 W, (1b)
mn m

Here, m represents the particle mass, P is a standard pressure contribution due to thermal agitation
and repulsive interactions, while the term —xnV V?*n directly follows from the Korteweg stress tensor
as in an equilibrium fluid. Our system is additionally subject to a friction force —yu accounting for the
dry friction with a substrate and to standard viscous terms proportional to the velocity gradients (third
and fourth terms on the right-hand side of equation (1b)), through the shear viscosity 7 and the bulk
viscosity (.

Beyond conventional terms, the hydrodynamics of chiral active systems is characterized by two addi-
tional contributions: i) an odd viscous term [53] o 7,Z X Viu, proportional to the odd viscosity 7,,
which mixes the Cartesian components of V*u through the cross product with a unit vector z such that
ix Viu= (— Vzu},, Vzux) (fifth term on the right-hand side of equation (1b)); ii) an extra contribu-
tion, xoZ X Vn (sixth term on the right-hand side of equation (1b)) with strength x, which mixes the
Cartesian components of V. This additional term arises from a chirality-induced torque density

X (r, 1) = Exonz (r,1), (2)
appearing in the Navier—Stokes equation (1b) as —z X Vx/(mn). While the odd viscous term (i) has
been extensively investigated through numerical and analytical studies, the presence of a chirality-
induced torque density (term (ii) in equation (1b)) constitutes our first result. Compared to conven-
tional and odd viscous contributions, this torque density is peculiar for two reasons. First, it origi-
nates from a contribution to the stress tensor that explicitly breaks parity symmetry in the momentum
equation, being antisymmetric under the exchange of its Cartesian components. Second, unlike viscous
terms, it is not proportional to velocity gradients but instead depends on the density, similarly to a pres-
sure tensor, while containing only antisymmetric off-diagonal elements. As a consequence, this term
corresponds to a force per unit volume that is tangential to the surface, whereas the divergence of the
pressure tensor generates a force normal to the surface. We note that similar antisymmetric terms have
appeared previously [60, 76, 77]; however, these were typically associated either with particle rotation
relative to an external field or with fluid vorticity, rather than being directly linked to transverse inter-
particle interactions. In binary mixtures, a closely related torque has also been introduced, but with a
dependence on concentration rather than on density, as in our case [78].

Although the present paper focuses on a two-dimensional system, we adopt the conventional three-
dimensional terminology throughout. Accordingly, we use the term ‘pressure’ to denote a line tension,
‘volume’ to denote an area, ‘surface’ to denote a line, and so forth. For example, the curl operator has
only the component normal to the plane in which the particles move. We believe that this choice of ter-
minology improves the readability of the paper. In the remainder of this section, we derive the macro-
scopic hydrodynamic equations and discuss closures for the associated stress tensor, starting from the
Langevin dynamics of chiral fluids with odd (transverse) interactions.

2.1. Model for interacting chiral active particles

We consider non-motile chiral active particles subject to transverse (odd) forces, modeled through the
microscopic dynamics introduced in [48]. In contrast to that work, here we consider purely repulsive
particles, as in several subsequent studies [35, 45, 79-83]. The equations of motion for such chiral active
particles of mass m, interacting via repulsive and odd forces, are given by:

i (1) = 3 (B B8 ) = myvi (1) + /20 T, (1) ()

J#i

where 7 is the ratio between the friction coefficient and the particle mass and therefore represents the
inverse of the inertial time. Here, T denotes the temperature of the solvent, assuming the Boltzmann
constant kg = 1. Thus, particles experience a Stokes friction force —m~yv with the medium, through
which they exchange energy due to a random force /2myT&;(t). Here, the term &; corresponds to a
white noise vector with unit variance and zero average, which accounts for the random collision of the
environmental molecules. Particles i and j interact through two force terms, Fgemral and F;-‘, depending
on the particle coordinates. The first term Fge"m‘l = =V, UYY(|r; — 1j|) is a standard pair force, derived
from a potential, for instance, a pure repulsive Weeks—Chandler—Andersen potential UW*(|r; —1;]), i.e. a

4
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Lennard-Jones potential cut and shifted to zero at the cutoff. In what follows, this choice is not funda-
mental even if, for simplicity, we assume that the potential is short-range.

The second force term F;‘ corresponds to the odd interactions effectively generated by chirality and
acts perpendicularly to the relative distance between the particle’s centers. To keep this structure, Fj can
be expressed as

F;Z—V,‘Ul (‘I‘,'—I'j|) Xi, (4)

where U™ (r; — ;) is a scalar function which depends on the separation of the particles i and j, and Z is a
vector orthogonal to the plane of motion [84].

As discussed in previous work [35, 45], the force (4) is translationally invariant, yet non-conservative
since it cannot be expressed as the gradient of a potential. In particular, linear momentum is con-
served because F]f = —F;‘ However, explicit parity breaking prevents the torques that particles exert
on one another from canceling, so angular momentum and energy are not conserved. Thus, although
the forces are reciprocal because they satisfy Newton’s third law, the torques are non-reciprocal. The
non-reciprocity of these interactions is not a property of any fundamental force, such as electromag-
netic or gravitational interactions, but it appears at a mesoscopic level as a result of collisions subject to
rotational friction or mediated by a fluid, as mentioned in the Introduction. Hence, the transverse force,
Fl-]*, must be viewed as the result of a coarse graining procedure which traces out some internal degrees
of freedom, such as rotations of the particles around their axes (see appendix A) and allows a descrip-
tion only in terms of the translational degrees of freedom of the particles. The form of the force (4) is
very convenient because it is simple to implement numerically and greatly simplifies the analytical cal-
culations with respect to other models where the transverse interaction depends on the velocities of the
particles, as in [50] or even on the hydrodynamic fields in the case of the Lattice Boltzmann simula-
tions [52]. We note that the chiral active system described by equation (3) is governed by a Maxwell-
Boltzmann distribution only in the overdamped limit [85]. Deviations from this distribution can arise
due to inertia, as already observed in chiral solids with transverse forces exhibiting spatial velocity cor-
relations [49]. However, the system remains out of equilibrium even in the overdamped limit, since the
non-conservative force Fj generates currents that persist in the limit of large inertial times, 1/vy — cc.

From the Langevin dynamics (3), one can formulate the corresponding Kramers—Fokker—Planck
equation describing the evolution of the multidimensional phase space density distribution function,
fv = fn({n,v}, 1), where {r,v} indicates the position and velocity coordinates of the N particles [86]. This
equation reads

% + Z [vi- V] | v — Z V[V (if) + 1V ] = _% Z ; [Fgemml + Fﬂ Vi, )
1 1 1 J171

where v = % is the thermal velocity of the particles. This equation serves as the starting point for
deriving the hydrodynamic equations through appropriate closures. In particular, we will show that the
microscopic stresses obtained from equation (5) closely resemble their equilibrium counterparts. This
observation motivates macroscopic expressions for these stresses in terms of the hydrodynamic fields n
and u, while accounting for the chiral nature of the system, which leads to several odd and antisymmet-
ric stress contributions, as we now demonstrate.

2.2. Hydrodynamic theory for chiral particles subject to transverse forces

To proceed further, we introduce the reduced single-particle distribution function, f = f(r,v,), i.e. the
probability of finding a particle at time ¢ with position r and velocity v. The distribution f = f(r,v,#) can
be obtained by integrating the full probability distribution fi over the coordinates (positions and veloc-
ities) of N — 1 particles: f(r,v,t) = I, [ dv;dr;fy({t;v},?). By integrating the Kramers—Fokker—Planck
equation (equation (5)) over the N — 1 particle coordinates, we obtain the Fokker—Planck—Boltzmann
equation describing the temporal evolution of f:

(O 4v- V)~ [V (vf) + 23] :%/dr’/dv’ [V, 0% (r— ')
+V, U (r—1'|) x 2] - Vofs. (6)

Equation (6) for the single-body probability distribution f{r,v,#) is linear, but is not closed due to the
presence of the two-body probability distribution f; = f,(r,v,r’,v’, ). The function f; is defined as the
integral of fy over N — 2 particle coordinates and represents the probability of finding at time ¢ two par-
ticles, one at coordinates (r,v) and the other at coordinates (r’,v’). We shall not try to go beyond the

5
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first level of the Bogoliubov—Born—Green—Kirkwood-Yvon (BBGKY) hierarchy [87] and adopt a very
simple mean-field ansatz to close equation (6). The strategy amounts to factorizing f, into the product
of two single-particle distribution functions and the pair correlation function.

We define the number density n(r,t) and the fluid velocity u(r, ) at time ¢ and position r, as the
zero and first moment of the distribution f. By integrating in the velocity space, we obtain

(atyuten) = 700 (). 0

To derive hydrodynamic equations for n(r,t) and u(r,t), we multiply equation (6) by 1 and mv, respec-
tively, and integrate with respect to the velocity. The resulting equations for the hydrodynamic fields are:

om(r,t) ==V - (n(r,t)u(r,t)) (8a)

8tu(r,t)+u~Vu:ﬁVﬂ'f'yu(r,t). (8b)

Equations (8a) and (8b) represent the continuity equation and the Navier—Stokes equation of the
model in the presence of friction, central, and transverse forces. The symbol o denotes the stress ten-
sor, which can be decomposed into a potential contribution ¢(P°Y due to conservative interactions, as in
equilibrium, a kinetic contribution ¢*™, which will be strongly affected by chirality, and an additional
contribution A uniquely arising from chirality through odd interactions:

8,30'@5 = (9502(;) + aﬁgépgt) + 8gAaﬁ = 8[30(%“) + 8gAaﬁ . (9)

The kinetic part 0" is defined as the velocity fluctuations from the momentum u:

8gagk;“> (r,t) = —mdp /dv (v—u), (v—u)sf(r,v,1). (10)
In a homogeneous state with u = 0, the kinetic stress X is related to the homogeneous kinetic pres-
sure PX") (1) = nT and will also account for even and odd viscosities in an inhomogeneous state [88].
Interactions between particles are included in the potential part ¢(P°V of the stress tensor, which involves

f
Bgag’gt) (r,1) :/dvva VV-/dr’/dv’fz (r,v;r' v ) V.UV ([r—1')) . (11)

As for the kinetic stress, it has a homogeneous contribution related to the higher virial coefficient of the
pressure, and it will also contribute to the viscosities [75]. Here, the kinetic term (10) is the low-density
contribution which prevails in the dilute regime, whereas (11) dominates at high densities since it orig-
inates from the interactions associated with the interparticle potential UV, While the above contri-
butions are formally identical to the terms characterizing the hydrodynamic theory of an equilibrium
fluid-although chirality may modify them-odd interactions generate the following additional term.

