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ABSTRACT

Non-equilibrium phase coexistence is commonly observed in both biological and artificial systems, yet understanding it remains a significant
challenge. Unlike equilibrium systems, where free energy provides a unifying framework, the absence of such a quantity in non-equilibrium
settings complicates their theoretical understanding. Granular materials, driven out of equilibrium by energy dissipation during collisions,
serve as an ideal platform to investigate these systems, offering insights into the parallels and distinctions between equilibrium and non-
equilibrium phase behavior. For example, the coexisting dense phase is typically colder than the dilute phase, a result usually attributed
to greater dissipation in denser regions. In this article, we demonstrate that this is not always the case. Using a simple numerical granu-
lar model, we show that a hot solid and a cold liquid can coexist in granular systems. This counterintuitive phenomenon arises because
the collision frequency can be lower in the solid phase than in the liquid phase, consistent with equilibrium results for hard-disk systems.
We further demonstrate that kinetic theory can be extended to accurately predict phase temperatures even at very high packing fractions,
including within the solid phase. Our results highlight the importance of collisional dynamics and energy exchange in determining phase
behavior in granular materials, offering new insights into non-equilibrium phase coexistence and the complex physics underlying granular
systems.
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I. INTRODUCTION

The theory of equilibrium phase coexistence as formalized
by Gibbs establishes that mechanical, thermal, and chemical equi-
librium are necessary conditions for the stability of a heteroge-
neous substance at equilibrium.! With the recent advancements
in non-equilibrium statistical physics, it has become evident that
phase coexistence phenomena are equally ubiquitous in out-of-
equilibrium systems” * and that Gibbs’ equilibrium conditions must
be relaxed, for example, 1n active matter systems or in driven
chemical phase transitions.”” This realization has sparked signif-
icant theoretical and experlmental efforts to explore the differ-
ences and similarities between these non-equilibrium cases and
their well-known equilibrium counterparts.” "’ Several peculiar-
ities characterize phase coexistence in non-equilibrium systems.
For instance, in active systems, the common tangent construc-
tion fails and must be replaced by alternative constructions based

on an effective free energy.'* Similarly, the bulk density of the
coexisting phases may depend on the effective surface tension, ”'®
highlighting the system’s deviation from a conventional under-
lying free energy. Out of equilibrium, the coarsening dynamics
are also unusual, with phenomena such as non-standard rough-
ness of interfaces at coexistence,'”'® peculiar growth of length
scales during coarsemng,’“ *’ and reversed Ostwald ripening
leading to bubbly phases’”” or microphase separation.”’ While
surface tension between phases can still be defined following dif-
ferent equilibrium definitions, these approaches can vyield differ-
ent results in non-equilibrium systems.”* " Similarly, macroscopic
heat flux between phases and peculiar 1nterfac1al properties can
be observed in boundary driven systems.”* > Dynamic phenom-
ena such as traveling,” pattern- forming,””° and even chasing
coexisting phases’” have been observed as well.

Recently, inspired by biologically active systems, a grow-
ing interest in underdamped self-propelled particles surfaced.” "
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Among other things, it has been observed that these particles can
undergo a motility-induced phase separation,” " with a dense
phase colder” than the dilute one due to reduced effective self-
propulsion in the dense phase.” This highly non-equilibrium effect
was recently observed in an experimental system.”® In contrast,
Ref. 47 reported motility-induced phase separation resulting in a
hotter solid. Similar observations, in stark contrast to Gibbs’ require-
ment of thermal equilibrium, were previously made in the study
of vibrated granular media, where gas-liquid"* ™ and liquid-solid
phase coexistence”’ " consistently revealed a colder dense phase.
These results have traditionally been explained by the assumption
that the denser phase must dissipate more energy and, therefore, be
colder due to a higher collision frequency compared to the coexisting
dilute phase.

Nonetheless, a hotter solid was recently observed in a driven
2D granular system.”! This phenomenon was, however, attributed
to boundary effects rather than induced by the inter-particle inter-
action. In a recent realistic numerical study of a vibrated quasi-
2D granular system, we also surprisingly observed that a crystal
composed of bidisperse beads can exhibit a hotter solid than the
coexisting liquid.”* This temperature difference partially arose from
geometric effects that cannot occur in a monodisperse system. In
this paper, we simplify the previously used model by employing only
monodisperse beads and demonstrate that even for such simple sys-
tems, it is possible to find a solid phase hotter than the coexisting
liquid. Surprisingly, we find that dissipation during collisions can be
the key mechanism for a hotter solid. By developing a kinetic the-
ory to explain these results, we show that, although the solid phase is
always denser, its particle collision frequency is typically lower than
in the coexisting liquid, reducing dissipation and enabling the solid
to be hotter.

