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Abstract. We investigate the dynamical and structural properties of absorb-
ing phase transitions within granular systems. Specifically, we examine a model
for vibrofluidized systems of spherical grains, which undergo a transition from
a state of purely vertical motion to one characterized by horizontal diffusion
as the density increases. Numerical simulations reveal that, depending on the
specific system parameters, both continuous and discontinuous transitions can
occur, each associated with markedly distinct structural properties at the trans-
ition point. We explain this using a theoretical analysis based on kinetic theory
applied to an effective 2D model, which elucidates the role of a synchronization
effect in determining the nature of the transition. A fluctuating hydrodynamic
theory, which quantitatively describes the structural and dynamical properties
of the active state, such as hyperuniformity, is derived from the microscopic
dynamics, together with an equilibrium-like assumption concerning the noises
on the hydrodynamic fields. This work expands on previous studies by providing
a comprehensive examination of the absorbing phase transition characteristics
and proposing new theoretical models to interpret the observed behavior.
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1. Introduction

In the context of non-equilibrium statistical physics, an absorbing phase occurs when a
dynamical system is trapped in a stationary or periodic state in which no more evolution
takes place. Upon variation of a suitable control parameter, a transition to a diffusive
state can occur. Such transitions are termed absorbing phase transitions (APTs). The
characteristics and universality class of these transitions have been extensively discussed
in the literature [1, 2]. APTs have been observed in many different contexts, from
epidemiology [3] to sandpile models [4-6], and from quantum systems [7—11] to chemical
reactions [12]. Since the pioneering work by Pine et al [13], particle systems have also
become a major area of study for APTs. Specifically, APTs have been observed in
low Reynolds number reversible suspensions [13-18], dense colloidal systems [19-22],
emulsions [23, 24|, liquid crystals [25], glasses [26-28], jammed systems [29-31], granular
materials [32, 33], chemical systems [34-36], ecology [37—40] materials at yielding [41]
and turbulent systems [42-46].

In several of the cases mentioned above [13, 15, 16, 25, 31, 43, 47|, the transition
manifests in a continuous manner. This behavior has been interpreted within the frame-
work of directed percolation [48] or conserved directed percolation models, notably the
Manna models [49, 50]. These theoretical approaches have proven valuable in under-
standing the nature of the continuous transitions observed. However, a contrasting phe-
nomenon has been documented in many other situations [17, 51-53]. In these instances,
researchers have found that the transition exhibits a discontinuous character. To explain
this divergence from the continuous behavior, it has been speculated that certain inter-
actions might play a crucial role. Specifically, interactions potentially arising from hydro-
dynamic effects or material elasticity have been suggested as possible mechanisms that
are responsible for the discontinuous nature of the transition [54].

Recently, we introduced a simple vibrofluidized granular model in which macroscopic
spherical beads, confined within a quasi-2D cell, undergo a transition from a state in
which they are locked in a vertical motion to a diffusive and active state in the horizontal
direction as the density is increased [55]. Furthermore, by adjusting parameters such as
the confinement height or the vibration amplitude, we showed that we can induce either
a continuous or discontinuous transition. While continuous to discontinuous absorbing
transitions have been observed in various systems [11, 37, 54, 56-61], the underlying
physical explanations have often remained unclear. In our case, we demonstrated that
this phenomenon was related to the synchronization between the vibrating cell and the
vertical motion of the beads. The granular system under study was described using
two different models: a realistic quasi-2D model, which can be numerically integrated
using the discrete element method; and an effective model in 2D, which can be simu-
lated through event-driven molecular dynamics and provides a good starting point for
analytical investigations based on kinetic theory and hydrodynamics.

In this paper, we expand the scope of our previous investigation [55] in two primary
directions. First, we examine the dynamical and structural properties of the absorbing
phase transition, aiming to elucidate potential distinctions between continuous and dis-
continuous cases. Our analysis of the absorbing phase transition’s properties focuses on
identifying characteristic differences between continuous and discontinuous transitions.
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This examination of dynamical and structural aspects aims to deepen our understanding
of the underlying mechanisms driving these transitions and to draw connections with
analogous phenomena in other systems. Second, we explore theoretical models that can
interpret the observed phase transition by extending the kinetic theory framework we
proposed in [55] and by proposing an approach grounded in fluctuating hydrodynamics
to study the active state. These complementary theoretical frameworks offer valuable
perspectives on the complex dynamics of the system under study.

The remainder of this paper is structured as follows. In section 2, we introduce
and simulate the two models used to describe the granular system. In section 3, we
compare, in greater detail, these two models close to the continuous and discontinuous
transition by studying their structural and dynamical properties. This prepares the way
for the kinetic theory discussed in section 4, which is then extended in section 5, using
a hydrodynamics theory, allowing us to quantitatively predict the structural properties
of the active phase.

2. APTs in a granular system

In this section, we describe two different numerical approaches used in the present study.
First, we consider a realistic quasi-2D model, which is based on a detailed and accurate
description of grain interactions and which includes the complete quasi-2D dynamics of
the quasi-2D granular system. The advantage of this approach is that it models grain
collisions in a more physically accurate manner, incorporating the mechanical proper-
ties of the materials involved. However, this approach turns out to be computationally
very demanding. The second model we present is an effective 2D model that we have
developed to simplify the problem [55]. This approach offers two significant benefits.
These simulations become significantly less computationally demanding, enabling the
exploration of time scales and system sizes increased by three orders of magnitude.
Additionally, while our simplified model is approximate, it provides a better under-
standing of the underlying physical principles behind the observed phenomena and
represents a more viable starting point for the analytical approach discussed later in
the paper.

2.1. The realistic quasi-2D model

Our first model consists of a vertically vibrating granular system confined between two
plates in a quasi-2D geometry (see figure 1). The evolution is simulated using molecular
dynamics simulations based on the discrete element method [62, 63] using LAMMPS [64,
65]. This numerical approach is widely adopted to model realistic in-silico setups [66, 67],
utilizing precise contact mechanics models [63, 68-70] for grain—grain and grain—plate
interactions. These models encompass normal and tangential forces, capturing both their
elastic and dissipative aspects. In particular, in this work, we adopt the Hertz—Mindlin
contact model [71, 72]. Particles are also subject to a constant downward gravity field g.

In figure 1, we present a schematic diagram of the numerical setup. The simulation
box has a square base of side L in the zy plane and height A, with L > h. Particles
are confined in the z direction by two horizontal parallel plates, and periodic boundary
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Figure 1. Numerical quasi-2D geometry used in realistic simulations. A vertical
displacement z,(t) is imposed to the box to provide external energy to the system.
Because of tangential frictional forces, the grains lose horizontal energy during
collisions with the top and bottom walls. This mechanism introduces an effective
dissipation rate 7 for the horizontal dynamics. Energy transfer between the z and
zy directions occurs during grain—grain non-planar collisions. This introduces an
effective energy gain at collision for the zy motion.

conditions are imposed in the z and y directions. The grain—plate interaction includes
tangential friction, which is crucial for the phenomenon under study.

The box vibrates in the z direction, following a sinusoidal equation of motion with
frequency f and amplitude A: z, = Asin(27 ft) and is filled with monodisperse spher-
ical grains of spatial coordinates {z,y,z}, translational velocities {v,,v,,v,}, angular
velocities {Q,,9,,Q.}, diameter o and mass m.

Within the LAMMPS simulations, these parameters are implemented in SI units,
and we refer to [55] and its supplementary information for the numerical values of the
physical properties of the beads and additional information concerning the simulations
details.

During the simulation, the beads gain vertical (z) momentum and energy through
the vibration of the plates. This energy is then distributed to the horizontal (zy) com-
ponents of the momentum through collisions between the grains (as represented in
the left-hand side of figure 1). Furthermore, energy is dissipated by tangential friction
between the plates and the grains, which tends to slow the particles in between bead—
bead collisions and eventually to completely arrest in the zy plane while still oscillating
vertically. (see the right-hand side of figure 1).

We consider a system of N particles initialized with random velocities. At low dens-
ities, collisions are not frequent enough to convert the continuous supply of vertical
energy into a horizontal one. Consequently, the system gradually cools due to friction
with the plates until it becomes completely arrested in the zy plane, while still bouncing
up and down along the z axis. We refer to this state as the absorbing state, as the system
cannot escape the zy spatial configurations it has fallen into. At intermediate densit-
ies, the system reaches a horizontally active state in the xy plane, where the energy
‘injected” during collisions is sufficient to balance the energy dissipated through tan-
gential collisions with the plates. At very high densities, the system starts to crystallize
[73-77] into an hexagonal phase and again reaches an ‘absorbing phase’ with 0 diffus-
ivity in the zy plane, consistent with previous studies on APTs in cyclically sheared
suspensions [13, 15, 31].

This qualitative picture is illustrated in figure 2, where the diffusivity in the xy plane
is plotted as a function of the area fraction ¢ = m No?/4L%. The diffusivity is given by

https://doi.org/10.1088/1742-5468 /ae23bc 5


https://doi.org/10.1088/1742-5468/ae23bc

Dynamical and structural properties of an absorbing phase transition: a case study from granular systems

0.08
0.015
0.06__
~ =
% 0.01 2
S 0.04
&~
0.005
0.02
Diffusivity
0.0 —o— zy Kinetic Energy 0.00

0.1 ¢£1) 0.35‘ 0.6 ¢£:2)
¢

Figure 2. The mean diffusivity (rhombi) and horizontal kinetic energy (circles) as
a function of the packing fraction for h =1.51c and A =0.0850. Simulations are
performed with N = 10% grains.

D =limy 00 (74 (t) — 74,(0))?) /4t, where r,, represents the horizontal coordinates of
the position of a given particle, and (-) refers to the average over all the grains. Indeed,
at gbgl), we observe the first transition, due to the competition between collision and
dissipation, while at ¢£2), we observe the second re-entrant transition driven by cage
formation and crystallization. In this paper, we focus entirely on the first transition,
whose critical packing fraction will be simply denoted as ¢..

To accurately characterize this transition, a more suitable order parameter is the
mean horizontal kinetic energy of the grains:

t0+57m
T=- / P02 () + 03 (1) )

where (-) refers to the average over all the particles in an instantaneous configuration,
tp is the initial measurement time and 7 is the observation time. This plays the role
of a macroscopic effective temperature, sometimes called the granular temperature. We
define Ty as the steady-state temperature, obtained by choosing t; to be larger than
any relaxation time in the system.

The behavior of T™ is also presented in figure 2. Its value remains zero up to
the absorbing-to-active transition at ¢.. Following this transition, the order parameter
monotonically increases, which is in contrast to the non-monotonic trend observed for
diffusivity due to the spatial localization of the particles at higher density [31]. The
choice of T*° as the order parameter will prove particularly suitable for the theoretical
treatment we propose in section 4.

Interestingly, as discussed in [55], the nature of the transition as the packing fraction
varies can be either continuous or discontinuous, depending on the values of physical
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parameters, such as the amplitude of shaking or the height of the plate. This phe-
nomenon was explained by an additional dynamical effect related to the synchroniza-
tion of the beads with the moving plates. In what follows, we review and discuss this
mechanism in detail.

From numerical simulations, we observe that an isolated particle, for a given set of
parameters, can either begin oscillating in the z direction in phase with the plate (a
state we call synchronized) after a characteristic time 75, or remain in chaotic motion,
not synchronized with the plate. This crossover between periodic and chaotic dynamics
for bouncing grains colliding with moving walls has already been observed in different
experiments [78-83] and understood theoretically using simple dynamical models [84—
86]. To quantify the degree of synchronization, we use the following parameter [87]:

s(t) = %Ze”"(ﬂ , (2)

7=1
where N is the number of particles, and ¢’ is a ‘phase’ for particle j defined as:

0 (1) = D) "2 o (0] 1) (3)

Zy — 2

where 7 and v/ are the vertical position and velocity of the particle jand z, =
h+A—o0/2 and z_ = —A+ 0 /2 are, respectively, the maximum and minimum z posi-
tion. When all particles jump synchronously, they will coherently contribute to the sum
in equation (2) and the synchronization parameter will be equal to one. For an asyn-
chronized system, s(t) will be lowered. We can now introduce the long-time average

1 to+t
s= lim —/ s(t')dt’ (4)
to

to measure the degree of synchronization as a function of A and h. The resulting syn-
chronization map is shown in the inset of figure 3(a).