OpAnp (r,1) = /dvva/dr'/dv' (V.U ([r—1'|) x 2] - Vyofs (r,v,1' v/ 1) (12)

which again involves the two-body probability distribution f, and needs a suitable closure. We notice
that A is the only antisymmetric component and therefore it is responsible for the production of angu-
lar momentum in the system. As we will later show, the homogeneous contribution of A is related to a
torque density. Its non-homogeneous contribution, proportional to velocity gradients, may, in princi-
ple, generate additional odd viscosities that are not considered here. It is important to note that while
the odd viscosity arises from the chiral interactions and therefore vanishes as U+ — 0, it induces a sym-
metric stress and is therefore included in o™ = g*i") 4 (Y and not in A, the antisymmetric stress.
This motivates the decomposition of the symmetric stress into:

o™ = Tag +Tlas + 1%, (13)

where T, denotes the non-dissipative (reactive) contribution, Il,s is the conventional viscous stress
tensor, and Hgdg is the odd viscous stress tensor associated with odd viscosity in chiral fluids. While the
last term is specific to chiral fluids, the first two are also found in regular fluids, and we discuss them
now.



10P Publishing

New J. Phys. 28 (2026) 064401 U Marini Bettolo Marconi et al

2.3. Closed expression for the even symmetric stress tensor

The exact microscopic expression of the second-rank tensor o™ defined in equations (10) and (11),
is only implicitly known in terms of the two-body distribution f{*), and is not available in closed

form even at equilibrium [89]. In the dilute limit, one may close the Fokker—Planck equation, or the
Boltzmann equation for short-ranged interactions, by factorizing f() into a product of one-body distri-
butions. A subsequent gradient expansion, together with the assumption that f depends on space and
time only through the hydrodynamic fields n and u, yields a constitutive stress expressed solely in terms
of these fields. For passive fluids, the leading correction is the Navier—Stokes stress [75]. In dense fluids,
however, many-body correlations invalidate this closure. Although analogous derivations have been car-
ried out for simple active chiral systems [74, 88], we instead adopt a symmetry-based constitutive form
for the stress tensor, guided by robust results from the literature.

Kinetic theory provides the expression for @™ only in the dilute-gas limit, while for dense fluids
o) involves many-body correlation functions that are not known exactly. However, based on symme-
try considerations and insights from equilibrium fluids, we can propose an educated guess for the form
of the stress tensor. Indeed, the three terms in equation (13) can be approximated in terms of density n
and velocity field u. The first one T, contains the contributions from the pressure, the van der Waals
surface term, and the Korteweg capillary stress:

Top = (—P (n) + g (Vn) + ﬁann) 0ap — K (Oan) (Opn) . (14)

Here, the pressure P depends on the number density # and arises from the homogeneous kinetic and
potential stresses. Even though our Virial pressure is well-defined, we note that expressing P as a func-
tion of n does not imply the existence of an equation of state. Out of equilibrium, the Virial pressure
does not generally coincide with the mechanical pressure [90] and cannot uniquely determine the force
exerted by the fluid on a wall. The remaining contributions in the expression for T, represent the
Korteweg stress tensor, which approximates the inhomogeneous potential stress tensor when there are
density inhomogeneities. These terms describe the interfacial contribution to the total stress stemming
from density gradients, with « the interfacial stiffness coefficient [91].

The viscous tensor, II,g, represents the contribution of velocity gradients to the symmetric stress
tensor—without considering odd effects, as in an equilibrium liquid—and can be written as a rotation-
ally invariant linear combination of velocity field gradients:

Haﬂﬂ(%“’?ﬁj)‘k(gn)v'u&aﬁ? (15)
where 7) denotes the dynamical shear viscosity coefficient and ¢ the bulk viscosity. These terms are func-
tions of the density and, as usual in conventional fluids, the ratios v = n/(mn) and v, = {/(mn) are
assumed to be constant according to the so-called phenomenological constitutive relations [92], which
define the shear and bulk kinetic viscosity, respectively. Therefore, the first two terms of equation (13)
describe only the standard contributions to the stress tensor arising in simple fluids. Instead, the odd
viscous stress tensor H‘o’[d; is discussed in the next section. In the spirit of the present treatment, we shall
not try to derive expressions for P, 7, and ¢ from our microscopic model, a task that we leave to future
work. A discussion on going beyond the phenomenological closure of the stress tensor and deriving
explicit expressions for 1,3 is presented in appendix D. We now turn to a discussion of the odd viscous
stress and the chiral antisymmetric stress.

2.4. Closed expression for the odd symmetric stress tensor

While in simple fluids the hydrodynamics is usually reproduced by a rotationally invariant symmet-

ric stress tensor, in odd fluids, time reversal and parity are often broken. In this case, Avron [67] has
shown that the viscous tensor can have an extra contribution, HOdd, the so-called odd viscous stress ten-
sor (see appendix D), which is expressed as a linear combination of velocity gradients and involves a
new transport coefficient, e.g. the odd viscosity coefficient 7,. As for IT, a microscopic expression for
I1°% is also unknown for a general liquid, and its form can only be inferred from symmetry arguments.
Since chirality breaks parity symmetry, it allows mixed velocity gradient terms to enter the Navier—Stokes
equation (8b) as follows:

VI = —p 2 x Vu, (16)

where v, = 1,/(nm) defines the kinematic odd viscosity. We remark that % s symmetric with respect
to the exchange of its two indices, is not dissipative, and represents a reactive term sometimes called
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odd pressure. It describes non-dissipative flows orthogonal to the perturbation directions. We now have
closed expressions for the symmetric stresses. We derive an expression for the remaining antisymmetric
stress A in the following subsection.

2.5. Closed expression for the antisymmetric stress tensor

To obtain a closed expression for the antisymmetric stress, we focus on the homogeneous state, and
therefore neglect antisymmetric ‘reactive’ and viscous contributions it could generate. To estimate

this term, we perform a mean field-like approximation of the two particle distribution function (f, —
flr,v,t)f(r’,v’,1)) known as molecular chaos in kinetic theory. This factorization is commonly employed
in systems with long-range interactions or to describe the attractive contribution in fluids governed by

a Lennard—Jones potential. In our case, it is justified for systems where transverse forces decay slowly
with distance, such as rotating colloids [93], for which typically U+ ~ 1/r. Under this approximation, we
obtain:

05Aag (1,1) :—/dvva/dr'/dv’ [2x VU ([t —t')] - Vo (r,v,1' v 1)
~ 9 ’ s an ! o/
N—/dv%:vaavﬁf(r,v,t)/dr /dv 2% VU (e — /)] (V1)

~ n(nt)/dr’ [2x VU (e —1')] n(x' ) =n(r,t)fy (r,t) . (17)

The last equality defines the effective mean odd force fJ‘(r7 t), generated by the presence of odd (trans-
verse) interactions, in terms of a configurational integral.

This integral can be further simplified by expanding the density # in gradients as illustrated in
appendix B. By retaining only the first term in a density gradient expansion of £ (r, ), we find:

5 (r) = —xoz x Vn(r). (18)

Here, X, is a constant with dimensions [x,] = [mass - length* /time®], which gives the strength of the
transverse interaction, and reads

o dU* (R)
Xo = —7r/ R*dR———— (19)
0 OR
which is positive for a decreasing function of the particle distance R, such that 7‘1(];512) < 0, as chosen

in numerical simulations [45, 48]. Notice that f* gives rise to large contributions in regions where the
density is non-uniform. This leads to momentum currents at the boundary of a cluster or a bubble, as
well as in the vicinity of a wall. By contrast, f- remains small in the bulk of a homogeneous phase. The
details of the procedure used to derive this term are reported in appendix B.

Let us remark that the tensor A can be written as Ang = €45Xon/2 = €ap X(,1), where Y is the
torque density defined by equation (2) and €, are the components of the rank-2 Levi—Civita tensor
with €;, = —€,x = 1 and €, = ¢, = 0. This form highlights the distinction from the usual isotropic pres-
sure term P(r,t)0,3. While the pressure quantifies the contact forces acting normal to a surface, Ayg
characterizes an imbalance of forces acting tangentially to that surface. Spatial variations of #n render
0pAap = —Xot(Z x V1), nonzero, yielding a transverse force density that can drive vorticity. The anti-
symmetric tensor field A emerges from the collective behavior of a large number of microscopic degrees
of freedom and is not a property of any individual particle. In other words, A, is a parity-odd stress
and an emergent feature of a system with transverse interactions, a hallmark of a non-vanishing torque
density. It manifests as a contact force and is a robust, measurable macroscopic property. Unlike the vis-
cous stress, A,g is not proportional to velocity gradients; rather, it depends on the density, similar to
the pressure tensor, and contains only antisymmetric elements. Furthermore, the divergence >, VgAag
corresponds to a force per unit volume ( = area) tangential to a surface (curve) whose local normal is
aligned with the « direction, whereas the divergence of the pressure tensor generates a force normal to
the surface (curve).