This paper is organized as follows: in Sec. II, we present and
simulate a simple 2D granular model in the liquid-solid coexistence
region, showing how a hotter solid can emerge. In Sec. I1], we explain
this behavior using an equilibrium-like argument based on the col-
lision frequency of hard-disk coexisting phases and then extend the
discussion with a fully non-equilibrium theory. Finally, in Sec. IV,
we discuss the relevance and broader implications of our findings.

Il. NUMERICAL INVESTIGATIONS

To explore the temperature differences between the coexisting
liquid and solid phases in a system of dissipative hard disks, we con-
sider a simple model system with two distinct limits. In this section,
we describe both the model and the simulation methods we use to
study them.

A. The model

A quasi-2D vibrated box serves as a paradigmatic system for
investigating driven granular systems.””***"">*" In this setup, par-
ticles are confined within a quasi-2D horizontal plane, bounded by
parallel top and bottom plates. The system is driven by vertical vibra-
tions of the container, which inject energy into the vertical degrees
of freedom of the particles. This energy is subsequently dissipated
and redistributed across the horizontal plane through inter-particle

collisions.
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To capture the essential physics of the quasi-2D system, we pro-
pose the following 2D coarse-grained model. The system is made of
2D dissipative hard disks of mass m and diameter 0. When two par-
ticles collide, they can both dissipate energy and gain momentum,
leading to the following collision rule:”"’

1+« N N
'vf:v,'f[—z (v,»j'a,-j)th]O','j,
1)

1+a . .
'v;- =j + [72 ('U,'j . O‘,‘j) + A]Gij,

where v is the post-collisional velocity of particle i, while ¢;; and
vjj are, respectively, the unit vector joining particles i and j and
the relative velocity between them. The coefficient of restitution
0 <a <1 governs the dissipation during collisions, and A >0 is
responsible for the velocity injection. This velocity injection mim-
ics the energy redistribution during grain-grain collisions in the
quasi-2D system described above. The energy change during a col-
lision can be either positive or negative, depending on the relative
velocity of the particles. For large relative velocities, |vjj| > A, and
sufficiently small «, the term proportional to & dominates, lead-
ing to dissipative collisions. Conversely, at low relative velocities,
energy dissipation through « is minimal, and instead, particles
gain an additional velocity A, effectively injecting energy into the
system.

Between collisions, the hard disks are also coupled to an exter-
nal bath at granular temperature T;, with drag y via a Langevin
equation,

dv
— =—yv +

i 29Ty /mn, (2)

where 7 is a random vectorial white Gaussian noise with unit
variance and zero mean. Comparing again to a vibrated quasi-2D
granular system, this effective noise would represent the roughness
of the top and bottom plates confining the particles in the realistic
quasi-2D model. Collisions with these plates cause the hard disks to
behave as Brownian particles on the horizontal plane for time scales
larger than the one set by the frequency of the shaking.”*’
We focus on two limiting cases of interest:

e The A+y model, where Tj,= 0.>** Here, particles
lose energy during their free flight according to wv(t)
= voe ", while collisions, on average, increase the system’s
energy—although in some cases, they may also lead to
energy loss. This 2D model is representative of a quasi-2D
system in a dynamical regime where particles are shaken
with sufficient energy to undergo strong collisions with
both the lower and the upper plate. y effectively accounts
for the horizontal energy loss due to tangential friction with
the smooth plates, while A reproduces the energy transfer
between the vertical and horizontal degrees of freedom
at collision. The equilibrium limit corresponds to A — 0,
a—1l,andy — 0.

e The granular Langevin model (GLM), where A = 0.””% In
this case, all the energy is supplied by the bath, and col-
lisions only dissipate energy. In the quasi-2D system, this
corresponds to grains confined between rough plates that
are not strongly shaken, which limits their vertical motion
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and interaction with the upper plate. In this regime, surface

asperities transfer energy primarily into the horizontal plane
during grain—plate collisions, while grain-grain collisions
contribute minimally to the energy change in the horizontal
plane. In the limit & — 1, we recover an equilibrium system.