This synchronization significantly impacts the energy exchange in the system. If
two particles collide at the same height, no energy transfer between the vertical and
horizontal degrees of freedom occurs, and the particles will undergo a purely dissipative
collision in the xy plane. When most collisions occur between synchronized particles,
the energy accumulated in the z direction is not distributed to the zy plane, causing
the system to cool down and eventually enter an absorbing state. This has a profound
effect on the nature of the transition that is exemplified in figure 3(a). In the region
where the particles do not synchronize (green stars) we observe a continuous transition
to the absorbing state. However, a slight change in the parameters (in this case, the
amplitude A) yields the curve with the yellow square markers, which reaches an absorb-
ing state at higher densities discontinuously because the particles for these parameters
can synchronize with the plate (as seen in the inset). Roughly, the collision frequency of
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Figure 3. Comparison of the realistic quasi-2D model (a) and (b) with the effective
2D model (c) and (d). (a) Evolution of the zy temperature as a function of the
density for various amplitudes and heights in the realistic quasi-2D model. The val-
ues of these parameters for each curve are indicated in the inset with corresponding
markers. The inset is the synchronization map of the absorbing state with varying
h and A. When the absorbing state is synchronized, the transition is discontinuous,
while the opposite is observed when the absorbing state is chaotic. (b) The critical
packing fraction as a function of 1/7; in the realistic quasi-2D model. The syn-
chronization time controls the packing fraction of the transition. (¢) Temperature
as a function of the packing fraction in the effective 2D model. Without synchron-
ization (1/7,=0), the transition is continuous, while at finite 7;, the transition
is discontinuous (see, however, section 4.2 for a discussion of the existence of a
tricritical point at finite 75). (d) The critical packing fraction as a function of the
synchronization time for various damping in the effective 2D model. Consistently
with the realistic model, the synchronization time increases the critical packing
fraction since it facilitates the transition.

the last active steady state corresponds to the average time it takes for particles to syn-
chronize 7. If the density is further lowered, particles have enough time to synchronize
before colliding with others, leading to purely dissipative collisions in the zy plane and
causing the system to cool to the absorbing state. This explains the sudden jump to
the absorbing state observed for the curve with square or diamond markers compared
to the stars and triangles.

It is important to note that synchronization of the particles requires a typical time
Ts, which plays a key role in determining the critical packing fraction ¢. where the
transition takes place. This timescale can be tuned via the shaking amplitude and the
sample height. To illustrate this, in figure 3(b) we plot the behavior of ¢. as a function
of (frs)~! for a range of different conditions. We find that the critical packing fraction
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measured for different amplitudes grows with the synchronization frequency 1/7y at
fixed h. As in [55], we measure 7y for every A and h using an exponential fit of s(t),
starting from an asynchronized and absorbing state.

In summary, the observed phenomenology is attributable to the interplay between
two distinct transitions: one between absorbing and active states in the xy-motion, and
the other between synchronized and asynchronized states in the z dynamics. Without
synchronization, the system continuously reaches an absorbing state due to tangential
friction with the plate, while with synchronization, the transition is discontinuous and
driven by purely dissipative collisions. Although it is possible to develop a theory for
this system directly [88-93], we instead recall, in the following subsection, the model
introduced in [55], which offers a simplified framework for analyzing the phenomenology
observed in the more realistic setting.

2.2. The effective 2D model

In the preceding section, we have accumulated a wealth of information from the realistic
quasi-2D model. Here, we will introduce an effective 2D model that incorporates the
three primary mechanisms derived from the analysis of the realistic quasi-2D model.
These mechanisms are: an effective dissipation rate for the horizontal motion, an effect-
ive parameter for the z-to-zy energy transfer at grain—grain collisions and a synchron-
ization time 7. This simplified model will allow us to understand the interplay between
APT and synchronization, and will rely on a minimal set of physical parameters com-
pared to the realistic quasi-2D model.

The beads are modeled as identical hard disks of mass m and radius r undergoing
dissipative collisions characterized by a coefficient of restitution «. In the realistic quasi-
2D model, the energy is injected through vertical vibrations and subsequently converted
into £y momentum through off-plane collisions. Brito et al [94] proposed a purely 2D
model, effectively replicating the energy transfer mechanism of the realistic quasi-2D
model by introducing the following collision rule between particles 7 and j:

1+« N\ .
v =, +T(Uz’j'0'ij)0'z’j_Aija'ij (5)
5

14+« aN A A

vj = vj = —5— (vij 64) 65 + DG,

where 0 < o < 1 is the coefficient of restitution, v/is the post-collision velocity of particle
i, v; is its pre-collision velocity, and &; = (r; —r;)/|r; — ;| and v;; = v; —v; are the
unit vector joining particles ¢ and 5 and the relative velocity between them, respectively.

The last term in equation (5) accounts for energy injection, with A;; >0 ensuring
that energy input from this term remains positive at each collision, thus reproducing the
conversion of vertical motion into horizontal motion in the realistic quasi-2D system.
However, the collision can still be dissipative if the relative velocity is large. The Aj; is
an effective parameter that takes into account the effects of the height of the plate and
the driving on the energy transfer at collision on a coarse level. We will show that it
can be chosen to depend on the degree of synchronization of the particles.
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Furthermore, in the realistic quasi-2D model, the beads lose energy upon collisions
with the ceiling or bottom of the plate. To incorporate this effect in our effective 2D
model, we introduce a viscous drag v during the free flight between collisions:

d’Ui
dt

= —v;. (6)

For the fixed parameters «, v and A, the system can exhibit either an absorbing state
or an active state, depending on density. At low density, the dynamics are primarily
governed by viscous drag, causing the system to eventually come to rest in an absorbing
state. In contrast, at high density, the dynamics are mainly driven by collisions, leading
the system to an active steady state. It should be stressed that, up to this point, the
dynamics we consider are very close to those introduced in [95].

To model the dynamics observed with the realistic quasi-2D model, we must incor-
porate synchronization into our effective 2D model as well. In the realistic quasi-
2D model, simulations of free (non-colliding) particles with random initial conditions
demonstrate a tendency to synchronize with the plate after a randomly distributed
time interval 7. Moreover, we recall that collisions between the particles disrupt their
synchronization, as these collisions effectively randomize the post-collision vertical velo-
city. Even in-plane collisions between synchronized particles slightly asynchronize them
over a timescale 7., which is, on average, significantly shorter than 7. To easily incor-
porate all these aspects of the realistic quasi-2D model into our model, we make the
assumption that a single constant synchronization time, denoted as 7y, is sufficient to
qualitatively describe the synchronization. In the effective 2D model, particles are either
labeled as synchronized or asynchronized. Free flight lasting more than 7 synchronizes
the particle, while any collisions desynchronize it.

We recall that this synchronization effect plays a major role in the energy transfer
at collision. In the realistic quasi-2D model, since synchronized particles colliding have
the same z coordinate, no transfer of vertical kinetic energy to the horizontal degrees
of freedom occurs. Asynchronized collisions are instead mostly non-planar, causing a
significant z-to-xy energy transfer. To capture this behavior in our existing effective
2D model, we define a synchronization-dependent A;. If both particles involved in a
collision have not had a collision for a time period longer than 7, the collision does not
add energy to the system, i.e. we set A;; = 0. For all other collisions, where at least one
of the particles involved has had a collision within the last 74 time period, we process
the collision with a fixed A;; > 0, representing the transfer of energy and momentum
resulting from asynchronized collisions.

Formally, the value of A;; for a collision between particles ¢ and j takes the form
. A>0 ifdti<7'SOI'5tj<Ts
Aij = { 0 otherwise, (7)

with 0¢; being the time since the last collision of particle i. Clearly, in the limit 7y — oo,
no synchronization takes place.

Event-driven molecular dynamics simulations [96] of this 2D model are performed
with up to 1.5 x 107 particles in a square box with periodic boundary conditions. We
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ensure that simulations are run long enough to let the system reach a steady-state
temperature T*°. The system-wide granular temperature 7" of the 2D model, defined as
in equation (1), will play the role of a mean-field order parameter and is the equivalent of
the zy temperature defined for the realistic quasi-2D model. We again define the steady-
state temperature T as the temperature measured after the system has relaxed. As
shown in figure 3(c), we observe that by setting 1/7, = 0 (i.e. no synchronization, circular
plot markers), the system undergoes a continuous transition as the packing fraction of
particles is varied. However, once synchronization is introduced by setting 1/7, > 0, a
discontinuous transition is observed, in agreement with the results found in the realistic
quasi-2D model. For fixed values of A and «, two timescales are in operation, as seen in
figure 3(d). On the one hand, for a fixed value of 7y, the critical packing fraction increases
with the increasing drag coefficient v. Indeed, higher drag implies that a denser system is
needed to ensure sufficiently frequent collisions to sustain an active steady state. On the
other hand, at a fixed value of ~, the critical packing fraction increases upon decreasing
Ts, as this makes it easier to synchronize and hence lose energy. Another way to look
at this is through the frequency of collision. When synchronization is in operation in
our system, we expect that at the critical packing fraction, the rate at which a particle
synchronizes 1/7; is of the same order of the frequency of collision, which is itself, at a
given temperature, an increasing function of ¢.

3. Dynamical and structural properties of the phase transition

In this section, we examine the behavior of our system near the transition points. In par-
ticular, we highlight the differences between continuous and discontinuous transitions.
Whenever possible, we also compare our findings with the behavior observed in similar
systems reported in the literature.

3.1. Nature of the transitions

Thus far, we have discussed the APT in terms of a discontinuous or continuous trans-
ition, simply based on whether there is an obvious jump in kinetic energy as a function
of the packing fraction. In this section, we take a closer look at the behavior around
the transition point to examine the nature of the transition in more detail, for both the
realistic quasi-2D and effective 2D model.

For continuous transitions, in systems characterized by an infinite number of absorb-
ing states and a conserved number of particles without additional symmetries, the asso-
ciated phase transition is believed to belong to the conserved directed percolation uni-
versality class [31, 95, 98, 99]. Evidence of this universality class, from the analysis of
power-law scaling, is given in figure 4, where simulation results for both the realistic
quasi-2D and the effective 2D models are compared to the expected results for systems
belonging to the conserved directed percolation universality class. In particular, pan-
els (a)—(c) present data of the realistic quasi-2D model, while (d)—(f) present those of
the effective 2D model. In panels (a) and (d), we show that the order parameter vari-
ation, as a function of the distance from the critical point, obeys a power-law scaling
characterized by an exponent very close to what is expected for the conserved directed
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Figure 4. (a)—(c) The power-law behavior of observables for the realistic quasi-2D
model with parameters A =0.0850, h =1.5077c and N =30000 leading to ¢, =~
0.186. (d)—(f) The power-law behavior of observables for the effective 2D model
with parameters A/(ovy) = 0.15, a=0.95 and N = 105 leading to ¢. ~ 0.1509. The
dashed lines represent the power law expected from a 2D system belonging to
the conserved directed percolation universality class [21, 97]. (a), (d) The order
parameter as a function of ¢ —¢.. The expected exponent g ~0.64 with T ~
(¢ — é.)”. (b), (e) The average over 100 runs of the evolution of the order parameter
at ¢.. The expected exponent a =~ 0.42 with T'(t) ~t~“. (c), (f) The time to relax
to the steady state as a function of |¢ — ¢.|. The expected exponent v~ 1.3 with

Ty ~~ "b - ¢c|_ﬁ/'

percolation universality class. In panels (b) and (e), we give the time evolution of the
order parameter at the critical packing fraction ¢.. For the effective 2D model, the
expected scaling closely matches the evolution of the order parameter. For the realistic
quasi-2D model, however, it is more challenging to discern the correct scaling due to
the limited simulation time and the difficulty in accurately pinpointing the transition
point. In panels (d) and (f), we provide data for the characteristic time 7, to reach
the steady state. Above ¢., 7 is defined as the time at which the system first reaches
its steady-state value within an arbitrary precision, which we set to 10 percent of the
average steady-state temperature. These curves match the expected scaling well. Below
@¢, T is defined as the first time the system reaches an arbitrarily small value. We find
significant variations in the curves, depending on the chosen threshold, since the energy
decreases as an exponential after the last collision. Here, we define the threshold as the
lowest metastable steady-state temperature observed in a system that eventually decays
to the absorbing state. Note that the measured exponent is known to be dependent on
the initial conditions [97]. From the overall agreement with the expected scaling laws,
we conclude that the phase transition is consistent with the conserved directed percol-
ation universality class, although a definitive confirmation would require a finite size
analysis.

It is worth noting that our focus has been on systems exhibiting their phase transition
at a relatively high critical packing fraction (¢. > 0.1) [2, 95]. In contrast, when the
transition occurs at very low ¢, the system may exhibit mean-field conserved directed
percolation critical exponents due to effectively long-range interactions, as discussed
in [2, 95].

https://doi.org/10.1088/1742-5468 /ae23bc 12


https://doi.org/10.1088/1742-5468/ae23bc

Dynamical and structural properties of an absorbing phase transition: a case study from granular systems

LIPS 0.102 ‘ 0.05 L 1 Llds
0.100 ¢ vlowo® !‘F u e g |\ \:’0, " N»,wmlilﬂ:li'ig‘i!w+
° A0 T T ! . g’ T LAy
e £ _.0.04 5.... ) 00407 ¥YTTH
& - ° ° 0.098 3~ N = = oyep o & N =
50075 g I . o 5
: 5 0.096 ¢ 1B | =003 0035 ¢ 5000
= 0.050410° ] 104 w437 & 0.02 JU 10° v 20290
& ! oo g » 73000
0.025
a) 0.01 b)
0.000] @oa805608885560 88813560888 1050 534 50518040 W 4041 400 & 0.00 22282 21283 ! *
0.2140 0.2149 0.2158  0.2166 0.2175 0.2832 0.2834 0.2836 0.2838 0.2840
4 @

Figure 5. Comparison of the order parameter evolution as a function of the packing
fraction in the realistic quasi-2D (a) and effective 2D model (b) for different system
sizes. The main figures represent the evolution of the steady-state temperature in
the discontinuous case (we recall that the temperature is the zy kinetic energy
for the realistic quasi-2D model and the usual kinetic energy for the effective 2D
model) for different system sizes, and the insets show the evolution of the order
parameter of the last (the most dilute) active steady state (ATy) as a function of
the system size. (a) For the realistic quasi-2D model: A =0.06260 and h = 1.950.
(b) For the effective 2D model: A/yo =1.5,a=0.95 and 1/v7, = 16.67.