Finally, using the expressions (15), (16) and (18) determining the stress contributions, we rewrite the
hydrodynamic equation (8b) only in terms of the density and velocity fields:

1
du+u-Vu=—V. (T—I—H—I—HOdd—l—A) —~u
mn

1
li— (VP— KZI’lVVzﬂ) —yu+vViu+ 1,V (V- u) — vz x Viu— %i x Vn. (20)
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Equation (20) to be solved together with equation (8a) is of the form of a Navier-Stokes equation
for a compressible fluid with friction, even and odd viscosity, and a parity-breaking term which induces
a flux in a direction perpendicular to the density gradient [94].

The latter term is often absent in hydrodynamic theories of chiral active fluids postulated on symme-
try grounds, but here it naturally arises from odd (transverse) interactions. We note that our hydrody-
namic equations (20) for small inertia reduce to those obtained from an overdamped dynamics (see [79]
and appendix C). In the following sections, we explore the hydrodynamic equations (equation (20)) and
discuss the main phenomena governing a chiral active fluid.

3. Chirality-induced odd diffusion

We begin by evaluating the long-time, large-wavelength solution of the compressible Navier—Stokes
equations for a chiral fluid. We find that odd interactions, mediated by chirality, generate odd diffu-
sion. This means that the effective Fick’s law governing the density evolution involves a diffusion matrix
D with antisymmetric off-diagonal elements, which can be identified as odd diffusion coefficients [95—
98]. These terms are typically associated with circular momentum currents in the steady state, typically
induced by magnetic fields or single-particle rotating motion. Here, we demonstrate that odd diffusion
can alternatively arise from odd (transverse) interactions, as predicted by our hydrodynamic theory.

By evaluating the momentum equation (equation (20)) in the long-time limit, # > 1/, the convec-
tive acceleration and time derivative become negligible. In this regime, the momentum equation reduces
to a local force balance and the particle current,

) (r,8) = n(r,t)u(r,1) (21)
reduces to
1 1
- V.glm gl
) (x,1) =" o + mvf (r,t)n(r,1) . (22)

Using the result (18) and neglecting the viscous terms, i.e. approximating V - o™ ~ —VP(r) +
kn(r)V'V?n(r), yields the following decomposition for the current:

]= b [VP—knVV?n] — ﬁn(i x Vn). (23)

mry my

The first bracket describes the conventional compressible diffusive flux: the pressure gradient and the
interfacial stiffness term generate a current that tends to suppress density gradients and thus favors a
uniform state with constant density. The second term is the odd contribution, which is proportional
to the torque-density strength x, and acts transversely to V#, generating a current perpendicular to
the density gradient. As mentioned before, this behavior typically occurs whenever the system performs
circular-like orbits [95], as occurs in the case of odd interactions [46]. We remark that, if needed, vis-
cous corrections can be restored and may enter equation (23) through a careful adiabatic elimination of
u. However, these terms remain subleading corrections in O(1/7), negligible in the overdamped limit.
By linearizing and applying the Fourier transform (see appendix E for the definition of the Fourier
transform), we obtain an effective Fick’s equation for the Fourier transform of the density current:
Jo(q,t) = —Das(q)(iqs)i(q, t) with a wavevector-dependent diffusion matrix:

CZ
€M, X
p=| » m my . (24)
Xo, G Am
mry Y mry

Here, ¢, = /(dP/dn)/m|n = ny, denotes the sound speed of an underdamped equilibrium system at
uniform density np. The diffusion matrix has two identical diagonal elements, reflecting the isotropy

of the system, and these elements formally coincide with their equilibrium counterparts. In the long-
wavelength limit, @ — 0, the long-time diffusion coefficient reduces to ¢?/+. In the ideal-gas limit, this
further simplifies to Dy, = D,, = T/(ym), recovering the familiar Einstein relation between diffusiv-

ity, temperature, and friction. By contrast, chirality generates an antisymmetric off-diagonal compo-
nent, Dy, = —Djy, = —Xop/(my). Importantly, this antisymmetric odd current is divergence-free in the
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bulk, anSgd)qg =0, where D! denotes the antisymmetric part of the diffusion matrix. As a con-
sequence, odd diffusivity does not contribute to the decay rate of bulk density modes, since d;n(q,t) =
—iq-J(q,t) = —iq-J")(q, 7). Its primary signature is therefore not a modification of bulk relaxation,
but rather the emergence of circulating currents near boundaries, which impose constraints on J.

We remark that viscous contributions introduce additional terms in the diffusion matrix
(equation (24)), as discussed in appendix F. These terms originate from momentum currents generated
by the interplay between kinematic and odd kinetic viscosity and the torque density, and they contribute
to the density dynamics. However, they appear as higher-order, short-wavelength corrections propor-
tional to g* and can therefore be safely neglected in the long-wavelength limit.

4. Linear stability analysis of the underdamped equations of motion

In this section, we demonstrate that the hydrodynamic theory (equations (8)) is linearly unstable around
a homogeneous solution when odd viscosity and the torque density strength induced by chirality are
large. This analysis suggests that our theory is qualitatively consistent with the BIO phase (bubble
induced by odd interactions) numerically observed [45].

To proceed analytically, we consider hydrodynamics in the Fourier space, by applying the Fourier
transform to the density 7(q,t) and velocity fields u(q,t), where q is a Fourier space vector (see
appendix E for the definitions). We decompose u(q,t) along the longitudinal é = q/q and transverse
components ér = Z X €., of the wave vector q. This gives #1(q,t) = u(q,?) - €. and #ir(q,t) = 1(q,?) - ér.
By linearizing our hydrodynamic theory around a homogeneous state with constant density n;, and van-
ishing velocity, our hydrodynamic theory can be expressed in a compact form as

07 (q,1) 0 —img 0 67i(q,1)
| (g |=| —iq (7) + %qz) —v=W+w)g v a(qr) |, (25
it (q,1) —igXe Voq? —y —vg? it (q,1)

where d71 = i1 — ny, corresponds to the density fluctuations around the homogeneous state. Compared to
a conventional (passive) fluid, longitudinal and transverse components of the velocity field 4 and #ir
are coupled through odd viscosity, and additionally iy is affected by the density gradient through the
strength of the torque density x,. This coupling is naturally associated with the transverse flux generated
by the torque density, thereby affecting ur and not uy.

To study the stability of the homogeneous state, we calculate the three eigenvalues associated with the
dynamical matrix appearing in equation (25). Specifically, we look for a solution of the form

6n(q,1) 61(q,0)
i, (qv t) = ur, (qa O) e/\(q)t7 (26)
ﬁT (qa t) ﬁT (qv 0)

where A(q) is one of the three eigenvalues of the dynamical matrix. The homogeneous state is stable
when all the eigenvalues have negative real parts Re[A](q) < 0. By contrast, if at least one eigenvalue pos-
sesses a positive real part for a given q interval, the homogeneous state is linearly unstable. As in a con-
ventional fluid, this eigenvalue problem is described by a cubic secular equation, admitting three exact
solutions denoted as A\p, Ar, and Ar.

The eigenvalue Ap is the diffusive mode, corresponding to the zero mode related to mass conserva-
tion and its redistribution. The eigenvalue A is a stable mode that has longitudinal polarization in the
absence of odd viscosity. Finally, At reduces to the mode of transverse moment diffusion (i.e. veloc-
ity polarized orthogonal to q) for vanishing torque density (x, = 0). In the absence of odd viscosity
(vo = 0), the homogeneous state is always stable: the dispersion relation of the system is normal, and
the real part of the eigenvalues is always negative, as one can see from the exact solution of the secular
equation in this limit (see appendix G).

Including a non-vanishing x,, we find that the real part of At may become positive when the prod-
uct between torque density strength and odd viscosity, xoVs, is sufficiently large (figure 2(a)), while for
low values x, and/or v, the negative sign is restored as in a conventional fluid (figure 2(b)). As shown
in the plot, the change of sign for Re[Ar] occurs at finite wavevector q > 0, implying that this linear
instability emerges at a typical length scale ~ 1/q. This introduces a natural cutoff on q, that is q < 7 /0,
where o is the particle diameter (set by the microscopic repulsive potential). Thus, we consider unsta-
ble only those configurations of parameters where the real part of At (or another eigenvalue) becomes

10



10P Publishing

New J. Phys. 28 (2026) 064401 U Marini Bettolo Marconi et al

— A — A —M

Theo Simulations

(a) npxeVe>meyv e (€) 103 il (d) 104 -
w © ® ® ® =
(E 0 2 . R~1/gc>0 3 ) 7. © 15

=41 ’ > © 00 o o

de -2 T T -—.—,\ g 2 * é‘ 103 ®@ © G 5 @ ® @ O

0 0204 Jc0 08 1 % £ 101 g ® @ﬁ ® @ ) ©

L \ < © © 0 0 © 9 @ o

(b) NpYoVo<MCV Y & 2 o 102 @ @@ 0 o e
_ 0 8 2 100m———— e 2 ®© ©0 0 © 0 oo | T
= s & Y o~ B o
o1 m . 8 © 006 00 0 B
P 1077055 a— s B 10 T = o

0.0 0.5 1.0 10 10 104 10 - 10 10 10 10

Wavevector, q6 Reduced inertia, vAo2y) Reduced inertia, m/(yt)