B. Numerical simulations

Using event-driven molecular dynamics,”” we simulate both

models described above using up to N =~ 10° particles in boxes
of size Ly x L, with periodic boundary conditions. We define
¢ = N7(0/2)*/LyL, as the packing fraction of the system and focus
on the region near the equilibrium liquid-hexatic transition. For
simplicity, we will refer to the crystalline or hexatic phase in coex-
istence with the liquid as the “solid phase” of the system without
making a distinction between the two.

The granular temperature T of the system is defined as’"”"

T= (vi), 3)

m

=

Il
—_

1
2 1
where (- - -) represents a time average. When explicitly stated, it also
includes an average over different initial conditions. In addition, we
define the pressure p as the virial pressure (see Appendix A),

"y (e ea)l @

= +
LiLy ZLxLytcou—ij 2

We present the results of our simulations in the coexistence
region of the liquid-solid phase transition in Fig. 1. The top pan-
els show the results for the A +y model, while the bottom panels
display the results for the GLM. For the A + y model, we observe
a Mayer-Wood loop™” 9295 in the pressure [panel (a)], indicating a
first-order phase transition. More intriguingly, in the coexistence
region, the granular temperature also exhibits a non-monotonic
trend [panel (b)]. Unlike the loop in pressure, this phenomenon is
not related to interfacial effects, as it does not disappear with increas-
ing N. Instead, it is most likely associated with the coexistence of two
phases at different temperatures. Indeed, if the existence of a lever-
rule for the density field is assumed,”” the temperature field, which
is slaved to the density and crystallization field, should also follow
a lever-rule. As the density increases, a larger fraction of the system
transitions to the solid phase, following the conventional lever-rule
for the density field. Consequently, a greater portion of the system
attains the temperature of the solid. Since in panel (b) the global tem-
perature decreases, we hypothesize that the coexisting solid phase is
colder than the coexisting liquid phase. This is confirmed by direct
computations of the temperature T(x) and density ¢(x) profiles,
corresponding to a given phase separation, averaged over multiple
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FIG. 1. Top: A + y model (A/oy = 1.1 and « = 0.95), and bottom: GLM [T,,/m(ay)? = 0.125 and a = 0.99)]. (a) and (d) Pressure as a function of the density. (b) and (e)
Energy as a function of the density. First two panels of (c) and (f) show granular temperature and density averaged over a y slab in [x, x + 10¢]. Last panel of (c) and
(f) shows snapshot of a liquid-solid coexistence, particles are colored by the angle of hexatic local order parameter Arg(y?) with 1//,.6 = 27;1 €% /N;, where N; is the
number of neighbors to particle i and 6; is the angle in real space between i and j. The density and temperature profiles in (c) represent the time-averaged values over
2 x 10* measurements of the properties obtained from the time evolution of the displayed snapshot. The measurement window is sufficiently small to ensure that large
variations in the density field remain negligible. The coexistence behavior of the GLM is more challenging to visualize compared to that of the A + y model. This difficulty
arises because its behavior closely mirrors the equilibrium liquid-hexatic phase coexistence, where the transition between the two phases is extremely weak, resulting in
strongly fluctuating interfaces.85 For this system, the profiles are obtained by averaging 10° snapshots over 60 independent realizations. Before performing the averaging,
all particles are shifted such that the center of mass® is positioned at x/Ly = 0.75, ensuring that the solid phase consistently resides in the region 0.5 < x/Ly < 1.°%
Therefore, unlike in the A + y model, the snapshot of the GLM in (f) does not correspond to the ones used to extract the profiles. Note finally that for the A + y model, the
lack of a thermal bath means there is no obvious external reference temperature to compare the measured T to. Hence, for this system, we plot the temperature in terms of
To, which we define as the theoretical temperature of the Delta model assuming velocity distributed as a Gaussian and in the absence of drag (y = 0). Itis given by Ref. 81

To = %mAz(a\/ﬁ/Z +/&afd+(1- a)z)z/(1 — a?)? and is independent on the density.
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realizations and snapshots [panel (c)]. For the GLM, the pressure
loop is still evident [panel (d)], indicating a first-order phase tran-
sition. The temperature also presents the expected non-monotonic
trend [panel (e)], but in this case, the solid is hotter than the liquid,
as the global temperature increases. This observation is corroborated
by direct computations of the local temperature and densities [panel
1.