Having clarified the nature of the continuous transition, we now turn to the discon-
tinuous transition and perform a finite size analysis to prove that the finite discontinuity
does persist in the infinite system size limit. We define AT, which corresponds to the
observed value of the order parameter of the most dilute system in the active state at
a given system size and simulation time. For a continuous transition, we expect that
at finite times, ATy decreases with N and reaches 0 at infinite system size since the
order parameter must vanish continuously. By contrast, for discontinuous transition,
AT should not vanish. The evolution of the order parameter as a function of ¢ close to
the discontinuous transition as well as ATy as a function of the system size in the inset
are given, for the realistic quasi-2D and effective 2D models in the insets of figures 5(a)
and (b), respectively. Starting from a small system size, we see that increasing its size
allows us to obtain a transition at a lower density, as would be expected as well for
a continuous transition. However, beyond a given system size, ATy ceases to decrease
and instead increases with size, indicating a discontinuous jump in the order parameter
in the thermodynamic limit and confirming the first-order nature of the transition.

We interpret such non-monotonic behavior of AT, as nucleation dynamics—
characteristic of discontinuous transitions—and better understood directly from the
average time necessary for the system to reach an absorbing state at a given packing
fraction in the metastable zone. We denote this time ty,;; and study its behavior as
a function of the number of particles for the effective 2D model in figure 6. The time
twait acts as a proxy for the nucleation time, since the growth of the nucleus after it
has reached its critical size should be fast compared to ty.i;. We only perform the ana-
lysis for the effective 2D model due to the prohibitive simulation time of the realistic
quasi-2D model. For small system sizes, the waiting time increases with N since the
fluctuation required for the system to reach an absorbing state is of the order of the
size of the system. Then, the waiting time reaches a maximum, which corresponds to a
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Figure 6. The waiting time in the effective 2D model for a system initialized in
an active state to reach an absorbing state for different densities in the metastable
zone; =0.95, 1/(7yy) = 16.67 and A/(yo) = 1.5. The inset shows the average wait-
ing time as a function of its standard deviation. The dashed line is a linear scaling,
showing that the process is Poissonian. Each point corresponds to an average over
50 independent runs.

system size close to the size of the critical nucleus. It then decays due to the increase
in available nucleation sites, until reaching a constant at larger system sizes due to the
finite cooling rate imposed by + and the frequency of collision. Note that the decrease
in the waiting time for system sizes larger than the critical nucleus is very sharp, while
in an equilibrium, we would expect a decay proportional to 1/N. This might be the
result of hydrodynamical instabilities or non-equilibrium structural properties at small
k, inaccessible to small system sizes, which are common in granular systems [100-102].
Note also that contrary to equilibrium systems, the nucleation dynamics, and especially
the growth of the nucleus, exhibit exotic behavior, both for the effective 2D and the
realistic quasi-2D models. Since the order parameter is the activity or the temperat-
ure of the system, the nucleus cannot be stationary because, during its growth, active
particles around it will quickly convert its inactive grains into active ones. We instead
observe damped traveling waves of energy and density, slowly decreasing in amplitude
until the absorbing state is reached (see Video 1 for the realistic quasi-2D model and
Video 2 for the effective 2D model). Moreover, contrary to [33], we do not find a strongly
diverging radius of the critical nucleus as we approach the stable fluid region but merely
a strong increase in the effective energy barrier of nucleation. In the inset of figure 6,
we confirm that the statistics of the waiting time are Poissonian when the reaching of
the absorbing state is controlled by nucleation [103].

Interestingly, a very similar system has been studied by Lei, Hu and Ni [33, 53, 104
106]. They, however, found a different phenomenology. We provide additional discussions
on this matter in appendix C.

3.2. Structural properties of the transitions

Having clarified the nature of the transition, we now focus on the dynamical and struc-
tural properties of the system close to it. In figure 7, we present, for both the effective
2D model and the realistic quasi-2D model, snapshots above and below ¢. for both
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Figure 7. Zoomed snapshots of the systems above (¢, left) and below (¢, right)
the critical packing fraction for the realistic quasi-2D and effective 2D models. The
particles with small velocities are drawn in black. The insets above ¢, represent the
velocity distribution of particles corresponding to the snapshots in units of A for
the effective 2D model and of for the realistic quasi-2D model. The colors of the
histograms of velocities match those of the particles in the snapshots (inactive are
in black, and active are in orange). The other insets represent the structure factor
S ,,(k) of the corresponding snapshots as a function of the wavenumber in units of
1/o.

types of transition, and the probability distribution of the velocities in the diffusive
phase, and the long-wavelength behavior of the structure factor in the absorbing phase.

In a continuous transition, the system reaches the absorbing state due to viscous drag
forces. As commonly observed in similar situations, the critical point is characterized
by avalanches of active particles that span the whole system [107-109]. This behavior is
exemplified in the snapshots and leads to a distinctly identifiable population of inactive
particles, discernible through the peak observed in the velocity distribution at the origin.

To examine the structure of our systems, we calculate the density structure factor,
given by

/NN
Spp (k’)zﬁ Zze_lk.m : (8)

j=1 k=1

Close to the transition point, S,, exhibits scaling behavior of the form S,,(|k| —
0) ~ k¥, with v~ 0.5 [110]. The vanishing of the structure factor at k=0 is called
hyperuniformity [111-113] and is directly related to a suppression of density fluctu-
ations on large length scales. This trend is consistent with the typical hyperuniform
behavior observed at the critical point associated with the conserved directed percol-
ation universality class [95, 114]. It has been observed that this scaling is expected to
hold exactly at the transition point and to be lost below or above it [115]. In our models,
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however, the system sizes are presumably not large enough for this hyperuniform scal-
ing to break. Very recent works have successfully predicted hyperuniform scaling of the
structure factor from a renormalization group approach by mapping the conserved dir-
ected percolation problem to the interface position at depinning for an elastic manifold
[110]. A direct analysis of the hyperuniformity from the renormalization group of the
conserved directed percolation field theory was also performed in [116] at the first loop.

Finally, we report new hyperuniform scaling for the longitudinal and transverse
velocity fields at criticality in appendix B.

The velocity distributions in the active state exhibit peculiar scaling. As already
noted, a finite portion of the system is almost completely inactive; hence, there is a
sharp peak at v =0, both for the realistic quasi-2D model and the effective 2D model
to the velocity distribution. Moreover, at small velocity, we observe an exponential
distribution with a non-trivial power: exp(—alv|?) with § < 1, which then morphs into
a simple exponential scaling, exp(—b|v|) at v ~ A. This effect is not surprising as non-
Gaussian scalings are common in granular systems and, notably, it is known that the
homogeneous cooling state exhibits a simple exponential tail while the homogeneously
heated granular gas has an exponential tail with the exponent 6 =3/2 [117-119]. In
particular, a simple exponential tail appears frequently [120, 121] and is conjectured to
be universal for systems with adiabatic energy changes. However, this is not the case in
our system, since the energy change during a collision is large compared to the energy of
the particles. In our case, the pronounced non-Gaussian behavior is most likely due to
the finite jump processes affecting the velocities, effectively transforming the dynamics
into a generalized Ornstein—Uhlenbeck process with discrete jumps of size +A. This
makes the system analogous to a stochastic resetting problem, where an overdamped
particle in a harmonic potential is reset away from the origin. Such processes are known
to asymptotically yield stationary distributions with exponential or power-law tails [122,
123]. In appendix A, we provide an explanation of this peculiar velocity distribution
using an approximation for the Boltzmann equation.

In the discontinuous case, the system primarily transitions into the absorbing phase
in a manner similar to the cooling behavior observed in a granular gas. This is because
most of the energy is dissipated through collisions between synchronized particles, with
the drag playing a secondary role in this process. Interestingly, the presence of viscous
friction is not a prerequisite for observing a transition. While it helps the system to
reach an absorbing state sooner, the dissipative character of synchronized collisions
alone is sufficient to deplete the entire energy of the system in the infinite time limit.
This implies the formation of clusters similar to those observed in the inhomogeneous
cooling state [100, 124, 125] for the realistic quasi-2D model, as can be seen in the
snapshots and from the upturn of the structure factor at k£ — 0. A scaling close to k=3,
but less steep, is observed in the intermediate wavenumber region, which is roughly
consistent with Porod’s law [126, 127]. The inhomogeneous cooling is, however, arrested
at a finite time due to the drag. In the effective 2D model, as collisions lead to a complete
asynchronization of particles, the formation of clusters due to dissipative collisions is
less prominent because high density regions of synchronized particles will quickly be
shattered by any collision. However, even if the growth of the nucleus cannot proceed
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as the beginning of the inhomogeneous cooling in the effective 2D model, Porod’s law
is approximately verified.

The active state of the discontinuous transition does not exhibit a population of
inactive particles but still exhibits marked non-Gaussian behavior that, contrary to the
continuous transition, can be in part attributed to the dissipative collisions. We also
provide the structure factor of the fluid close to the metastable region, which is in itself
interesting. Lei and Ni [105] observed a hyperuniform scaling S ~ k2 in a metastable
fluid at very small wavenumbers. As already mentioned, due to the dissipative colli-
sions between synchronized particles, we instead observe a peak in the structure factor
corresponding to the inverse average cluster size. We show in appendix C that without
dissipative collisions (av=1) close to the metastable fluid, we recover a structure factor
that is similar to that found by Lei and Ni.

4. Kinetic theory

In this section we develop the kinetic theory of the homogeneous state for the effective
2D model. We quantitatively predict the transition points and the steady-state temper-
ature of our systems. We relate our findings to results already obtained in the literature.

4.1. Simple A model

Before introducing the theory of the full effective 2D model, it is useful to discuss
the scenario where particles never synchronize, which corresponds to 74 — oo and, con-
sequently, A;; = A is constant, see equation (7). If the theory is accurate, it should
predict, in this situation, a continuous transition. We first recall the theory developed
in [55] and introduced in [94].

The temperature change of the system, assuming homogeneity, is only determined
by the energy injection and dissipation following the relation

or

S =G .1), )

where G (¢, T) represents the rate of energy change. The stable steady-state temperature
T* is thus given by:

G (¢, T™) =0,
0G(4.T) : (10)
ot |, <"

Here, G' has two contributions: energy change due to collisions, and drag. It can be
written as

G(p,T)= @(E’ — E)con — 29T (11)

Here, the first term represents the change of energy due to collisions, calculated as the
product of the frequency of collision w(¢,T") of a single particle, divided by 2 to avoid
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double counting, with the average energy change during a collision, while the second
term represents the drag.

Using the collision rule of the simple A model (equation (5)) and averaging over
collisions, the energy change per collision can be estimated explicitly [94]:

G(9p,T)= % (mA2+aA\/7TmT—T(1—a2)> — 24T, (12)

where m is the mass of a particle. This result is based on the assumption of uncor-
related velocities (molecular chaos) and Gaussianity of the velocity distribution. The
detailed calculations required to arrive at equation (12) can be found in [55]. These
assumptions immediately imply that the frequency of collision is given by the so-called
Enskog frequency of collision w, [128]:

0(61) =, (1) = 1) = 2D VT o) VT, (13)

where [(¢) is the mean free path, and x is the Enskog factor taken to be the radial
pair distribution function at contact of an equilibrium system at the same density. It

arises from the Enskog’s correction to the molecular chaos assumption [128]. It can be
approximated for ¢ < 0.6 by [129]:

_1-7¢/16—¢°/20
(1-9)

Imposing stationarity to equation (9), we find the analytic steady-state temperature:

X (¢)

(14)

€(9)+/e(9)* +4mA? (1 - a?)

T(9) = 30— a? (15)

with €(¢) = aAy/mm — 4y /0(p).