Figure 2. Linear instability induced by the interplay between odd viscosity and torque density strength. (a)—(b) Real parts of

the eigenvalues Re[At] (blue), Re[AL] (red), and Re[Ap] (green) as functions of the wavevector magnitude g, normalized by

the particle diameter o. Panels (a) and (b) correspond to parameter regimes in which the homogeneous state is linearly unsta-
ble and stable, respectively. Specifically, the effective chirality is set to iy, X0V / (mvc?) = 40 in panel (a) and 0.4 in panel (b),
while the reduced inertia is fixed to v//(co%vy) = 0.13 in both cases. The horizontal dashed line serves as a guide to the eye indicat-
ing the zero value, while the vertical line in panel (a) marks the critical wavevector g at which the instability sets in, i.e. where
Re[)\] becomes positive. (c) Phase diagram in the plane defined by the reduced inertia, v/(c%), and the effective chirality,

iy XoVo/ (mrc?). The reduced inertia is given by the ratio of the inertial time 1/ to the viscous time o /v. The effective chi-
rality corresponds to the product of the torque-density strength X, and the odd viscosity v, appropriately normalized. Colors
in the phase diagram indicate homogeneous phases with vanishing velocity: stable (gray) and unstable (yellow). The two colored
stars mark the parameter values used in panels (a) and (b). Dashed black lines in panel (c) serve as guides to the eye: the hor-
izontal line corresponds to 1 = m, X0 Vo /(mvct), which is the necessary condition for the linear instability, while the diagonal
line denotes the condition gco = 1 (equation (31)), ensuring that the instability occurs on a length scale larger than the parti-
cle diameter . (d) Phase diagram in the plane of reduced inertia (o< 1/7) and chirality, i.e. the strength, of odd interactions

(x o), obtained from particle-based simulations of equations (3). Here, the color code is the same as in panel (c): gray denotes
the homogeneous phase, while yellow indicates the inhomogeneous phase, termed BIO (bubbles induced by odd interactions).
The remaining dimensionless parameters used in panels (a)—(c) are v, /v = 0, kn /(mc2) =0, vo /v = 1, and my1? /¢ = 1.
Reprinted from [45], with the permission of AIP Publishing.

positive for q < 1/0. Chirality—mainly through odd viscosity—also affects the imaginary parts of the
eigenvalues, promoting oscillations in the system even in the small-inertia regime. This observation is
consistent with previous work but does not affect the stability analysis discussed here.

The results of the hydrodynamic theory are reported as a function of the model parameters in a
phase diagram constructed in the plane of inertia and chirality (figure 2(c)). The former corresponds
to the inertial time 1/+ normalized by the viscous time scale 0% /v. The latter can be identified with
the strength of the torque density x,, such that, for vanishing chirality (horizontal axis in figure 2(c)),
the system approaches equilibrium. Even if the latter is identified as the strength of torque density x,,
we report the product between X, and odd viscosity v, in the phase diagram. Indeed, as it will be con-
firmed analytically, the stability condition involves the product between x, and odd viscosity v,. The
increase of chirality at fixed inertia induces an instability of the homogeneous state, if chirality over-
comes the threshold x,von, > mrc? (region above the dashed black line in figure 2(c)). In addition,
the phase diagram allows us to conclude that inertia favors the observed instability with an almost lin-
ear behavior before a saturation occurs. These theoretical findings reproduce qualitatively the numer-
ical results of [45], obtained through particle-based simulations of the dynamics (3) (figure 2(d)). In
correspondence with the inhomogeneous phase (yellow region in figure 2(d)), termed BIO in [45], our
theory predicts a linear instability of the homogeneous state (yellow region in figure 2(c)). Transforming
this qualitative picture into a quantitative one requires the prediction of the viscosity coefficients, v and
Vo, Which can be obtained through an Enskog expansion for a low-density liquid and through numeri-
cal simulations for a high-density liquid. However, even if this analysis is not proof of the emergence of
bubbles, our theory supports their existence.

4.1. Small wavevector expansion

Although the eigenvalue problem can be solved exactly, we do not report the lengthy analytical expres-
sions, solutions of Cardano’s equation. However, we discuss two interesting limits that shed light on the
instability numerically observed. At first, we report the expression for the real part of the three eigenval-
ues, expanded in powers of g*:

2
Ap ~ —%sqz +0(q"), (27a)
C2 Vo (”WVO + ano)
NP V+Vb_s) 2 Volmle T mXo) 2 4 6y (32) 10 (4, (27b)
L= (v S ) - PR o (o) 1 0 g)
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Vo (Mo + mpXo) 32 4
TmE—m] T+0EF)+0(q"), (27¢)

Ar & —y —vg* +
where we have performed an additional expansion in small chirality compared to viscous and pressure
terms with € = 4v, (mvzuo + xo'ynb) /m(c2 —y1p,)? < 1 and neglecting orders €. Details are given in
appendix G. In the limit of vanishing q, the diffusive eigenvalue A\p has a vanishing real part, while Ap
and A1 assume the value —v, consistent with a conventional fluid.

At this order, chirality affects Re[Ar] and Re[Ar], through an additional q* contribution. For x,v, >
0, this chiral correction decreases the value of Re[\], thereby further stabilizing the longitudinal mode,
while it increases the value of Re[\1], indicating that the transverse mode might become unstable.
Owing to the perturbative character of this expansion, which is valid only at small g and v,, we can-
not determine the stability of the system at the finite wavevectors where the instability actually occurs.
Nevertheless, this trend provides a first theoretical hint of the numerically observed instability at large q.

4.2. Large wavevector expansion: finding the instability conditions for the homogeneous state

To prove the existence of an instability, we consider a large q expansion, which is performed in the case
K =0, for simplicity (see appendix G for a discussion on this approximation). By large-q values we mean
q > 1/0, where o is the particle diameter and represents the smallest length scale in the problem. In
order to derive analytical results, we will formally take the limit g — co. If Re[A](g — o0) > 0, we can
identify a range of parameters where the instability could take place. The resulting expressions for the
three eigenvalues are

—2v — v+ /U — 412

Ai(g = 00) = 5 7, (28a)
=2 — v, — /U — 412
A (g — o0) = 5 7 (28b)
XoVollp — mCSZV —
X o) = ey T (280

where we label these asymptotic branches as A;, A;, and A; because, depending on the parameters, they
cannot be unambiguously identified with Ap, A, or Ar over the full parameter space since mode cross-
ings and re-ordering may occur. Details are given in appendix. G. Both Re[A;(g — o0)] and Re[\,(g —
00)] are negative and decrease as q?, consistently with our numerical findings. By contrast, As—which
can be identified with At in figure 2, for the parameter set considered—saturates to a constant value,
which can change sign when the product x,v, is sufficiently large compared to conventional viscos-

ity and equilibrium sound speed. This criterion provides a sufficient condition to observe a linear
instability:

XoVolp > mcfu. (29)

The condition (29) is consistent with our theoretical phase diagram and is marked by the dashed, hor-
izontal line in figure 2(c). As mentioned earlier, the instability makes sense when it occurs at a length
scale larger than the particle diameter, o, i.e. for q sufficiently small. This requirement stabilizes a region
of the theoretical phase diagram (figure 2(c)) even when the condition (29) is satisfied.

To predict this behavior, we assume again x = 0 and denote as q. the wavevector at which A3(q.) =
0. By calling M the dynamical matrix given by equation (25), the secular equation for the eigenvalues
det(M(qc) — IN(qc)) reduces to det(M(q.)) = 0. This is an equation determining q., with solution:

o= | ST (30)
¢ XoVoly — MciV

By imposing og. < 1, we obtain our second stability condition
XoVollp > me (V +702) s (31)

accounting both for the oblique line (x,vony, > mc2yo?) and the horizontal line (y,von, > mciv).
Stokes friction, conventional viscosity, and pressure suppress velocity and density gradients; it is

therefore not surprising that increasing v, v, and cf favors the uniform state. Here, we focus instead on

the destabilizing role of the chiral terms, which requires both the torque density strength x, and the
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odd viscosity v, to be nonzero and to have the same sign. To elucidate the underlying mechanism, we
describe a physical process leading to the instability of the homogeneous state. (i) When a density gra-
dient develops, it first generates a transverse velocity perturbation ur through the torque density term
XoZ X V /m. If v, = 0, this perturbation remains purely transverse and is simply damped by viscosity
and friction. (ii) When v, # 0, odd viscosity couples transverse and longitudinal velocity components,
converting the induced ur into a longitudinal perturbation u. (iii) Through the continuity equation, u,
produces additional density gradients, which in turn generate transverse momentum ur via the torque
density o X,, thereby closing a feedback loop. An instability arises when this feedback overcomes pres-
sure and dissipative relaxation. If either x, or v, vanishes, the loop is broken, and no growth occurs; if
Xo and v, have opposite signs, the feedback becomes restorative rather than amplifying.

Overall, our theory supports the numerical findings of [45] and the discovered BIO phase. The
macroscopic theory developed here identifies torque density and odd viscosity as the two necessary
mechanisms to induce the linear instability of the uniform state with constant density and vanishing
momentum.

However, this theory can only describe the onset of the instability, predicting the transition line in
figure 2(c), while it cannot determine the shape and size of the bubble. As shown in the next section,
the mechanism stabilizing the bubble in the steady state is nonlinear, since it involves the advective
(inertial) term. This is consistent with previous findings [45], where bubbles have been observed as
an inertial effect. Consequently, we remark that the typical length scale 1/g. (equation (30)) extracted
through the linear stability analysis cannot be related to the bubble size. In the next section, we analyze
the effect of inertia and how it can stabilize a bubble.

5. Self-consistent solution of the non-linear equation for a single cavity in the
inviscid limit

A chiral active fluid subject to odd (transverse) interactions undergoes a transition from a uniform state
to a non-homogeneous phase characterized by bubbles, namely regions devoid of particles that spon-
taneously form even in the absence of attractive interactions. This novel phase, termed BIO (bubbles
induced by odd interactions), arises as a direct consequence of chirality-induced transverse forces. In
general, bubbles may nucleate due to density fluctuations generated by thermal noise. However, whereas
in a standard fluid, void regions are unstable and are continuously created and destroyed, the presence
of odd interactions stabilizes these voids, allowing them to reach a finite size.