In figure 8(a), we compare this theoretical prediction with measurements performed
with simulations of the effective 2D model at fixed A (i.e. no synchronization) and,
indeed, the theory seems to work very well. This result, however, must be taken with
care since the simulations reach an absorbing state at a finite packing fraction and this
behavior is not predicted by the theory, which predicts zero temperature only at zero
packing fraction, see the inset of figure 8(a). The assumptions of homogeneity, molecular
chaos and Gaussian distribution of velocity do not hold close to or below the critical
packing fraction due to the significant effect of viscous drag. As seen in figure 8(b), close
to the transition, molecular chaos is broken since the velocity autocorrelation function
develops a negative minimum at a time roughly equal to the mean collision time that is
a clear indication of a backscattering effect. This is incompatible with the assumption
of uncorrelated or Markovian collisions underlying the molecular chaos assumption.
Indeed, such a theory can only predict exponentially decaying velocity autocorrelation
[130-132]. This backscattering is induced by the considerable slowdown of the particles
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Figure 8. Comparisons between the different theories applied to the simple A
model without synchronization and simulations. The analysis is accompanied by
examples of the breakdown of the assumptions used. (a) Comparison of the theory
of the simple model with the simulations. ‘Naive theo.” is equation (15). ‘Corrected
theo.” is equations (18) and (20). The dark dashed lines are the theoretical critical
packing fractions derived from the mean free path argument. The inset is in a semi-
log scale close to the transition and in units of mA?/2. We see that when the naive
theory predicts a temperature of the order mA? /2, the system reaches an absorbing
state in simulation. N =5000 and o =0.95. The increasing values of A/yo are: 1.25,
1.5 and 1.75. (b) Evolution of the velocity autocorrelation function as the critical
density of the continuous transition is approached. The system starts to exhibit
backscattering, and the prediction from the Enskog theory with molecular chaos
cannot be trusted. (c) Evolution of the pre-colliding velocity ven as a function
of the proximity to the absorbing state. Here, v., tends to saturate, implying
that the active particles have a finite energy at the transition. (d) Evolution of
the measured frequency of collision as the critical point is approached (7% — 0)
by varying A from A, which gives a vanishing 7% to a large value where the
measured frequency of collision matches that predicted by the kinetic theory w,.
At lower temperatures, the frequency of collision increases linearly with T because
it becomes proportional to the number of active particles.

before colliding with their neighbors and gaining velocities in a direction opposite to
the one they came from. Treating this effect would require going beyond molecular
chaos; an approach that is made possible by some tedious calculation [133]. Moreover,
we observed, in figure 7, that close to the critical packing fraction, the dynamics is
dominated by avalanches of active particles within a population of inactive particles.
The transition could then occur via two different scenarios. Either the temperature of the
active particles reaches 0 at ¢, or their number vanishes while they still possess a finite
amount of energy. The second scenario is that observed in our system, as illustrated in
figure 8(c). Indeed, as the critical point is approached, the pre-colliding velocity v (the
velocity just before a collision) tends to saturate. This indicated that, at the transition,
the active particles have finite energy, roughly equal to the minimal excitation possible,
mA? /2, but their number vanishes.
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This can also be inferred from the measured frequency of collision in the system as
the critical point is approached. In figure 8(d), we compare the measured frequency of
collision w with that used in our theory w, (equation (13)). At high temperature, the
measured frequency of collision w is well approximated by the equilibrium Enskog w..
However, at lower energy, closer to the critical point, when the dynamics is dominated
by free flight and avalanches, a large portion of the particles becomes inactive and the
scaling of w(¢,T) changes from the equilibrium &(¢)VT to @(¢)T, with @(¢)being a
prefactor independent of 7. As discussed above, the collision frequency becomes propor-
tional to the fraction of active particles because these particles carry finite energy and
the measured temperature also scales with their fraction, leading to a linear dependence
of w with T. As a result, the ratio w/w, provides a rough estimate of the fraction of
active particles near the critical point.

This evidence indicates that close to the transition point, the kinetic theory breaks
completely and would be hard to fix, assuming no spatial correlations in the distribution
of active particles over the system. As a consequence of the significant increase in inactive
particles, we adopted a more phenomenological approach that couples the population
dynamics of active and inactive particles with the kinetic temperature field.

We denote P, the probability of finding a particle in the active state, characterized
by its own finite temperature T,. The probability of being in the absorbing state is
1 — P,. We propose the following evolution equation for P,:

an w (gf),T&) e_w(¢7Ta)Ta
ai ;. La(l=P)——— (16)

The first term accounts for the conversion of inactive particles to active particles due to
collisions. The second term is a rate of inactivation modulated by the probability, for
an active particle, of not colliding in a time 7,, assuming that collisions are Poissonian
[134]. It accounts for particles reaching the absorbing state due to an absence of collision
between them and a neighbor in a time 7,. This 7, is acting as a cutoff with a value
that will be derived below and should be inversely proportional to the drag v. We recall
that w/2 is the number of collision events per particle happening in the system per unit
of time, while w is the average frequency at which one particle collides with others.
To close the problem, we need to specify the temperature and the frequency of
collision of the active particles. We will assume that T, is simply given by the same
equation (11) used for a homogeneous system far away from the critical region:

oT,  w(e,T,)
o 2

Since active particles evolve in an avalanche-like manner, their neighborhood is mostly
homogeneous and made of active particles. Therefore, we make the approximation that
an average over collisions for active particles in the critical zone is the same as that
performed in the non-critical region. In the same way, we also choose the frequency
of collision between active particles to be the equilibrium one: w = w, (equation (13)).
Equation (17) is thus exactly the same as equation (11). We now understand that the
temperature prediction from the naive theory was correct, but only as a description

<El o E>active coll = 29T, (17)
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of a subset of the system: the active particles, for which the equilibrium frequency of
collision is a good approximation. We immediately obtain the temperature of the whole
system:

2
T _ <e+ \/62+4mA2(1—a2))

2(1-a?) (18)

T = PSTY.

Far away from the critical point, P{* — 1 and equation (15) is recovered. Moreover, as
argued above, at the critical point, 73° is finite, and the criticality is provided solely by
the fraction of active particles going to 0 and not by the activity of the active particles.

With these assumptions, since 7T, is decoupled from P, and varies slowly close to the
transition, we can assume it as a constant around the critical point. Hence equation (16)
reads:

TalWe
2

0P, (t) <Tawc PaQ7 (19)

Ta =\

ot

and this has the following stable non-negative stationary solution:

_ e_TaWe) Pa _

Tawe (6, T) — 20~ (8.17)

P;S = TaWe (qb,T;:b)
0 else,

if TaWe > W() (2) (20)

with W being the principal branch of the Lambert W function.Here, P® varies continu-
ously, and the transition happens when the mean free time 1/w, of the active particle
is of the same order (Wj(2) ~ 0.85) as the stopping time 7,. It is gratifying to observe
that equation (19) is the mean-field equation describing the conserved directed percol-
ation universality class, which is the correct equation to describe the vicinity of our
phase transition [116]. At this point, it is interesting to make a parallel with models on
a lattice. As said before, the criticality in our model comes from the vanishing of P,
while the temperature of the active particles is fixed. This behavior closely resembles
lattice models in the conserved directed percolation universality class, where the order
parameter is the number of active particles and for which the activity kick allowing a
particle to move on the lattice is fixed and finite [109, 135].

To close our equations, we must determine a suitable value for 7,. This can be
achieved, for example, by finding an independent prediction for ¢.. An argument presen-
ted in [95] allows us to find a lower bound for the critical packing fraction of the con-
tinuous transition. If we assume spatial homogeneity, at the critical packing fraction,
particles must collide on average with zero velocity. Below this density, particles do not
have sufficient momentum after a collision to reach their neighbors, which ultimately
leads to the system reaching an absorbing state. Hence, after a collision, two particles
will simply have a velocity A which, on average, is dissipated to zero over a distance
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A/~. This distance must be equal to the mean free path, which lets us derive the
equation of the critical packing fraction:

[(ge) = A/, (21)

with [(¢)being the mean free path. Surprisingly, this simple reasoning, whose results
are presented as a dashed vertical bar in the inset of figure 8, predicts a critical packing
fraction in good agreement with the simulations. Note that with this argument, it is
assumed that the system transitions to the absorbing state uniformly, and that the
pre-collisional velocity, v, vanishes at the transition point. This assumption would
suggest T,(¢p.) =0, which is not consistent with the way the transition occurs in the
simulations.

We can inject this critical packing fraction into our theory. We expect the
transition to happen when T,w.(¢p¢,Ty) = Wy(2). Using the Gaussian relation, w, =

V7T Ta(6)/(2m)/1(¢) and supposing that T, is of the order mA?/2 at the transition,
we finally obtain an expression for 7, from the mean free path argument:

MFP __ 2W0 (2) 1

T, = ——2—.

! VT
As expected, T, is proportional to 1/4. Our equations are now devoid of adjustable
parameters. In the inset of figure 8(a), we compare this new theory (equations (18),
(20) and (22)) with the simulations. The agreement is very satisfactory, especially in
view of the assumption made (Gaussianity of the active particles, homogeneity, absence
of spatial and temporal correlation, mean-field approach, etc). The temperatures in
the inset are rescaled by mA?/2 to emphasize the fact that the system reaches an
absorbing state when the energy of the active particles is close to the minimal excitation
mA? /2. Indeed, the corrected theory predicts the transition when the naive theory—
now representing the theoretical energy of the active particles only—is close to mA?/2.
Three points, however, warrant attention. (i) The equations are solved in the mean-field
approximation; hence they cannot be exactly close to the transition and this would be
reflected, for example, in the discrepancy of critical exponents. (i) With the new theory,
the transition is not predicted to happen exactly at the critical packing fraction obtained
from the mean free path argument ¢X' even if it is used to find 7,. This is because
the temperature of the active particle predicted equation (18) at ¢}t is obviously not
strictly equal to mA?2/2. (iii) The coefficient of restitution « is close to 1; hence, the
probability distribution is expected to be almost Gaussian in the active region where
the drag is not playing a major role [136, 137]|. The predictions would thus not be as
good for systems with stronger dissipation at collision.

(22)

4.2. Synchronization-dependent A model

Here, we extend the theory outlined in the previous section to incorporate synchroniz-
ation. At first, we assume that the discontinuous transition occurs far away from the

https://doi.org/10.1088/1742-5468 /ae23bc 22


https://doi.org/10.1088/1742-5468/ae23bc

Dynamical and structural properties of an absorbing phase transition: a case study from granular systems

zone where the continuous transition occurs, thus neglecting the inactivation dynam-
ics described by the population dynamics equation (16) and effectively setting P, =1,
which implies T' = T,.

The model equation (7) implies that the value of A;; depends on the time since the
last collision for both particles involved, ¢ and j. If at least one particle has traveled for
a time smaller than 7y, the value of Ay is A, otherwise it is set to 0. In this case, an
exact calculation of the collisional average in equation (11) is challenging; however, we
can make a reasonable estimation by assuming that the synchronization-dependent Aj;
can be replaced by an effective one: A. Here, we propose:

A(6,Tym) =Dy = A (11— 20707 (23)

where the term in parentheses represents the probability that at least one of the two
particles involved in the collision has collided at a time smaller than 7, in the past, again
assuming uncorrelated particles, Poissonian collisions and an equilibrium frequency of
collision. With this effective A, it becomes evident that the synchronization mechanism
results from the competition between the collision frequency w and the synchronization
rate 1/7,. At low frequencies of collision compared to the synchronization rate, A is
small, while the opposite is true for high values of wr.

One final assumption is needed. We simplify the averages over collisions which
include a Aj;; by performing the following approximation when calculating the aver-
age of an arbitrary function h(v;,v;):

(h(vi,05) Aij)eon = (h (V5 0;)) oA (24)

This approximation essentially neglects any correlations between particle velocities and
their synchronization state.
This simplification allows us to derive an analytical expression for G(¢,T,,7s):
w

G(p,T,, 1) = 5 (mZ2 +aAN/7mmT,—T, (1 — a2)> — 29T, (25)

which has the same form as that found for the simple A model without synchronization,
except that A is replaced by the effective A, which depends on the packing fraction,
temperature and synchronization time. This effective A radically changes the energy
landscape of the transition compared to the continuous one. To see this, it is useful to
define an effective non-equilibrium thermodynamic potential:

T
U(Ta,¢,TS):—/ G(T,,¢,7)dT}, (26)
0
such that equation (9) can be rewritten as a gradient descent:
oT, ou
-7 27
ot oT,’ (27)
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Figure 9. (a) The theoretical non-equilibrium potential U as a function of T for
different ¢ and 1/(y7s) =10, A/(yo) =2.5 and a=0.95. The potentials behave
exactly as an equilibrium potential for a thermodynamic first-order phase trans-
ition as the order parameter is changed. (b) The effect of synchronization over the
nature of transition and the critical packing fraction: N = 20000, A/(yo) = 2.5 and
a=10.95. The inset is a typical snapshot of the system close to the transition point.

and stable steady states are hence given by local minima of the effective non-equilibrium
potential.

As a qualitative check, when 1/7; > 0, the non-equilibrium potential given by the
integral of equation (25) has the same functional shape as an equilibrium Landau free
energy [138, 139] of a system undergoing a first-order phase transition, as seen in
figure 9(a). A quantitative comparison between the simulation and the theory is depic-
ted in figure 9(b). The theory, corresponding to the local minima of U or, equivalently,
the root of G (found numerically), consistently predicts the observed transition. We note
that the mean-field nature of the solution limits our ability to accurately determine the
critical packing fraction. Near the transition point, density and spatial synchronization
inhomogeneities arise due to the local nature of synchronization and due to the dissipat-
ive nature of the collisions between synchronized particles, as depicted in the snapshot
in the inset of figure 9(b) and in figure 7. We can see clusters of synchronized and
asynchronized particles, which can reasonably explain the inaccuracies of the theories
(especially close to the transition) together with the effective A approximation.

It is interesting to further explore the similarities between our effective potential
and the Landau free energy of an equilibrium system. This resemblance is, for example,
highlighted by the Taylor expansion of the non-equilibrium potential:

U=~T%— % [207A (VIma+ 2maoTA) — (1 - aQ)} 2% + Z (—1)"Kn/2T§/2, (28)
n=>6

where K/, are positive numbers for n > 6 [54, 140-143].
For infinite system sizes, the stability of the phases and their robustness to small
perturbations are controlled by the depths of the minima corresponding to these phases.
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Specifically, for small damping ~, the stability of the absorbing state with respect to
small perturbations is dictated by the sign of Kj,:

Ksjp =& (207A (Vrma + 2maorA) — (1—-a?)) /5, (29)

playing a role similar to the € of [33]. When K5/, <0, the dissipation exceeds the energy
injection, leading to an easily unstable absorbing state with respect to small perturb-
ations. Conversely, when Kj, > 0, the absorbing state is stable. We conclude that the
critical packing fraction ¢. approximately satisfies Kj5/5(¢.) =0 when the drag can be
neglected. Importantly, we see that for this transition, the critical packing fraction is
approximately given by a competition between the average energy injected and dissip-
ated at collision. Instead, for the continuous transition, the critical packing fraction was
dictated by the competition between energy injection at collision and dissipation during
the free flight. Notably, the mean free path argument (equation (21)) predicts a critical
packing fraction for the continuous transition independent of «. This is consistent with
our understanding that synchronization allows the system to reach the absorbing state
for a range of packing fractions that would have corresponded to the active phase in
the asynchronized case. Increasing ¢, and in turn the collision rate w(T',¢), gives the
grains less time to synchronize between collisions, which happens over a characteristic
time 7. For the effective 2D model, we have numerically confirmed that the typical time
between collisions 1/w is always of the same order as (but slightly below) 74 in the first
active state after the discontinuous transition [1, 144-147]:

oT, U
ot 0T,

+V2KTun(t). (30)

[148-151].

Thus far, in our theoretical model with synchronization, we have neglected the pos-
sible presence of inactive particles by setting P, =1, effectively limiting ourselves to
cases where T,(¢F) > mA?/2. In these cases, any finite synchronization time would
lead to a discontinuous transition; however, in cases where our theory with P, =1 pre-
dicts a discontinuous transition with a theoretical ¢, such that T,(¢}) < mA?/2, the
expected observed transition is in fact continuous. This is because, in these cases, as
the density is decreased, the population of inactive particles would begin to grow due
to the drag, eventually leading the system to an absorbing state before the dissipat-
ive collisions can provoke the theoretically predicted discontinuous phase transition. To
correctly account for this effect, we simply need to restore, in the theory, the evolution
equation for the proportion of active particles instead of assuming P, = 1.

This situation occurs, for example, when 7 is very large, as particles cannot syn-
chronize before coming to a complete stop. Indeed, the synchronization timescale is not
competing against the diverging timescale linked to the criticality of the continuous
transition but against the mean collision time of the active particles, which is finite.
Hence, while the population of inactive particles may synchronize, the active particle
population does not and the transition follows the same route as without synchroniza-
tion. We provide more details in appendix D.
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Finally, we note that the theoretical treatment of the model with synchronization
could have been approached by introducing an additional dynamical variable: the frac-
tion of synchronized particles, instead of relying on an effective A. This method, ana-
logous to the population dynamics introduced for the active/inactive populations of
particles near the continuous transition, offers slightly better results compared to the
effective A approach, albeit at the expense of a less clear physical picture and a more
complex theoretical treatment since the description of the system would then require at
least three fields: the temperature of the active particles, the fraction of active particles
and the fraction of synchronized particles.

5. Hydrodynamics of the active state

We now derive the hydrodynamic theory of the effective 2D model in its active state. In
doing so, we will neglect synchronization effects and any heterogeneity in the population
of active particles. This approach allows us to quantitatively predict the structural
properties of the active states.

5.1. Derivation of the hydrodynamics of the model

Up to this point, the theory we use is neglecting all spatial dependence. Starting from the
Boltzmann equation of our system and the single-particle microscopic velocity and pos-
ition distribution, we can derive the corresponding hydrodynamical equations through
its velocity moments [152-154]. Following [136, 155], the Boltzmann equation dictating
the evolution of the one particle distribution function f(7,v,t) in our system is given
by:

of (r,v,t) n of 0

ot v or 78_'0

where J is the collision kernel:

(wf)=J(rolf,f), (31)

J(ri,vilf, f) ZXUij/dvj/d&m' (O (—vij - 65 +2445) (—vij - 635 +2445)

f(rjvv‘;'/)f(ri—’_o-ij?vz(/)
062

— O(—vij-0i5) (—vij - 645) f(rj,v;) f(ri+oij,v) | . (32)

X

Additionally, v/" and v}’ are the pre-collisional velocities that would lead to the post-
collisional velocities v; and v;. By inverting equation (5), we find:

1+at AN oA 14
v' =i + —5— (vij 6) 63 — Ay~ 6,
» (33)
11 _ 1+a 1

(vij - 6j) Gij + Aija G

2
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Molecular chaos was again assumed in equation (32) to close the equation for the single
velocity distribution. The collisional contribution J takes the usual form of a master
equation [156]. While the first term accounts for collisions increasing the number of
particles with velocity v;, the second term is a loss term for v; due to collisions. Both
terms are modulated by the relative velocities of the particles along the collision since
faster particles collide more often. Here, © is the Heaviside function, ensuring that col-
lisions are physical and particles are headed toward each other before colliding. Finally,
the factor 1/a? comes from the Jacobian associated with the change in variable v'' — v
and the change in normal velocity at collision [156].

The macroscopic hydrodynamic (mass) density p, velocity w and temperature T
fields can be defined through the moment of the single particle distribution:

p(r,t) :m/dvf(r,'v,t),
p(rtyu(rt) =m [ dvvf(r,0.0), (34)
p(r, )T (r,t) = m/dv (v—u(r, b))’ f(rvt).
We also define the number density n and packing fraction field ¢; useful quantities
related to the (mass) density through p(r,t) = mn(r,t) = 4m¢(r,t)/ro?. By multiplying
the Boltzmann equation (equation (31)) with different powers of v or v — v, the evolution

equations for the hydrodynamical fields can be obtained. Assuming, at first, a constant
A (no synchronization), we obtain:

dp

E—Fu-Vp——pV-u,

86_1:+U-Vu:—p_lv'ﬂ—7u7 (35)
oT

E—}—U-VT: —n7 [V .q+I1: (Vu)]+G(r,t),
where some dependencies on r and ¢ have been omitted for ease of reading. Now that
the microscopic velocity has been integrated, we will simply denote V as the spatial
gradient. Here, *:’ is the dyadic dot product understood as (A : B) =}, . A;; B;;, while
IT and q are, respectively, the microscopic stress tensors and the microscopic heat flux.
Equations (35) are currently undetermined since the currents and G are defined
from averages with respect to the microscopic probability distribution. To obtain a use-
ful hydrodynamic description, we must assume or derive a closure to relate the currents
to the macroscopic fields. One widely used approach to approximate the velocity dis-
tribution involves expanding it in terms of the gradient of the hydrodynamical fields,
a method commonly known as the Chapman-Enskog expansion [136, 157-160]. The
important assumption is that the spatial and temporal dependence of the distribu-
tion of velocity at a given point can be solely described by a functional dependence
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on the hydrodynamic fields [161]: f(r,v,t) = f[v|p(r,t),u(r,t),T(r,t)]. The Boltzmann
equation is then solved perturbatively, order by order, using the following expansion:

V -V

f=104efM+... (36)

Here, € is a dummy expansion parameter keeping track of the order of the gradient for
the velocity distribution and set to 1 at the end of the procedure. The solutions are
expected to be valid only for an almost homogeneous system with weak contributions
coming from the gradients.

Performing the Chapman—Enskog expansion in the first order leads to the following
constitutive relations [136]:

H:pl—l—n(Vu-i-(Vu)T—(V-u)l)+C(V-u)1
q=—rkVT—uVn (37)
G=G+vV - u,

where 1 is the unit tensor, p is the hydrostatic pressure, n and ( are, respectively, the
shear and bulk viscosity, and x and p are the thermal and diffusive heat conductivity.
The latter is 0 at equilibrium and arises in our model from the coupling between the
density gradient and temperature through the inelastic nature of the collisions [162].
Here, G = G(p(r,t),T(r,t)) has the same functional shape as equation (12), while v is
an additional non-equilibrium transport coefficient [125]. Other transport coefficients
technically arise for G at the hydrodynamic order k? in the hydrodynamic equations.
However, these are omitted here as their contributions are negligible.

Given the typical smallness of the correction due to the presence of a A or v [136, 163]
over a wide range of values, we will use the equilibrium hard disk transport coefficients
in what follows. We provide additional details on the chosen expressions for all the
numerical values of these transport coefficients in appendix E.

5.2. Hydrodynamic matrix and stability analysis

Equations (37), together with the constitutive relations equations (35), are non-linear
and difficult to analyze. However, their linearization with respect to the homogeneous
solution found in section 4 still provides useful information, notably concerning the
stability of this reference homogeneous state.

We expand the density, velocity and temperature field around the homogeneous
steady state (p,u,T") = (po,0,7p):

p(T,t) = po—}-ép('l“,t)
u(r,t) =0+0u(r,t) . (38)
T(r,t)=Ty+ 0T (r,t)
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Here, pg corresponds to the global density imposed in the system, and T is given by
the solution of the homogeneous equation introduced in section 4: G(¢g, Ty =T"°) =0
(equation (15) without synchronization, and equation (27) with synchronization).

Following [94, 164], we perform a Fourier transform, with & being the momentum
variable, and we define the longitudinal du(k,t) = k- 6u(k,t) and transversal velocity
field du(k,t) = k. -du(k,t), with k and k,being the unit vector in the direction of
k and perpendicular to k, respectively. We define W(k,t) = (dp,du,0u,,dT"), a vector
containing the linearized hydrodynamic field. In the first order, equations (35) then
read:

O (k1)

o = M (kD) (k.0), (39)

with M (|k|)being the so-called hydrodynamical matrix:

0 —ipok 0 0
l
_ikpp|ﬂo7T0 —y— 77—0]{32 0 _ik;pT|ﬂf)7T0
Po Po Po
M (k) = L 40
() . . s . (40)
Po
G,| _ﬂ]{# _'km 0 Grl _@k2
P p(].,T[) nO 1 nU T PO,T[) no

The subscript 0 on the pressure and each transport coefficient indicates their eval-
uation in the homogeneous state. For conciseness, the derivatives are denoted by a
subscript: 0F /0X = Fx. Here, 77(|)| =10+ (o is the longitudinal viscosity and ng = nq is
the transverse viscosity. As usual, the transverse velocity field decouples from the other
modes in the linear order. The results obtained are consistent with related results found
in the granular system literature [94, 156, 165, 166], and correctly reduce to equilibrium
hydrodynamics in the absence of energy change (G =0) and damping [164].

From equation (39), it is clear that to the first order, the time evolution of the
perturbation around the steady state is characterized by a sum of exponentials with
exponents corresponding to the eigenvalues z(k) of M (k). Indeed, the evolution of the
hydrodynamic fields can be expressed as:

U (1) =M (0) =) ™oy (1 ¥ (0)), (41)
A

where ¢, and v, are the left and right normalized eigenvectors corresponding to the
Ath eigenvalue, respectively, and we used the completeness relation ), ¥ ,\t,of =1.

From equation (41), we understand that the stability of the homogeneous state
is related to the negativity of the real part of the eigenvalues of M. An analysis of
the positivity of the eigenvalues utilizing the Routh-Hurwitz stability criterion [167]
demonstrates, as in previous studies of related systems [94], that the active state is
stable. Consequently, we conclude that the homogeneous state predicted by the kinetic
theory in section 4 remains stable against spatial inhomogeneity.
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This means that the hydrodynamic theory, which goes beyond the mean-field
approach, also fails to predict a phase transition since the non-zero homogeneous state
is always stable, even at low ¢. This justifies, a posteriori, the introduction of an inactive
particle population in the kinetic theory of section 4 in order to achieve a continuous
transition.

5.3. Hydrodynamic modes, dynamic and static correlation functions

The eigenvalues of the hydrodynamic matrix are interesting because they inform us
about the process in operation, on different length scales, in our system. In figure 10(a),
we numerically computed the eigenvalues of M for typical values of v and A. We
omitted the eigenvalue related to the transverse velocity field since it is trivial. The
imaginary part of z corresponds to propagating waves, while the real part corresponds
to damped or diffusive excitations. We see that only at intermediate values of k, in
region II, propagating waves are present. Notably, in the inset, we provide a zoom-in
on region I, where it is clear that at very low wavenumber, there is a regime without
propagating waves. We also observe that only one eigenvalue vanishes at k=0 while
the others do not. This is directly related to the fact that only the density is conserved
in this system.