In the previous section, we showed that the hydrodynamic equations governing a chiral active fluid
become linearly unstable when chirality and odd viscosity are sufficiently large. Although this linear sta-
bility analysis supports the numerical findings of [45], it cannot be regarded as a direct proof of the BIO
phase, since it does not demonstrate that the chirality-induced inhomogeneous state is specifically char-
acterized by the formation of bubbles.

In [45], the mechanism leading to bubble formation was discussed intuitively using a scaling argu-
ment. When a small bubble (i.e. a density inhomogeneity) forms, the odd interactions become unbal-
anced, generating net tangential forces—absent in equilibrium—that drive particles along the bubble
interface (edge currents). Additionally, each particle performing circular motion experiences a centrifugal
force acting normal to the bubble surface, which increases with the strength of odd interactions. Bubbles
become stable when this centrifugal force is sufficiently strong to balance the pressure arising from the
repulsive interactions. The interplay between these two effects gives rise to a stable, non-uniform macro-
scopic phase characterized by nearly circular voids embedded in a liquid.

This argument provides a qualitative explanation for bubble stability in the BIO phase, but it does
not constitute a macroscopic theory. To address this gap, we now present a special solution of the steady
hydrodynamic equations governing a chiral active fluid (equation (8)). This solution describes a vortex
encircling an empty region, closely resembling the BIO phase observed in numerical simulations.

Here, we start with the stationary Navier—Stokes equation developed for a chiral active fluid (20),
where we have neglected the time derivative of the velocity field:

(u-V)ur) = ——V -0 (1) —yu(r) = X (2 x Vn(r). (32)
mn m
To proceed, for simplicity, we neglect viscous effects by setting 14, =0, v = 0, and v, = 0 which yields:
o™ = —VP(r) + kn(r)V'V2n(r). We remark that viscous terms play a crucial role in inducing the
instability of the homogeneous state. However, here, our aim is not to describe the onset of the linear
instability (section 4), but to address the final steady state. In this regime, viscous terms are expected to
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be subdominant to external friction, —yu, provided the bubble is sufficiently large. A complete theory
describing smaller bubbles and their early growth, where viscosities may play an important role, is left
for future work. By neglecting the viscous terms, we can analytically approximate the nonlinear Navier—
Stokes equation for a chiral fluid, and observe that bubbles arise from the balance between the pressure
and the inertial contributions generated by the advective term.

Particle-based simulations of the homogeneous and BIO phases reported in [45] suggest that we
should seek steady bubble-like solutions with an almost circular shape and circulating currents on the
surface of bubbles. For simplicity, we restrict to a single bubble and introduce polar coordinates, the
radial position r calculated from the bubble center r = 0, and the azimuthal angle 6. In these coordi-
nates, the velocity field has an axisymmetric, purely azimuthal profile:

u=uy(r)ey, (33)

where ey is the unit vector along the tangential direction. In other words, #, =0 and ug depend only
on the radial distance r. Although solutions corresponding to multiple cavities are, in principle, possible,
they are not considered here.

Inserting the bubble Ansatz equation (33) into the odd Navier—Stokes equation, we obtain two ordi-
nary differential equations by projecting on the tangential and radial unit vectors, ey and e,:

myug = —Xo0rn (r), (34a)
2 3 2
My L gp B (O 107 10n
ro mn OP+ m (6r3 rorr r2or)’ (34)

Equation (34a) implies that a non-vanishing tangential velocity is induced by a radial density gradi-
ent at the bubble interface and is balanced by damping. As expected, when 0,1 vanishes, as in a homo-
geneous state, one has ug = 0. Finally, by construction, this velocity field is divergence-free, V -u =0,
making the flow nearly incompressible and ensuring that the stationary continuity equation is satisfied
because u and Vn are perpendicular. Equation (34b) expresses the radial force balance: the outward cen-
trifugal term mu3 /r, which tends to expand the bubble, is counteracted by the inward pressure gradient
and the surface tension, controlled by x. For simplicity, we neglect viscous contributions, which primar-
ily act to smooth the velocity profile (see appendix H). Substituting equation (34a) into equation (34b)
yields:

_op

Xo 10 (o2 = O

my?

—kn(r) (’“)Qr (V2n(r)). (35)

Equation (35) describes the density profile around an arbitrary point in the system (see appendix H).
To proceed, we assume that the local pressure depends on the spatial coordinates through the density.
This relation accounts for volume exclusion effects arising from short-range repulsive interactions. This
implies that the bulk pressure is a monotonically increasing function of the density in the entire range
of density. We note that although the fluid appears quasi-incompressible, this property emerges from
the chosen velocity profile and its coupling to chirality, i.e. the strength of torque density. Consequently,
the pressure remains a genuine dynamical field, rather than a constraint that must be tuned to enforce
incompressibility. We approximate the derivative of the pressure by: % ~ (%) O,n(r) and obtain the fol-

lowing equation
Pn  10*n X2 1 /0n\> 1[dP\ [dn 1 On
”(arsﬂarz)wyzr(ar) <d> (ar)“rzaro' (36)
This equation always possesses solutions with V# = 0 describing a fluid with u =0 and constant density,
i.e. a uniform phase, but also a vacuum with (n,u) = (0,0). Of course, the particle number conservation
J drn(r) = N forbids an empty system, but it does not forbid the formation of a non-uniform phase
characterized by the presence of an empty and a dense region, i.e. a bulk fluid with a void.

Hereafter, we use the hydrodynamic equation (36) to build a solution with a non-trivial density pro-
file (Vn(r) # 0) which corresponds to a single circular cavity centered at the origin of the coordinate
system and surrounded by a fluid and an edge current tangential to the cavity surface (uy # 0), in other
words a vortex.

We can simplify equation (36) for a system characterized by an empty region (bubble), where a cir-
cular domain of radius R, and density #n. ~ 0 is surrounded by a bulk with density n,. We describe the
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system by placing the origin of a polar coordinate system at the center of the circular empty region,

i.e. the bubble. The radial density profile therefore increases asymptotically from #n. (r < R.) to m,

(r> R.), reaching at the interface an intermediate value i, = (11 + n¢) /2 over a width ¢, defined by
¢* = kn/(dP/dn)|,=n,, . We can suppose that £ does not depend on the strength of the chirality-induced
torque density x,, but solely on the bulk and bubble densities: the introduction of this auxiliary length
accounts for a smoothing of the radial density profile. Using the interface density scale, we can reduce
the order of the differential equation (36) by performing the following substitutions: 9,n = ¢y /¢ and

r — {z. Since density gradient are strong only close to the interface, we approximate the pressure term
by its value at the interface, (dP(r)/dn)/n(r) = (dP(r)/dn)/n(r)|n=n,,. Therefore, equation (36) can be
rewritten as

2
00+ 200- 50 =0 = =25 (). 67)
The left-hand side of equation (37) has the form of the modified Bessel differential equation of inte-

ger order 1 whose physical solution decays exponentially at infinity [99] ¢(z) o< Ki(z) =~ \/5-e (1 +
O(|z|7")). Even if the nonlinearity in equation (37) precludes an exact solution, we remark that we can
still extract useful information about the thickness of the interface, £. Indeed, the function ¢(z) reaches
zero exponentially far away from the bubble surface 7 >> R.. In this limit, the non-linear term on the

right-hand side of equation (37) can be neglected, and ¢(z) can be approximated as

_ K/l R _(—ryse
(b(Z) - Kl (RC/Z) ~ r € ) (38)

for r > R.. This result holds only far from the interface. For r < R, integrating n = const +

my, [(¢(r)/€)dr would make n(r) decrease and eventually become negative. This unphysical behavior
would be cured by the exact solution of equation (37), which is analytically intractable. Instead, guided
by the asymptotic form in equation (38), we propose the following global ansatz for the density profile:

n
n(r)= br—R .
1—|—exp<— £C>

This sigmoid form, widely used in cavitation and nucleation theory [100], smoothly interpolates
between n(r < R.) =0 and n(r > R.) = ny, with an interface width proportional to £. By integrating
equation (35):

(39)

P(n(r— 00) = my) — P(n(r— 0)=0) = 2° /OOO dr(a,n(r))z (n(r)—’”’” ) (40)

my? )y X3

we can find R, self-consistently by substituting the radial density profile equation (39) into
equation (40), obtaining

2.2 2
Xo, mry 1
R. = —2— . 41

‘ uMw@’:mOP%> (41

The bubble radius R. increases monotonically with chirality, i.e. with the strength of the torque density
Xo»> and decreases as the friction coefficient v grows. In addition, R. exhibits a non-monotonic depen-
dence on the average particle density ny,, independent of x, (figure 3(a)). This non-monotonicity is
rooted in the dependence of the pressure P(n;,) with ny,. Indeed, independently of the closure for P(ny),
the pressure linearly increases with #ny, in the dilute limit (ideal gas pressure) while it diverges for large
due to volume-exclusion effects. This is the case of Henderson’s closure for the pressure [101]:

g (Gotn)
s 4011
2 b
(l—zazn)
4

which we adopt as a representative case study. In this specific example, the critical radius R. grows
quadratically with n, in the dilute limit at low «, while it decreases for large n,. We do not expect
Henderson’s closure to be quantitatively accurate in our non-equilibrium case. Indeed, even in equilib-
rium, the expression (42) predicts a divergence at no®mw/4 = 1, whereas hard disks reach ideal (or ran-
dom) close packing at significantly lower densities and may undergo crystallization, effects that are not

P(n) =nkgT (42)
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Figure 3. Non-linear phase diagram. (a) Predicted bubble radius R, (equation (41)) as a function of the bulk average number
density ny, for different values of the chirality, quantified by the torque-density strength x,. The horizontal dashed line indicates
the threshold used for bubble identification, set to R. = o, where o = 1 is the particle diameter. (b) Phase diagram in the plane
of number density n;, and chirality, represented by the torque-density strength . Colors denote the different phases: the homo-
geneous phase (gray) and the BIO phase [45] (yellow), corresponding to bubbles induced by odd interactions. Red points indicate
configurations for which R. = o, corresponding to the minimal radius used to identify a bubble. Consequently, the phase dia-
gram is constructed using the straight-line construction illustrated in panel (a). The panels are obtained from equation (41) using
the parameters oy /c; = 100, £/0 = 0.1, T/ (mc?) = 0.02, and x/(mo*c?) = 10, where m = 1 is the particle mass and ¢; = 1 is
the sound speed of the fluid. We note that all kinematic viscosities are set to zero, v, = v = v, = 0.

captured by this closure. For soft disks, one likewise expects the pressure to increase very steeply rather
than to diverge at a sharply defined density. Nevertheless, independently of the specific relation between
P and #, there must exist a characteristic density #,,,x beyond which the pressure rises rapidly as the
typical interparticle spacing becomes comparable to o. For our illustrative purposes, equation (42) there-
fore provides a convenient closure that captures this qualitative behavior.