While the direct measurement of the evolution of hydrodynamic modes is challenging
both experimentally and numerically, spatio-temporal correlations of fluctuations are
more accessible [164]. We define the correlation functions we will employ as follows (with
a slight abuse of notation):

Fy (k,t) = lim (¥, (k,t') Ul (—k,t' +1))
= lim (ba(k,t")ob(—k,t'+ 1))
Sab (k)) = Fab (kZ,O)

Sy (k) = / dte="" By (K, |£])

(42)

where a and b are hydrodynamic fields. If ¢ and b are the density p (or n up to a
mass factor), the correlation functions defined above will be called, respectively, the
intermediate scattering function, the structure factor and the dynamic structure factor.
Note that here the subscripts correspond to the element of the matrix and not to the
derivative.

To perform the averages (-) over different steady-state realizations, we need to either
introduce a probability distribution for the steady-state values of the fields or a dynam-
ical noise to the hydrodynamic equations, equation (39). We chose the latter approach.
When the steady state reached by the hydrodynamical fields is an equilibrium one, the
probability distribution of the noises for the linearized equations, assuming Gaussianity,
is equivalently found using the Mori-Zwanzig projection method [168], Einstein’s fluc-
tuation theory or via the fluctuation dissipation theorem [169-171]. Out of equilibrium,
the choice of an appropriate probability distribution remains ambiguous and, in prin-
ciple, must be derived from the microscopic dynamics [172-179]. However, in our work,
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we will simply assume that the noise has the same form as in equilibrium, a hypo-

thesis often used with success in granular systems [128, 180]. Therefore, the fluctuating

hydrodynamic equations take the form:
o (k,t)

- M (|k|) W (k,t)+

where E is a Gaussian process with the following statistics:

(11

(k,t), (43)

(E(k,1)) =0,

T (1! 2 , (44)
(B(k,t)E" (K',t"))y=2m)"C(k)é(t—t")d(k+ k),
with
0 0 0 0
= 2K°T, "o/ Po : 4
ClR=2kTlg 20" im0 49)
0 0 0 I{()To/n%

The dependence on k? of the correlation C ensures local conservation of momentum and
energy by the noise. At equilibrium, this dependence is necessary because hydrodynamic
fields must be locally conserved, implying that noises must be a divergence of a random
current. In this non-equilibrium context, where neither momentum nor temperature are
conserved, this requirement is less immediate. Nevertheless, the source of stochasticity
remains the discrete collisions that the particles making up the fluid undergo, which
do conserve momentum. The temperature field is, however, not conserved by collisions,
and a term in kY is therefore expected. However, such a term is usually found to be
proportional to the non-Gaussianity of the velocity distribution [176], which we found to
be negligible. Finally, we note that in the linear regime, the noises are non-multiplicative
since their coefficients are evaluated at the homogeneous field values.

With a way to perform averages, we can now compute the correlation functions.
From equation (41), it is clear that the intermediate scattering function is a sum of
exponentials, which implies that the dynamic structure factor is a sum of Lorentzian, one
for each hydrodynamic mode entering into the correlation function. Since equation (43)
is a generalized Ornstein—Uhlenbeck process, we can immediately obtain S(k,w) from a
time Fourier transform of equation (43) and the Wiener—Khintchine-Einstein theorem:

S (k,w) = (M (k) —iwl) "' C (k) (M" (—k) +iwl) . (46)

It can be integrated to obtain the static correlation function S(k). However, it is usually
easier to derive it from the equal-time relation [131]:

M (k)S (k) +S(—k)M" (—k)=—-C (k). (47)

From these equations, it is possible to theoretically derive the static and dynamic correl-
ation functions. However, the expressions are lengthy ratios of sixth-order polynomials
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and thus not given explicitly. Note,however, that by adiabatically integrating the tem-
perature field, simpler expressions can be obtained (see appendix F).
It is insightful to provide some asymptotic analysis in the case where v # 0:

GTTOU['J‘
k2 ask—0
Spp (K) ~ %PO (Grpp — Gopr) (48)
Po -0 as k — 0o
Py
I
Tong ,
—k* ask—0
Suyuy (k) po~ S vpo 49)
Ty as k — oo
Tony , -
—Fk* ask—0
Suiu, (K)po~< vpo (50)
Ty as k — oo
g(To,y,...)k* ask—0
S (k N 51
71 (k) po {TOQ as k — 0o (51)

with ¢ being a complicated function. We recover the equilibrium results in the limit
k — oo; however, at low k, we depart from the equilibrium result, notably by having
expressions with transport coefficients appearing. Moreover, as seen in equation (48),
we find strong hyperuniformity [95, 181-186]: S,,(k) ~ k. This is directly linked to
the fact that the noise locally conserves the momentum while the damping does not,
and is reminiscent of long-range correlations induced by bulk conservation law and
boundary dissipation in self-organized criticality [166, 187-196]. See [197] for a recent
review. This hyperuniformity in a crystal allows the breakdown of the Mermin—Wagner
theorem [198-201].

For the dynamic correlation functions, asymptotic behavior is less interesting since
most of the relevant physics occurs at intermediate frequencies, where sound propagates.
However, we will make use of the asymptotic relation:

S, (k,w) = 2T077(|)| (k/w)"as w — oo, (52)
which can be derived from equation (46). Another interesting limit is given by w — 0:

2T, moTopQTngk2 + GTn(lJ'nopg (G’Tno — 21@0162)

S,y (k,0) ~
" 1% (Grnop, — G ynopr — pprok?)”

(53)

At equilibrium, when G =0, we recover S,,(k,0) ~ k2 as k—0 [202]. However,
in our non-equilibrium setting, this scaling is not verified and at small &, S,,(k,0)
reaches a plateau. It was postulated in [95] that this plateau could be used to facilitate
the experimental detection of random-organizing hyperuniform fluid. As illustrated by
the scaling in equation (53), this phenomenon is not exclusive to hyperuniform fluids,
but is characteristic of systems with a rapidly relaxing temperature field due to its
non-conservation. Indeed, it would be observed for a system without damping ~ (and
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thus non-hyperuniform) but with a nonconserved temperature field (G # 0) due to an
energy change at collision; for example, with A #0, a« <1 and y=0.

Note that at equilibrium, due to the fluctuation dissipation theorem, the static cor-
relation functions at small k are easily obtained because F'(k,t = 0) is known. Therefore,
the dynamic correlation functions can be found without having to explicitly define a
noise [164].

5.4. Numerical results

We performed simulations of our system and determined the different correlation func-
tions by computing F'(k,t). Given the isotropic nature of our system, we averaged over a
range of wavevectors k with similar magnitudes k = |k| and fitted the resulting function
to a sum of complex exponentials, from which we subsequently took the Fourier trans-
form. This procedure is necessary to obtain a smooth non-oscillating Fourier transform,
as F', being an autocorrelation function, is inherently noisy. However, we consistently
verified that the fitting (used as a smoothing method) did not introduce any artifacts.

In figure 10(b), we provide the dynamic structure factor as a function of w for a
given k and temperature. We only present the correlation functions at w > 0 since they
are even. The theoretical prediction from equation (46) is included as a dashed line.
Additionally, in figure 10(c), we present, in the main figure, the static structure factor,
and in the inset, the longitudinal velocity-velocity static correlation for the same systems
as those studied in panel (b). To provide an overview of the peculiarities and similarities
between the system of interest and typical fluids, we present these correlation functions
for four different systems:

e ‘Equilibrium’ is a simple equilibrium hard disk system. Its dynamic structure factor
(panel (b)) exhibits three peaks [203] (only two are visible since we only show positive
values of w): the Rayleigh peak at k=0, related to heat diffusion and to the heat
mode, and the Brillouin peaks at w = ftw(ky), related to propagating sound waves.
The structure factor (panel (c)) and static longitudinal velocity correlation (inset of
panel (c)) are almost flat. The theory works flawlessly in this case [164]. Note that,
at larger k, we expect a non-flat structure factor, for example, with a shape given by
the Ornstein—Zernike theory of liquids [164].

e Here, ‘A alone’ is a non-equilibrium system with o <1, A > 0 but v=0, which was
thoroughly studied in [94]. Due to the nonconservation of energy in this system at
collision (the particles still undergo a ballistic free flight with constant velocity),
the Rayleigh peak in the dynamic structure factor begins to disappear. At lower
k or lower «a, it would not be visible at all, and only the Brillouin peak would be
observable since sound can still propagate due to the conservation of momentum and
density. This shows that even if the temperature field is technically a fast field because
it is not conserved, it is still necessary to take it into account in the hydrodynamic
description to qualitatively describe the observation since its relaxation time becomes
comparable to those of the other fields at intermediate k. This regime was called quasi-
elastic in [94]. Moreover, while at this wavevector S,,(k,w) has an equilibrium-like
shape with a Rayleigh peak, the corresponding static correlation functions are highly
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Figure 10. (a) Typical eigenvalues z of the hydrodynamic matrix M (k)
(equation (40)) as a function of k. The trivial transverse mode is omitted. The
dashed lines are the imaginary part of z while the solid lines are their real part.
We see three typical regions, I and I1T where sound cannot propagate (z are purely
real) and II, at intermediate k, for which sound is present. The inset is a zoom-in
on region I, normalized by the theoretical wavenumber at which we expect a bifurc-
ation k~. ¢=0.3, (A/y0)=1.5. (b) The theoretical (dashed lines) and measured
(dots) dynamic structure factor S(k,w) as a function of w for different systems.
We provide only w > 0 since the function is even. For each system the parameters
are chosen to keep the kinetic temperature roughly constant; we also take ¢ =0.1
and oky = 0.046. ‘Equilibrium’ is a system of hard disks. For each non-equilibrium
system, the temperature is fixed to the same value by varying A and ~ while
keeping o =10.95. Here, ‘A alone’ is a system without v; ‘A 4+, weak damping’ is
A/(ovy) =3.4; ‘A+~, strong damping’ is A/(oy) =2.86 and the system is start-
ing to enter into the critical region. (c) The structure factor for the four systems
considered in (b). The inset is the longitudinal velocity-velocity static correlation
function. (d) Evolution of the dynamic structure factor as k is varied for the ‘A +~,
weak damping’ system. (e) Evolution of the dynamic structure factor as k is varied
for the ‘A +, strong damping’ system. (f) Comparison of the theory and the sim-
ulations between the model introduced in [95] and our model for the longitudinal
velocity-velocity static correlation function, and the transverse one in the inset. In
both systems, =1 and ¢ =0.05. For our system,A /(o) = 7.67. For Lei and Ni’s
model, AE/m(o7y)? = 1388. These choices of parameters lead to approximately the
same temperature for both systems. In all cases, N varies between 5 x 10* and
1.5 x 10°.
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out of equilibrium and display a sharp decrease at low k. It should be emphasized that
this system is not hyperuniform. Specifically, we can prove that without v, contrary
to the asymptotics found for v 0 in equations (48), the structure factor reaches a
finite value. A derivation of this fact is provided in appendix F.

e Here, ‘A 4 v, weak damping’ is the system studied in the main part of this article.
Due to the additional source of energy dissipation (v #0) compared to the previous
system, the Rayleigh peak has almost completely disappeared. We note that sound
peaks are still visible. This indicates that with the chosen k(, we fall into region II of
figure 10(a). The structure factor and longitudinal velocity correlations are again well
predicted, except at small k. We note that the k( used in panel (b) corresponds to a
wavevector where the structure factor in panel (c) is well predicted. As a final remark,
we find, as expected, the hyperuniformity S,,(k) ~ k? resulting from the interplay
between the momentum conserving noise and the global damping predicted from the
theory.

e Here, ‘A + , strong damping’ is the same system as the previous system, except with
significantly increased damping, placing us at the boundaries of the critical region.
Here, the sound modes have completely disappeared due to strong non-conservation
of momentum. Additionally, the theoretical predictions fail. This failure might be in
part attributed to the small population of inactive particles not taken into account in
the hydrodynamic slow modes and the slight non-Gaussianity of the velocity distri-
bution. However, a more rigorous analysis indicates that the theoretical framework
consistently exhibits deviations with the simulations when v # 0, although less pro-
nounced, below a specific £ where v emerges as the predominant dissipative mech-
anism. This is why the density structure factor starts to deviate for the ‘A + v, weak
damping’ model below a given k. This is the inverse length at which the effect of
~ becomes strong compared to the effects of @ and A. In these cases, the velocity
distribution is almost perfectly Gaussian and the discrepancies between simulation
and theory cannot be attributed to our Gaussian assumptions. We again note the
strong hyperuniformity of the structure factor and of the longitudinal static correl-
ation function. However, the critical hyperuniform scaling S,, ~ k% is not observed
at all, meaning that we are still far away from the transition.