The BIO phase can be identified from equation (41) as a configuration where the bubble radius
exceeds the particle diameter, R. > o. This prediction can be used to construct a phase diagram distin-
guishing homogeneous and BIO phases. Notably, the analytical expression (41) provides results consis-
tent with the numerical findings of [45], since R. ~ X2 and R. ~ 1/+?, the BIO phase is favored when
the strength of torque density or inertia is increased.

In addition, equation (41) allows us to predict the behavior of the BIO phase as a function of den-
sity, going beyond the numerical results reported in [45]. Specifically, in figure 3(b), we show a phase
diagram in the plane defined by chirality x,, and the average particle density n,. Our analysis reveals
a U-shaped phase diagram: in the dilute limit, n, — 0, particles rarely interact, and the BIO phase is
suppressed; conversely, in the dense limit, n, — 1, the BIO phase is disfavored, requiring larger x, to
emerge. Indeed, as density increases, higher torque density values are necessary to overcome the pressure
arising from volume exclusion effects.

6. Conclusions

In this paper, we obtain a macroscopic hydrodynamic theory for an inertial chiral active fluid in two
spatial dimensions, governed by Langevin dynamics. The particles interact through short-range repul-
sive forces and odd interactions, which conserve linear momentum but break both angular momentum
and kinetic energy conservation. These additional transverse forces originate from the coarse-graining of
rotational degrees of freedom and frictional interactions, allowing the dynamics to be described solely in
terms of particle positions and velocities.

Using mean-field approximations, we derive a Boltzmann-like equation for the single-particle distri-
bution of the chiral fluid and, through a velocity-moment expansion, obtain the continuity equation for
the particle density and a Navier—Stokes-like equation for the velocity field. The latter relates momen-
tum variations to body forces, friction, and the stress tensor, which is expressed in terms of the den-
sity and velocity fields. The static pressure contribution is approximated using an equilibrium relation—
expressing the temperature in terms of density—consistent with the model’s repulsive interactions, while
the viscous stress tensor is described by phenomenological constitutive relations linking stress to velocity
gradients through viscous transport coefficients. The breaking of parity symmetry generates odd viscous
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terms that are symmetric and linear in the velocity gradients, as well as an additional antisymmetric
contribution that depends solely on the density gradient and emerges from a gradient expansion. This
latter term has the form of a torque density and must be included in a hydrodynamic treatment of chiral
fluids.

Within our hydrodynamic framework, we conclude that chirality induces odd diffusion and drives
the emergence of an inhomogeneous phase, termed BIO (bubbles induced by odd interactions), in agree-
ment with particle-based simulation results. A linear stability analysis of the hydrodynamic equations
shows that the homogeneous state, characterized by uniform density and vanishing velocity, becomes
unstable when the conventional (even) viscosity is sufficiently small compared to the odd viscosity and
the strength of the chirality-induced torque density. To quantitatively connect our theory to particle sim-
ulations and to verify that this linear instability drives the onset of the BIO phase, the transport coef-
ficients must be estimated, for instance, through a Chapman-Enskog expansion. Performing this cal-
culation, however, is beyond the scope of the present paper, although it has recently been carried out
for related models [74, 88]. Beyond the linear stability analysis, our theory admits a steady-state solu-
tion describing a circular cavity surrounded by a vortex. This solution can be regarded as an elementary
building block of the BIO phase observed in simulations, which consists of multiple voids encircled by
circulating currents. Even if, strictly speaking, chiral active particles are out of equilibrium and therefore
do not admit a free-energy functional, it would be interesting to explore equilibrium-like approaches,
ranging from effective interactions to effective free-energy descriptions. If feasible, such approaches could
provide an additional qualitative understanding of the bubble (BIO) phase.

Our theory identifies odd viscosity and torque density as the key macroscopic ingredients required
to reproduce the BIO phase. As a consequence, this collective behavior transcends the specific particle
model considered here and emerges as a general phenomenon in active matter, distinct from previously
known phases. While alignment or self-alignment interactions give rise to flocking or swarming behav-
ior [102—-107], and persistent self-propelled motion leads to MIPS [31, 90, 108—111], we show here that
chirality and the transfer of angular momentum instead generate an inhomogeneous phase characterized
by bubbles.

Experimental observations of the bubble (BIO) phase predicted for chiral active systems are still
lacking. Because inertia is required, chiral active granular particles, such as vibrobots or spinners, are
expected to be the most promising candidates for observing this collective phenomenon at sufficiently
high chirality.

As in the case of a chiral active crystal [49], we expect that a chiral active liquid governed by odd
(transverse) interactions is characterized by spatial correlations with no equilibrium counterpart even
in a uniform phase. Our linearized hydrodynamic theory provides a natural starting point to predict
these correlations in Fourier space, by projecting the momentum equation onto longitudinal and trans-
verse modes. Compared to a non-chiral active fluid [112], we expect that spatial velocity correlations are
accompanied by cross-correlations between longitudinal and transverse velocity modes.
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Appendix A. Heuristic derivation of the transverse force from a collisional model

In the present appendix, we connect our dynamics, characterized by odd interactions, with a model pro-
posed by Digregorio et al [50] to describe granular active spinners. We consider the encounter of two
identical rough rotating disks, labeled i and j, with a common diameter o. As they come into contact,
their relative velocities are reduced due to friction between their surfaces. The relative velocity of the
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surfaces of the colliding particles at the point of contact is v;; = v; — v;, while v}j denotes its component
transverse to the line joining the centers of the particles. The transverse velocity, vgj, can be expressed in
terms of the positions r; and r;, the translational velocities v; and v; of the disk centers, and the angular
velocities w; and w; about their axes as

viy =i — (vij- ) i — wis X A, (A1)

where we have defined wj; = (w; +wj)o/2 and n;; = (r; — ;) /rij. The velocity-dependent transverse force
has a finite range o (a condition enforced by the Heaviside function ©):

F=-—v,0 (0—||ri—rj||)v}]-. (A2)

Here, v, represents a friction coefficient that contributes to the change in linear momentum of particle
i. We can now write the equations of motion for the translational and rotational degrees of freedom of

the ith disk, including the torque exerted by particle j and that exerted by a thermal bath on the angular
degree of freedom:

dv; r
midt’ =—myv; +\/ 2m’yT€1 + Fiep +FE; (A3a)
dw;
I i =Y wi +1/279Drot &g ;i + Ti +To- (A3b)

Equation (A3a) is an underdamped equation of motion for the velocity and has the same struc-
ture as equation (3). Specifically, it describes a particle moving in a medium with drag coefficient m-,
thermal fluctuations modeled by the Gaussian stochastic term &; with zero mean and unit variance,
and interactions with the jth disk through repulsive (F;”) and transverse (F;) forces. Equation (A3b)
describes the evolution of the angular momentum of a disk with moment of inertia I, subject to a rota-
tional friction torque ypw; and exchanging angular momentum with the bath via the stochastic term
&y ;- In addition, a constant torque 7, normal to the plane of motion, is applied to the particle, while
the jth particle exerts a net interaction torque 7;. We seek a simplification of equation (A3b) by consid-
ering the steady-state regime with low rotational diffusion. In this regime, the frictional torque can be
absorbed into a redefinition of the constant torque 7. Thus, we have 7; &~ —7(. On the other hand, the
torque T; is produced by the tangential force F; = —F;:

o o
T,‘:—EninP;:EninE. (A4)
If we further assume that, in equation (A1), the relative translational velocities v;; = 0 are negligible com-
pared to the angular velocities, we obtain a simple relation between T; and w;;:
2O (0 —|lri—rll) 2O (0 —Iri—rl)

TiRYLO f hjj X (wij X ﬁ,j) =710 fwij- (AS)

Finally, considering equations (A5) and (A2) under the previous approximation for vlt-j, we obtain:

g T To
7.0 (o= |lri—1l) EwijzzgwaF. (A6)
Thus, one can express the transverse force in equation (A2) in terms of the applied torque 7:
To .
F; ~ —2; X n, (A7)

which represents a force perpendicular to the normal of the plane of motion and to the vector #j;.
Therefore, F; is tangential and independent of the velocities ¥; and v;. The above construction can be
generalized by replacing the Heaviside function with a generic reciprocal function of the inter-particle
distance, for example, a function that decays with ;.