In the following, we aim to understand the limitations of our model and its region
of validity. In figure 10(d), we present the evolution of the dynamic structure factor
for the ‘A +-, weak damping’ system as k is varied. At large k, the theory works
well, except at w =0; this is likely due to the hydrodynamic approximation requiring
a small k£ since the same departure from the theory is observed for the ‘equilibrium’
system (not shown). Additionally, although not easily visible in the structure factor in
figure 10(c), the theory slightly deviates for these wavevectors, resulting in disagreement
for the dynamic structure factor. At intermediate k, the theory agrees perfectly with the
simulations. Decreasing the wavevector again makes us fall into the region dominated
by v, where neither the structure factor nor the dynamic structure factor are well
predicted. We also note that for the smallest k, we see the Brillouin’s peak decreasing
as we approach region I.
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In figure 10(e), we give the evolution of the dynamic structure factor for the ‘A +
v, strong damping’ system as k is varied. However, in this case, we know that the
theory is completely wrong, partially because of the non-Gaussianity of the velocity
distribution function but probably also due to additional effects not taken into account
in the theory. We therefore normalize the dynamic structure factor by S,,(k,0); this
helps us eliminate, in part, the issue induced by a wrong prediction of the structure
factor. At equilibrium, we could completely factorize the dynamic structure factor into
a part that is independent of the noise used due to the fluctuation dissipation theorem.
Indeed, the quantity S,,(k,w)/S,,(k) would be purely computable from M without the
need to include a noise term. In this non-equilibrium system, S,,(k,0) is also related to
S,r(k) in a non-trivial way and the same argument cannot be made. This will, however,
provide useful information. We see that while the theory does not quantitatively predict
the results from the simulations, it ably captures the change in region from II to I as
k is decreased. This leads us to conclude that the equilibrium noise we chose may be
wrong, although the expressions for the transport coefficients are roughly correct.

Based on [95], these results are quite surprising. In this study, a similar model was
used where a constant energy AFE is injected at collision instead of relying on a constant
velocity injection A, as in our case. Our systems are equivalent at the level of the density
and momentum field but differ at the level of the temperature field due to different G:

GLei and Ni :w(qb,T)AE—Q'yT
2 . 54
GA+7 =w ((]5, T) <mA2 +am (Vij : 6'77) A—m Lo (Vij : &ij)2>coll — 2’7T ( )

As clearly visible in these equations, our energy injection depends on the kinematic
of the impact (and thus, on the temperature after the average on the collisions) while
this is not the case in the system introduced in [95].

Surprisingly, with only the density and velocity fields, Lei and Ni obtained very good
agreement between their simulations and the theory in the strong damping case (where
the temperature is a fast field). This raises the question: why does our theory—which
incorporates the temperature field in addition to the momentum and density fields—
not work in our system, despite performing very well in the system studied by Lei and
Ni? In figure 10(f), we present a comparison of simulations between their model and
ours at the same density, damping and coefficient of restitution (in both cases a=1
and all the dissipation is dealt by ). We fixed A in our system and AFE in theirs such
that the temperature in both systems is the same. We also verified that the velocity
distributions in both systems are similar and almost perfectly Gaussian (not shown). In
the main panel, we provide measurement of the longitudinal static correlation function
for both models alongside the predictions from the theory. The theory works fairly well
for the model by Lei and Ni up to a factor of around 1.5. However, it completely fails
for our system. From equation (49), we know that according to the theory, the low
k longitudinal static velocity correlation function is proportional to the longitudinal
viscosity 77(|J|; this suggests that the equilibrium viscosity coefficient used in the theory is
not the right one, especially in our model. This disagreement between the two models
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also holds for the structure factor (not shown). Interestingly, the models agree for the
transverse velocity correlation function, as seen from the inset of figure 10(f). Since, for
this observable, the theory works well, we are led to assert that the shear viscosity of
both systems is very close to the equilibrium one used in the theory. Indeed, the low &
transverse static velocity correlation is proportional to 13- = 79. From this figure alone,
we would thus be encouraged to think that the discrepancies between the two systems

and between the theory and our system are solely due to the value of the longitudinal

viscosity 77(|)| =1+ (o used in the theory, and thus, the value of the bulk viscosity (j

since the measured 7y from the transversal correlation function seems consistent with
the equilibrium one used in the theory. This would imply a bulk viscosity of an order
of magnitude larger than the shear viscosity.

Nonetheless, from equation (52), we also predict that the large w tail of the dynamic

structure factor is proportional to 77(|)|. But we see that this tail is very well predicted
by the theory for the ‘A + 7, weak damping’ model in figure 10(b), implying that from
this observable we are using a correct value for the longitudinal viscosity. Moreover, we

remark that according to the theory (equations (F14) and (53)) both S,,(ko,w — 0)

and S,,(ko,w — 00) should be proportional to 77(|)|7 which implies that, if the viscosity

was the issue, we should observe discrepancies of similar orders of magnitude at w =0
and w — oo, which is not the case.

In short, following the theory with the equilibrium noises, two different measure-
ments of the longitudinal viscosity lead to two different values. This hints at a potential
flaw in the choice of noises used.

An exact understanding of the root of the issue would require more work and is
a very interesting question. It tells us that in systems where the energy is injected at
collision, a slight difference in the method of energy injection can completely change
the structural properties of the system. It also indicates that the assumption of an
equilibrium like noise is generally unjustified, or that the transport coefficients can be
strongly affected by the nature of the collisions. We also note that only data at small
densities were presented, but due to the Enskog’s correction, the theory works very well
at higher densities (densities up to ¢ =0.5 were tested, see figure 14).

In this section, we only analyzed the 2D system. A similar analysis could be per-
formed for the realistic quasi-2D model. Analysis (not shown) indicates that the dynamic
structure factor obtained in the realistic quasi-2D model is consistent with the picture
given for the effective 2D model; however, there are differences concerning the struc-
ture factor. In the realistic quasi-2D model, the structure factor never shows a strong
S,p(k) ~ k? hyperuniformity. This is explained by the lack of conservation of the center
of mass of the noise. In an idealized quasi-2D system, the global damping is due to tan-
gential friction happening at each grain—plate collision. Thus, the damping is applied
stochastically and discretely. Compared to the idealized global damping of the effective
2D model, this does not conserve the position of the center of mass and, as was demon-
strated in [198], forbids true hyperuniformity. In an experimental system, the roughness
of the plate would also affect the dynamics and would be the most important effect. A
particle would act closely to a Brownian particle and a global noise would be effectively
applied [204, 205], forbidding hyperuniformity [198].
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Finally, the dynamic structure factor of the system close to the transition would
merit further investigations. However, this is a topic for a separate study. Regardless,
the results are expected to diverge significantly from the predictions of a simple linear
theory. Indeed, in the vicinity of the transition, even a Gaussian theory going beyond the
mean field is unable to predict the critical induced hyperuniformity [116]. Consequently,
a renormalization group approach is necessary for a comprehensive understanding of the
underlying physics [116].

6. Conclusion

In this work, we conducted an in-depth investigation of the system introduced in [55].
We demonstrated that an absorbing phase transition can occur in a granular system,
with the nature of the transition determined by the presence or absence of synchroniza-
tion. Building upon our previous findings, we analyzed, in greater detail, the structural
properties of the system, both near the transition and within the active phase. We
found that the critical point of the continuous transition exhibits a highly heterogen-
eous steady state, characterized by avalanche dynamics and non-trivial correlations,
with critical exponents consistent with those of the conserved directed percolation uni-
versality class. In contrast, the discontinuous transition displays a more homogeneous
state up to the onset of nucleation, which subsequently drives the system into a cooling
regime reminiscent of free granular cooling and its associated instabilities. Furthermore,
the active state of the corresponding two-dimensional effective model was shown to pos-
sess long-range correlations and to display hyperuniformity. Building on the theoretical
framework established in [55], we derived, from the microscopic degrees of freedom, the
field theory of the conserved directed percolation for our particle system, enabling a
quantitative prediction of the homogeneous asynchronized state close to and far from
the transition. By incorporating synchronization at the mean-field level, we also quantit-
atively captured the discontinuous transition. Finally, by including fluctuations around
the homogeneous state, our extended theory successfully accounts for all observed cor-
relation functions of the non-equilibrium liquid, as well as its emergent hyperuniformity.
Future work will focus on a more detailed experimental analysis to further valid-
ate the universality of our findings. Numerical investigations are still needed to better
understand the tricritical point and the nucleation pathway in this system.
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Appendix A. Argument and potential derivation of the overpopulated tail of the
velocity distribution

We follow [118, 119, 156] to derivate an overpopulated tail in granular medium. We
adapt their argument to potentially explain the overpopulated tail observed close to
the continuous transition in figure 7. We note, however, that the physical mechanism
leading to this overpopulated tail is different in the simple granular cooling and in our
case.

We start from the Boltzmann equation in our system, equation (31), and focus
on large velocities v; > A. At high velocities, the only terms that will contribute to
the probability change are the viscous damping drift v0/0v - (vf) and the collisional
gain term (the first term in equation (32)). The collisional loss term is negligible, as
particles primarily cool down due to drag rather than collisions. Hence, in the steady
state, assuming homogeneity, we can write down the following approximated Boltzmann
equation:

0

f (o)) £ 00
_781;24 —
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We proceed by noting that since the considered particle ¢ has a large velocity v;, it
will on average collide with particles of smaller velocity. Consequently, v;; >~ v; and
v;j - 0 —2A ~v; - 6;;. For ease of theoretical computation and to deal with the post
collisional velocities, we focus on 1D systems where we do not expect any differences
for the velocity distribution in simulations. We further simplify the problem by setting
a =1 since the same overpopulated tail is also obtained in an elastic system [95]. These
assumptions for positive v; lead to:

—va% (0:) = 2x0 (0, (1)), (A2)

which admits as a solution:
f(v) = ze—Pv —1log(v) (A3)

with 8 =2yo/v and Z is an integration constant. Equation (A3) demonstrates the
potential development of an exponential overpopulated tail. However, a rigorous numer-
ical and theoretical analysis are necessary to validate our approximations. Notably, the
assumption of homogeneity is uncontrolled, as we saw that the population of active
particle has a drastic effect on the global temperature of the system. Moreover, 1D sys-
tems are known to exhibit peculiar thermalization [206-210]. For example, a system of
1D hard elastic particles would never reach equilibrium because the collision rule would
simply exchange the velocities of the colliding particles. A Gaussian velocity distribu-
tion would never be reached and the initial distribution would be conserved. With our
non-equilibrium collision rule, a 1D fluid can equilibrate. However, there might still be
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some differences compared to the 2D case, particularly regarding the efficiency of the
energy spreading.

Verifying our proposition is not the main concern of the paper; we thus left this
investigation for further studies.

Appendix B. Critical hyperuniform scaling for S, (k) and S,.,: (k)

In figure 11, we present the well-established hyperuniform scaling of the structure factor
S,,(k) at the critical point. More unexpectedly, we also observe hyperuniform scaling
for the longitudinal and transverse velocity correlation functions. Specifically, the lon-
gitudinal velocity correlation function decays as a power law ~ k%® over an appreciable
range of k. One might have anticipated that near the critical packing fraction ¢., the
only relevant fields would be the number of active particles and the density, leading to
trivial velocity correlations. However, this is not the case. Remarkably, the transverse
velocity field also exhibits hyperuniform scaling, decaying approximately as ~ k%%,
which is consistent with the expected ~ k? scaling induced by the interplay between a
global damping and a noise conserving the center of mass of the system, as described
in section 5. In the linear regime—expected to break down near the transition—this
scaling is indeed anticipated for the transverse velocity field.
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Figure 11. S,,(k), S, (k) and S,1,1 (k) as a function of k close to the critical
point: N =10°, a=0.95, A/(07y) = 1.5 and ¢=0.1512.

Appendix C. Hyperuniform and clustered metastable fluids

The model presented in [104, 105] is similar to ours. While it does not contain syn-
chronization, the collision dynamics is effectively similar to ours. In their model, if two
particles collide with an energy smaller than a certain threshold, then the particles
undergo elastic collision; otherwise they gain a finite amount of energy. A viscous drag
is also applied during the free flight. In our model, particles that do not have a lot
of energy are, on average, those which traveled for a long time and are slowed down
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Figure 12. (a) The structure factor as a function of k for our system with synchron-
ization but with a=1 at ¢$=0.22, N =10° (very close to the transition packing
fraction) and ¢ =0.223, N =4 x 10° (almost stable). (b) The average waiting time
for the metastable state (¢ =0.22) to reach the absorbing state as a function of the
number of particles in the system. The average is performed over 20 independent
runs. 1/(y7) =4.33 and A/(yo) =1.33.

due to drag. Hence, they are likely to be synchronized and will therefore undergo col-
lisions with A = 0. This might mimic the effect of the energy-activated active collision
of the models studied by Lei et al. Thus, the rough phenomenology of both models
is similar, even though [104, 105] do not consider dissipative collisions, and drag is de
facto their only source of dissipation. Interestingly, they find that the pathway of the
metastable fluid to the absorbing state is seemingly not driven by a nucleation process
but by large wavelength fluctuations, which are suppressed due to the non-equilibrium
nature of the system. Indeed, they find that the metastable fluid has suppressed density
fluctuations. On this basis, they argue that the non-equilibrium equivalent of the equi-
librium metastable state becomes kinetically stable in the thermodynamic limit, due
to the suppression of large wavelength fluctuations. The shrinking of the metastable
region with system size is also observed using the minimal field theory of the conserved
directed percolation universality class, modified to obtain a first-order transition [53,
106]. This is in disagreement with our results, as well as what was found in [33]. We
believe the discrepancy is caused by the presence of dissipative collisions in our system
that induces the formation of clusters, which enhance long-wavelength fluctuations and
allow the regular nucleation pathway to the transition. Indeed, in contrast to [105],
where dissipation arises solely from viscous drag, our model with a <1 includes dis-
sipative collisions, which are responsible for driving the system to the absorbing state.
The purely dissipative collisions between synchronized particles cause clustering, there-
fore inducing a peak at a wavevector k" in the structure factor of the metastable fluid.
These clusters appear to aid the system in reaching an absorbing state via a mechanism
equivalent to equilibrium nucleation. Indeed, the system size L", at which a sharp drop
in waiting time is found in figure 6, corresponds roughly to 27/ k*. However, it remains
highly unclear why such phenomena facilitate the transition.
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We now turn our analysis to a metastable fluid with a discontinuous transition but
with a=1. In figure 12(a), we present the structure factor in the metastable regime
(close to the discontinuous transition) in our model, but with =1 where collisions
are elastic, and therefore clustering does not occur. In contrast to the metastable fluid
with a#1 (figure 7), we do not observe any peak in the structure factor. Instead, a
hyperuniform scaling close to k' (but not incompatible with k? scaling at lower k)
is visible for the metastable fluid (¢ =0.22), in agreement with the results from [105].
We also note that a very long k°? scaling is observed close to the metastable fluid.
Additionally, the average waiting time (ty.it) increases monotonically with system size
(or N), as shown in figure 12(b). This is in contrast with the non-monotonic behavior
observed in figure 6. Thus, when dissipative collisions are absent, our system behaves
similarly to that studied in [105], allowing a hyperuniform scaling to emerge in the
metastable fluid. This scaling seemingly prohibits nucleation in the limit N — oo.