The present derivation of the odd force also clarifies why a system subject to transverse forces can
be regarded as active. Indeed, the odd force provides a coarse-grained description of an active system
in which activity originates from the self-propelled rotation of the particles, induced by the stochastic
angular equation (A3b). Upon eliminating the angular degrees of freedom, the dynamics reduces to an
effective force description in terms of Flj‘
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Appendix B. The effective mean odd force

In the present appendix, we derive an explicit expression for the effective transverse force in terms of the
density field and the interaction potential. Using the definition in equation (4), we consider the effective
field generated by a spatial distribution of particles n(r):

L (r) = /dr/Fl (r—r')n(r) = /dr’dUTR(R) (Gx &) n(r'). (B1)

Here we have written r' = r + Ré, where R = ||r —r’|| is the distance between r’ and r and é =
(cos(f),sin(#)) the unit vector defining its direction on the two-dimensional (x,y) plane. Assuming a
slow spatial variation of the density field around the point r, we perform the following Taylor gradient
expansion [79]:

n(r’)=n(r+Re)=

s 1 R 1, Pn(x) . .. .
§ batp + Ry g, RY) .

81’ 8rﬁ 5+6 oy 8ra8r58rwe ege,y+(9( )
(B2)

Substituting equation (B2) into equation (B1) and noting that all even-power terms vanish after angular
integration, we obtain

27 [e%s) dn
- (r)= /0 do /0 RdR dUaR(R) (2% &)

7RSZ 8r ar;a@r Br.aroor, falosty FO(R) |,

(B3)
where, for practical reasons, we retain only the first and second non-vanishing terms in the expansion
of n(r’). Using the properties of €, we can express the effective transverse interactions in terms of the
vector product of z with the gradient of n(r) and its Laplacian:

. * dU+(R) 1 o dU* (R

fr(r)=nixV [n (r)/0 RMR% + gVzn(r) /0 RHR% +O(R)|. (B4)

Considering only the leading term in the gradient expansion, we obtain
5~ —xoZ X Van(r), (B5)

where we have defined the effective constant y,, as
o0 dU* (R)

=— RdR———". B6
o= [ - (86)

This constant is positive if dU dU_®) 0, within our approximations. We recall that - depends only on

odd-order spatial derivatives of n. For instance, at leading order, the effective source term depends on
the first spatial derivative of the density field and is non-zero whenever the system exhibits density inho-
mogeneities. Finally, we consider the z-component of the curl of the effective force:

(v x £ (r>) — O — o8- (B7)

Using the expression for ft, equation (B7) becomes

(v x £ (r))Z: <7r /()mdeR‘il];ﬁ> (a§+a;)n(r). (BS)

Equivalently, taking into account the constant y, defined in equation (19), we write

(vxt@m) =

z

. (a,% n af) n(r). (B9)

Therefore, equation (B9) shows that the effective transverse force £t produces a non-vanishing torque.
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Appendix C. Overdamped field equation

In this appendix, we derive the overdamped hydrodynamic equation directly from the particle dynamics
in the overdamped limit. This derivation makes explicit that the density current used in section 3 cor-
responds to the leading-order continuum equation obtained by setting the inertial term to zero in the
microscopic Langevin equation (3).

In the overdamped regime, the inertial term in equation (3) is neglected, so that the dynamics are
governed by a balance between damping and interparticle forces:

. 1 entral 2T
() = = § (Fg t 1+Fj) +,/—mvgi(t). (C1)
j#i

Let Wy(r,t) denote the N-body probability distribution associated with equation (C1). Following
[79], its evolution is governed by the Smoluchowski equation:

1 entral T
0= =3 Vi LD (B 4B ) V| (2)
i i

Note the similarity with the Kramers—Fokker—Planck equation (5), except for the absence of velocity
dependence and the presence of a diffusive term o V,¥y. We now introduce the one-body density field:

n(r,t):N/drz...drN\IIN(r,rz,...,rN,t), (C3)
and the two-body density
ny (r,x' t) = N(N — 1)/dr3...drN\IlN(r,r’,r3,...,rN, t) . (C4)

By integrating equation (C2) over the coordinates of the remaining N — 1 particles, we obtain the conti-
nuity equation:

om(r,t) ==V -J(r,1), (C5)

with current
J(r,1) = ——V 4+ — /d FCentrall r')+ F- (r— r’)] ny (r,r’,1), (Co6)

which are the exact equations describing the overdamped density field dynamics.

To obtain a closed hydrodynamic equation, we use the same mean-field closure (n,(r,r’) = n(r)n(r))
and gradient expansion as in the main text. The diffusive term contributes in a way analogous to the
kinetic stress in the underdamped description, yielding the kinetic part of the pressure. The central
interactions, in turn, generate the remaining contributions to the homogeneous pressure as well as the
reactive terms. Together, they yield the even particle current:

1
Jowen = —— [VP—knV'V°n] | (C7)
mry
while the chiral contribution reads
n(r,t
Joad = MfL (r,t). (C8)
mry

Using the result derived in appendix B, we can approximate ' as
£ (r,t) = —xoZ x Vn(r,t) (C9)
finally obtaining

Xo

J(r,1) = —m% [VP—knVV?n] —
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This is precisely the current used in section 3. Consequently, the hydrodynamic equation of the over-
damped model reduces to the closed density equation

1
On = m—yV~ [VP—knVVn+ xon(zx Vn)] . (C11)

which can be obtained from the hydrodynamic equations (20) by taking the overdamped limit,
i.e. neglecting the time dependence of the velocity field u and the viscous terms.

Appendix D. The viscous stress tensor and the odd viscosity

For completeness, we briefly recall the notion of odd viscosity, a phenomenon that can arise when both
time-reversal symmetry and parity are broken. As with the standard (even) viscosity, deriving it from a
microscopic model is beyond our scope, and we therefore treat it as a phenomenological parameter. In
the literature, there are very few examples in which odd viscosity is derived directly from the underlying
force laws. One such example is the paper by Kaufman [113], which deals with a fully ionized plasma in
a magnetic field.

In general, up to linear order in the velocity gradients, one can express the viscous part of the stress
tensor, 0,4, in terms of the rate of strain tensor, defined as

g = & Qe Otp (D1)
P2\ oxs | Oxa )

For instance, one can define the viscous stress tensor as a contraction between a fourth rank tensor
Nap~s»> called the viscosity tensor, and the rate of strain:

Gap = ) Maps lhys- (D2)
7)

Since both the stress and the rate of strain tensors are symmetric under the exchange of o with 5 and

v with §, the viscosity tensor 7,35 must preserve these symmetries. However, the most general 1,35
can contain terms that are symmetric or antisymmetric under the exchange of the index pair («, 8) with
the index pair (vy,d). One can therefore decompose the viscosity tensor 7,3+ as the sum of its even and
odd components under such an exchange:

even

NaBys = 77(1575 + ’73%[76 . (D3)

Avron [67] has shown that, when time-reversal symmetry and parity are broken, for a two-dimensional
isotropic system, one can write

Nagys = 1 (0085 + 00505y — 0apdys) + (Oapdys (D4a)
Ns = Tlo (€ar 055 + €550ar) - (D4b)

From equation (D4b), we can write the components of 63:

~odd __ <— (&Cuy + Byux) Bxux — 8yuy) (D5)

Godd —
of "o Oxity — Oy Osthy + Oy
which satisfies the relations 724 = —&}‘,’ydd and &;’fd = &;’ﬁd.

D.1. How to derive the viscous terms

Here, we discuss the main step to properly derive the closures for the viscous stress adopted in the main
text, eventually calculating the transport coefficients. As for a passive fluid, we need to go beyond the
mean-field approximation and introduce the following Enskog approximation for f(*):

f(r,x v,v't) = g(r ) f(r,v,t) f(x', v ) (D6)

where f is the one particle phase space distribution and g(r,r’) is the pair configurational correlation
function. The approximation in equation (D6) becomes exact at equilibrium—i.e. when the gradients of
the slow fields (u(r,t) and T(r,t)) vanish. In this case, the phase space distribution f takes the form

fequil (I‘,V, t) =n (1'7 t) ¢M (V|u7 T) (D7)
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where

m \*? m(v—u)’
¢M (V|u, T) = (27‘(‘kBT> exp —W (D8)

is the local Maxwellian with average velocity u and temperature T. Thus, at equilibrium, we can express
the two-body correlations f; as follows

A x' vv') =n(x)n(c)g(r,x') gu (vu, T) du (v'[u, T) . (D9)

Therefore, once g(r,r’) and the density profile are known, one can compute all the equilibrium proper-
ties including the potential contribution to the stress tensor oP°' and energy.

Even in a passive fluid, f{r,v,t) cannot be assumed to be proportional to the local Maxwellian (D8)
when there are velocity or temperature gradients in the system. A common approach to describe such
non-equilibrium behavior is to generalize equation (D7) as

f(r,v,t) =n(r,t) om (v|u(r,t), T(r,t)) + 5f(xr,v,1). (D10)

The first term on the right-hand side represents the local equilibrium approximation: at each point
r, the system is assumed to have temperature T(r,) and and mean velocity u(r, t). The second term,
df(r,v,1), accounts for deviations from the Maxwellian form. The hydrodynamic fields n(r,t),u(r, T) and
T(r,t) are determined from the hydrodynamic equations, which are obtained by projecting the Fokker—
Planck equation onto the space spanned by the conserved velocity moments. By construction, 0f(r,v,t)
has zero projection onto this space.

In principle, the Chapman—Enskog method can be used to derive an explicit expression for df(r,v,?)
in terms of gradients of the hydrodynamic fields, allowing one to compute transport coefficients such
as viscosity and thermal conductivity. However, in the present work, we do not pursue this procedure.
Instead, we close the hydrodynamic equations phenomenologically by imposing constitutive relations
between the stress tensor and velocity gradients via a viscosity tensor. Thermal gradients are neglected in
the present analysis since the transverse force does not conserve energy.