Appendix D. Tricritical point and continuous transition with synchronization

As discussed in the main text, even with synchronization, we can observe a continuous
transition because the synchronization time competes with a finite mean collision time
in the active region. Thus, at a large but finite synchronization time 7y, significantly
longer than the minimum mean collision time in active regions, synchronization will
not influence the transition, which remains continuous. A less straightforward example
of a continuous transition at finite 7y occurs when a < 1, as illustrated in figure 13(a).
Indeed, we observe that by decreasing «, the transition becomes continuous. The con-
tinuity of the transition is made explicit in figure 13(b), where a scale analysis is per-
formed for o= 0.8 and shows that the temperature of the last active steady state tends
to approach 0 with increasing system size. While the theory cannot quantitatively pre-
dict this transition, it still gives a qualitative answer. As evidenced from equation (29),
in the case of small «, a discontinuous transition is theoretically predicted to occur at a
small T,. However, the population of inactive particles will reach 0 before the theoret-
ical discontinuous transition happens, leading to a continuous transition instead. Similar
transitions have been investigated in sandpiles belonging to the conserved directed per-
colation universality class [53]. In those systems, the mean-field approximation has been
shown to quantitatively fail considerably around the passage from the discontinuous to
continuous transition; notably, it has been found that the continuous transition for a
range of parameters, is fluctuation induced.

This behavior implies the existence of a non-equilibrium tricritical point in our
system. Such a phenomenon has been documented and thoroughly investigated in a
closely related system in [104]. It would be interesting to observe a tricritical point in
the realistic system as well. It will require further exploration, for example, through the
use of very inelastic beads, such as plastic ones. Note that a tricritical point has also been
observed for the liquid—solid phase transition of a quasi-2D granular gas [74, 75, 211].
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Figure 13. (a) Transition from the discontinuous to continuous transition with
synchronization as « is decreased: N =10000, A/(yo) =2.5 and 1/y7, =25. (b) A
close-up of the transition for « =0.8 with a scaling analysis showing that the last
active steady state ATy, goes to 0 with system size, proving the continuity of the
transition. The dashed line is the expected power law with the exponent from the
conserved directed percolation universality class.

Appendix E. Expression for the transport coefficients and numerical values

As mentioned in the main text, we use the simple Enskog’s equilibrium transport coef-
ficients. They should give reasonable results in the active state. Moreover, while our
simulations are mostly performed at ¢ =0.1, the theory works well at higher densities
(see figure 14, where ¢ =0.5, for instance). Here, we provide a list of the expressions
used. They are derived assuming molecular chaos and a Gaussian velocity distribution.
We will also use the equilibrium contact value of the pair correlation function [129]:

_1-7¢/16— $3/20

X = (©)
The pressure is given by [136]:
p=pT (14 (1+a)dx(¢)) +8Vmmepx (¢) AVT. (E2)
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The transport coefficients we used are the equilibrium ones from Enskog’s theory [180]:

1 mT 2
n=5-\ (x ' +20+(1+8/m)x¢%)
84>  |ImT
C:EX T
Y [T . (E3)
H:;\/%(x_1+3gz5+(9/4+4/7r)x¢2)
puw=0
v=>0

For the transport coefficients, taking into account A and «, see [136]. The transport
coefficients with A + v are not known and should be derived from the Chapman—Enskog
procedure.

Appendix F. Adiabatic slaving of the temperature field: M " and theoretical
correlation functions

As already stated in the main text, we can find exact theoretical expressions for the
eigenvalues of M or the dynamic and static correlation functions using equations (46)
and (47). However, their expressions are not particularly useful since they are third-order
polynomial roots or made of the ratio of polynomials of degree up to k5. Therefore, it
becomes necessary to perform approximations to make the computations more tractable
and the results clearer. One way is to integrate the temperature field by assuming that
it varies more quickly than any other field. This assumption is exact at k=0 since the
others fields are conserved and hence have a relaxation timescale diverging with 1/k.
However, at larger k, this assumption will not be as good. Moreover, when v 0, the
momentum field is also a fast field at small k. In what follows, we will only integrate
the temperature field by following [94], in order to obtain a hydrodynamic description
with only the velocity and density fields.

From equation (40), the evolution for the temperature field reads (we again drop the
explicit evaluation of the derivative at the homogeneous state and the small transport
coefficients 1 and v):

OT (t) = =0T (t) + $(1), (F1)
with:
(k) = —Gr+ 2k2, (F2)
1o
S(t) = G,dp — ik%éuu FEr () (F3)
0

where E7 is the noise on the temperature field defined in equation (45). A very crude
approximation would be to set 67" = 0. However, we can go further by formally solving
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this equation, taking the disturbance due to dp and du as sources S(t) for 6 T, which is
damped at a frequency I'. Its solution is:

t
OT (t) = / dt’e" =g (t"), (F4)

—0o0

with I' = —Gt + kok? /ng > 0 is an inverse relaxation time for the temperature field and
where we assumed 07'(—o0) = 0 without loss of generality since we are only concerned
about the long time limit. We could then replace this solution for §7°(¢) in the hydro-
dynamic equation given by ¥ = M¥. We would have eliminated the temperature field
exactly, at the cost of having to deal with a non-Markovian system with an exponential
kernel. At that point, it is possible to indeed follow this route, integrate the equations
by parts and eventually perform an expansion on the resulting equation for the density
and velocity. However, we follow [94] and immediately perform the adiabatic expansion
on equation (F4) by performing successive integration by parts to expand the integral
in powers of I'"'. Here, I is assumed to be large compared to the other relaxation scale
due to its finiteness at k=0, allowing us to truncate the expansion without significant
loss of physical accuracy. The expansion is performed as follows:

eF(t —T)S(t/) t 1 t _
— - 1 Tt —=t) of (47
{ T }Oo F/—oodt e s (t")
N n an
:Z(_l) ans (1 | (F5)
LT g
< (" /t o DS ()
dtl (t t)
+ Z Tm oo ¢ otm
m=N-+1
s(t)  S() 3
T—W—F@(F )

Next, we will retain only the first two terms (up to the first time derivative) because
the remaining terms contribute at orders higher than k2 in the hydrodynamic equations.
By doing this, we transformed the memory dependence into a derivative dependence,
effectively rendering our equation Markovian. Naturally, an infinite series of derivatives
is non-local; only the truncation at a finite order is Markovian. It is important to note
that the first term of the expansion corresponds to §7" = 0, indicating that the second
term, proportional to S, introduces a genuinely non-instantaneous contribution.

By taking the derivative of & and inserting into it the hydrodynamic equations for
dp and duy we obtain:

S(t) =—1 (pOG/) + ng/no) k6U|| (t) + ET (t) +© (]{72) , (F6)
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where only terms up to the first order in k are kept because higher terms would contrib-
ute to the order k"2 in the hydrodynamic equations. The formal derivative of the white
Gaussian noise has to be understood as a weak derivative in the sense of distributions.
It has the following correlation:

2Er (k,t) Er (K, "))

<ET (kat)ET (k/,t/)> = - (t—t/)Q ) (F7)
or equivalently, in Fourier space:
(Zp (k,w)Ep (K, w")) = w*(Er (k,w) Er (k' w")). (F8)

Note that these relations hold only when = is a Gaussian white noise process.
Setting the noise to 0, and replacing all 87T in the first two rows of M by the
expression found in equation (F5), we find M"):

0 —ipok
M (k)= ik < _ GppT) e nj (G =7)(po+ro)pr  Gppr 2 (F9)
po ' Gr 0T PO G3.pong G% T

This reduced hydrodynamics model includes correction to the simple model intro-
duced by Lei and Ni [95] to describe a hyperuniform fluid. The first stability criterion
is again apparent here in the velocity—density coupling. Similar systems, with an effect-
ive A, were found to be unstable due to the positivity of this term [212, 213]. At
equilibrium, spinodal instabilities related to phase transitions are also captured by the
in a hydrodynamic theory, since the compressibility 1/(pp,) becomes neg-
ative. However, such instability analysis on the hydrodynamic matrix cannot capture
the binodals, metastability and coexistence densities, as these require thermodynamic
information or additional constraints [214-218].

We now turn to correlation computation. Due to the peculiar correlation of the
derivative of the white noise, it is not very practical to use the relations used in the
main text to find S(k,w) and S(k) (equations (46) and (47)). Moreover, the adiabatic
expansion in its impressive state starts to become heavy to carry since second derivat-
ives of noises arise. To easily compute S(k,w) and S(k), we chose to ignore the time
derivative contribution S(¢) in the expansion of 67'(t), which involves simply setting
6T = 0. This is inconsistent but leads to good results. For simplicity and for illustrative
purposes, we will work in the case v =0, which implies GG, = 0. This allows us to nicely
predict the observed shape of the structure factor for the system ‘A alone’ in figure 10.
To continue, we take the derivative of du:

I pr &

5ﬁ|| (t) = —pka(SuH (t) — n—0k25d” (t) —ik— + E“H (t). (F10)
Po po T
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from the reduced theory
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Figure 14. Comparison between the structure factor found in the simulations of
the simple A model without damping, the full theory (obtained from the full hydro-
dynamic matrix) and the adiabatic slaving (equation (F14)): a=0.9, ¢ =0.5 and
N =2.5x 10°.

Taking the Fourier transform of this equation and computing S . (k,w)=
(u(k,w)u(=k,—w)) leads to:

IU“LL“ + ,LLT

Sy (kyw) = N2
(k2w (- )

(F11)

with g, and pr related to the variance of the time derivative of the velocity and

temperature field, respectively:
Houwy = QkaQTU(‘)‘/P27 (F12)
pr = 2K ATk (120"

We can integrate between —oo and co and divide equation (F11) by 27 to find the
static correlation function. This gives the simple result:

£o Do

S22 —s, (k)L

lall ( )To oo ( )poTo
Kkok? GT77(|J|/)O

= + ,
kok? 4 Grpo p%TO + T](|]| (kok? + Grpo)

(F13)

where the density structure factor was found using the density field hydrodynamic
equation.
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As with v #0, at large k we recover the equilibrium result. Nonetheless, when G #
0, we see that the system has a transient hyperuniform scaling (first term) until it
reaches a constant value given by:

Ty 1
Spp(0)/po = (1™ o | (F14)
P 14 gﬁop

Interestingly, the equilibrium limit Gt — 0, which occurs, for example, when o — 1,
is singular. Indeed, as we approach this singular equilibrium limit a— 1, the value
of S(0) decreases to 0, moving us further away from the true equilibrium result that
is proportional to the temperature and the compressibility. However, as this limit is
approached, increasingly smaller values of k are required for the transient hyperuni-
form scaling to manifest. This implies that infinitely close to the equilibrium limit, an
infinitely large system is required to observe the non-equilibrium behavior of the struc-
ture factor. One might argue that our theoretical predictions become unreliable near
equilibrium because the parameter T does not vary rapidly. However, it is important to
note that a value of k will always exist for which the conserved fields p and u evolve more
slowly than the non-conserved temperature field. Therefore, the asymptotic behavior
remains reliable and, indeed, exact.

A comparison between simulations and theory is given in figure 14 for the structure
factor. The reduced theory (that developed in this section, with the adiabatic slaving)
works very well. Note here that a=0.9 and ¢=0.5. It is satisfying that the theory
still works at such high densities. At lower a, however, we would not expect such good
agreement. Note also that we chose a reasonably small a and high densities because
they both facilitate the observation of the transient hyperuniform scaling.
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