Appendix E. Fourier transform

In this appendix, we define the Fourier transform utilized to analytically solve the linearized hydrody-
namic equations (25). Specifically, we have applied the Fourier transform to density and velocity fields,
switching from the real space representation to inverse space, described by the wavevector q. The spatial

Fourier transform of a function f(r,#) is denoted by f(q,t) and is defined as

f(q,1) :/ d*rf(r, ) e 9T, (E1)
R2
Consequently, one can reconstruct f(r,t) using the inverse Fourier transform
d’q . i
f(r,1) = / =9 f(q )€, (E2)
e (2m)

Appendix F. Effect of odd viscosity on the diffusion properties

In this appendix, we show the effect of viscous terms on the long-time diffusive properties of a chiral
active fluid, described by the hydrodynamic theory given by equations (15) and (1a). In a standard fluid,
the dynamics of the transverse momentum are decoupled from those of the longitudinal momentum.
This is not the case in the present model. We start by linearizing the continuity and velocity equations
(equations (8a) and (20)) around the bulk density ny, and zero velocity u =0,

o . A
E‘n(q,t)JrlqnbuL(q,t) =0. (F1)

After separating the longitudinal and tangential velocity components, i and i, we find that the time
derivatives of the velocities can be neglected for a long time, since only 7i(q,#) is conserved. This leads to
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2
(v+(V+Vb>q2)ﬁL+voq2ﬁT=ifJ<Cs+qu> g (F2)
Ny m
2\ & 2+ Xo -
(v+vq") i —voq'in =iq . (F3)

Solving for 7, we obtain

C2 K Vo Xo
() (5 + 56) — g
y+vg?) (v + (v +w) g*) + viqt

i (q) = —iq(

n(q,t), (F4)

which can be substituted into equation (F1). Expanding to order g*, we find

d . ¢ Ky XoMbVo G (V+1p) X
En(q’ t) = <7q2 + (H’l’: - m;z - 42 : )q4) ﬂ(q, t) +0 (qé) . (F5)

One can also show that, in the presence of odd-parity effective forces, the system develops a transverse
current npuTt:

(v+v+wm)g) X+ %—F%qz)qzuo
=— n(q,t), F6
ir(q) q (v+v@) (v + (v + ) @) + 12¢* n(q,t) (Fo)

which does not contribute to bulk diffusion. Note that, when both x, =0 and v, = 0, this component
of the current vanishes, as it is not coupled to density fluctuations in this case.

Appendix G. Details on the linear stability analysis

In this appendix, we investigate the sign of the eigenvalues A(q) of the dynamical matrix:

0 —inyg 0
2
M(q) = —iq(,%ﬁﬁqz) v =w+w)g  —vd |- (G1)
o o

The eigenvalues A(q) are obtained from the characteristic equation det (A(q)I—M(q)) = 0 which yields:
Ao (@) + A1 (@) A+ Ax () N — N =0, (G2)
with
a2 (Xooly 5 YKMR\ 4 MpKV ¢
Ao(q) = —civq +<7m v-—= )q -,
Ay (q) = —72 - (Cf +y (ZV + Vb)) q2 - (u§ + 4+ vy, + nbm/m) q47 (G3)
Ar(q) =~ Qv +wm)q —27.

This equation is cubic in A and, although exact closed-form solutions exist, they are cumbersome and
offer limited physical insight. Instead, we analyze the system in various limits and approximations to
elucidate its behavior.

G.1. Stability of the system for vanishing odd viscosity

For vanishing odd viscosity v, = 0, the characteristic polynomial equation (G2) becomes independent
of X, and therefore reduces to the one of a non-chiral damped fluid, which is stable. Therefore, a fluid
with chiral torque alone but no odd viscosity remains linearly stable.
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G.2. Small-q expansion of the eigenvalues

We now obtain approximate expressions for the eigenvalues in the low g limit when v, # 0. Either by
solving the cubic characteristic equation for M exactly and expanding it to order ¢, or by constructing a
perturbative expansion of the eigenvalues in powers of g, or even by looking for solutions in A = —y +
A+q? and \ = \og?, we obtain:

CZ
Ap(q) = —§q2+0(q4), (G4a)
2
-~ w6 1 2 _ 2 _ 2 Xo /b 2 4
Ar(q) = —v (V+2 27+27 (2 =) 4V0(7V0+7m ))q +0(q"), (G4b)
2
- w6 1 2 _ 2 _ 2 Xo 1 2 4
)‘L(q) - 0 <V+ P 27 27 (Cs ’W/b) 4Vo (’7 Vo + 717’1 ))q +O(q ) (G4C)

Expanding these eigenvalues in small €, with:

ez (my*vo + Xoymb)

) (G5)
m(e =)’
we recover equations (27) of the main text.
G.3. Large q expansion of the eigenvalues
We set k =0 from now on. In the limit g — oo, we numerically found that two eigenvalues diverge;
therefore, we can try a solution of the form:
A(g—o00) =Azq’+0(1), (G6)
where we anticipate that there would be two solutions A. By replacing equation (G6) into
equation (G2), we find:
Mo+ @Qutm) A+ (g +v7+v,) =0(q72) . (G7)
The terms Ay are therefore solutions to a quadratic equation. Solving equation (G7) leads to
equations (28a) and (28b) in the main text. To obtain the third equation, we try the Ansatz:
Ag— 00)=X. (G8)
Replacing equation (G8) into equation (G2) leads to:
Vol
(XO,: b —cfy) - (1/§—|—1/2+Vub) /\0=O(q72) , (G9)

which shows equation (28¢) of the main text.

G.4. Unstable wavevector q.
To find the wavevector at which at least one eigenvalue changes sign, we can look for a solution with
A(gc) = 0. From equation (G2), we obtain

— mcy + (XoVolty — mciv) ¢ =0. (G10)

This is equation (30) of the main text.
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G.5. Effect of k on the eigenvalues
In most of our asymptotic calculations, we set x = 0, thereby neglecting the contribution of the
Korteweg stress tensor. Physically, a finite x > 0 penalizes sharp density gradients and acts as an ultra-
violet regularization of the hydrodynamic theory: it suppresses short-wavelength fluctuations and sta-
bilizes the large-g regime. In particular, for x > 0, the real parts of all three eigenvalues are uncon-
ditionally negative in the limit g — oo, Re[\](q = 00) — —o0. Nevertheless, provided that « is not
unphysically large, there remains a finite interval of wavevectors for which at least one eigenvalue
becomes positive, Re[A](q € [qg_),q£+)]) > 0. In the limit x — 0, we recover q(_) =4, and q£+) —
00. The critical wavevectors chE are obtained by solving the quadratic equation resulting from the
condition )\(qgi)) =0.

Accordingly, rather than setting < = 0 and requiring q. < 1 for an instability to exist, one may keep
# finite and rely on it to stabilize the large-wavevector sector. In principle, this removes the need to
introduce an ad hoc cutoff. In practice, however, it complicates the analysis without providing addi-
tional physical insight and, in the absence of large density gradients (e.g. near interfaces), it typically

contributes only at wavevectors beyond the domain of applicability of the hydrodynamic equations.

Appendix H. Navier—Stokes equation in polar coordinates

The cavity-fluid problem requires the solution of the Navier-Stokes equation in polar coordinates in
the presence of friction. In order to investigate the phase characterized by nearly circular cavities, we
consider a single circular cavity and adopt polar coordinates, assuming a steady (% = 0), axisymmetric
(% = 0) state. The continuity and the Navier—Stokes equation in this representation read:

1
=0, (rnu,) =0 (H1)
;
2 1 F, 1 1
u,O0u, — "o _ ——0, (P~ kn(r)V?n(r)) + = — yu, + v, <8r2u9 + =Oup — 2u9>
r mn m r -
,1 1
+v | Orur + = Ortty — 1y (H2)
r T
r F 1 1
urarué + tot = 2 Yug +v <8r2u9 + *aru9 - 2“9)
2 m 2 T
,1 1
—Vo ar u-+ *arur — 7“, . (H3)
r T

If we further assume no radial flux (nu, =0) and a vanishing external radial field F,, equation (H1) is
trivial and the hydrodynamic solutions (n,uy) satisfies equations (H2) and (H3), where the tangential

component Fy represents the tangential force: Fy = |f-(r)| = |xo (Z X Vn(r))|. Under these approxima-
tions, we can rewrite the hydrodynamical system as

u 1 1 1
_79 = ——mn& (P—kn(r) Vzn(r)) + 1, (@2”0 + ;&ue - r2u9> (H4)
F, 1 1
097u9+y<6fu9+3ru92u9) . (H5)
m r T

Using the polar form of the vorticity w,(r) = 18,(rug(r)) and the definition of odd pressure P, = 1w,
we can write

2
ug 1 0 Kk 0 »

0 _ _— 2 (p—p > =z

r mnar( 0>+mc’9rV n(r)

F 1 9

= up+ = —Zp,—0. (He)
m Vo mn Or

For the sake of simplicity, we shall neglect the standard and the odd viscosities when solving the
equations for the vortices. With this approximation, we do not see the dependence upon v, and v on
the linear instability, since the viscosity coefficients will not appear hereafter. Therefore, the theory can-
not describe the initial formation of bubbles. It can only describe their final state, which is described by
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the following radial and tangential force balances

2 3 2
M1 Fn 10n_ 10n
r mnarp—‘_ﬁ(é’r3 + rorr  ror (H7)
XoOrn (1) = —myug . (H8)

Eliminating ug(r) in favor of #(r) and using equation (H7) we obtain equation (35). In summary, by
neglecting viscosities—i.e. in the inviscid limit we have to solve an Euler hydrodynamic equation with a
friction term—we get a closed non-linear equation for the density.
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