Therefore, we find a solid that is hotter than the liquid in the
GLM, even though the collisions are purely dissipative. Surprisingly,
in the A + y model, where energy is injected during collisions, the
solid is colder.

Before delving into the theory explaining these intriguing
results, we note that, both for the GLM and the A + y model, the
energy difference between the two phases is rather low (i.e., between
0.1% and 0.3%). This rather small temperature difference ultimately
stems from the small density difference between the liquid and the
solid, as well as our choice of parameters, which keeps the system
relatively close to equilibrium. Maintaining this proximity to equi-
librium is essential for the validity of the theoretical framework we
will develop. In addition, we point out that in the GLM, further
increasing dissipation readily leads to a continuous phase transition
and the disappearance of the phase coexistence. This phenomenon
is discussed in greater detail in Appendix B.

I1l. THEORY

A. Equilibrium argument for the temperature
difference

In order to gain intuition about the surprising results concern-
ing the temperature of both phases, we provide an intuitive argu-
ment grounded on an equilibrium description. Assuming the system
remains close to equilibrium, we will for now utilize equilibrium
results for the pressure to infer the possible temperature difference
between the two phases that are slightly out of equilibrium.

Consider a coexistence between a liquid and a solid of hard
disks at equilibrium. For hard disks, the pressure can be directly
related to the contact value g* of the pair correlation function,”

P08 = ST+ 2980, ©

Note that even in equilibrium, we still define T as the average kinetic
energy of a particle [see Eq. (3)]. The constraint of mechanical equi-
librium between the solid and the liquid phase can, therefore, be
written as

OsT(1+2¢sg ) = 4iT(1+2¢g ), (6)

where g and g are the equilibrium pair correlation functions at
contact in the solid and in the liquid, respectively. Note that the
temperature T is the same for both phases, as we are considering
an equilibrium system. Since ¢ > ¢, it follows from Eq. (6) that

¢ < digi- ™)

Moreover, the pressure of a hard-disk system is directly connected
to the rate of collisions,” leading to the Enskog expression for the
collision frequency w,”

W(T,¢g") = 8¢g"\/T/o*nm, ®)
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which holds exactly in equilibrium. We will later check the validity
of this assumption, especially in the solid. This implies from Egs. (7)
and (8) that the collision frequency in the solid is lower than in the
liquid at coexistence,

o(T,¢g) < (T, 41 ). ©9)

In other words, the increase in density in the solid is compensated
by a decrease in the collision frequency, such that the momentum
exchange rate—or equivalently, the pressure—remains the same in
both the liquid and the solid phases. We now assume that close to
equilibrium, the collision frequency in the coexisting liquid is still
higher than in the solid. Under this approximation, in systems where
energy is dissipated during collisions, the liquid phase is expected
to be colder than in the coexisting solid. The same argument sug-
gests a higher temperature in the coexisting liquid than in the solid
when energy is injected during collisions. However, outside the
coexistence region, the collision rate increases monotonically with
density, causing the temperature to decrease with density for dissipa-
tive collisions and increase when energy is injected at collision. This
contrast between inside and outside the coexistence region explains
the non-monotonic trend of the energy in both models shown
in Fig. 1.

In this argument, we assumed that the non-equilibrium systems
we consider here can be regarded as small perturbations to an equi-
librium system, such that g* and the temperature of the system are
only weakly affected by the introduction of non-equilibrium effects.
Although this equilibrium picture provides an intuitive argument
for the expected behavior of the temperature difference, it leads to
an internal inconsistency, where we use the assumption of thermal
equilibrium to show the emergence of a temperature difference. In
Sec. 111 B, we explicitly take the temperature difference between the
two phases into account in our analysis to derive it in a consistent
way.

B. Non-equilibrium derivation of the temperature
difference

We now take into account the non-equilibrium nature of our
system. Assuming that velocities follow a Gaussian distribution and
are uncorrelated before collisions, we find that the pressure p in
either phase can be written as (see Appendix A)

p(6,T,ég") = %[T +9g" ((1+ )T +28VamT)],  (10)
where we still find the ideal contribution and the virial contribution
proportional to (1 + &) T, which represents momentum redistribu-
tion due to particle interactions. A new term proportional to A
emerges from non-equilibrium velocity injection during collisions.”®

The steady state temperature arises from a balance between dis-
sipation and energy injection.*’ Under the same assumptions as for
the pressure, it can be shown that (see Appendix C)

%(mAZ+aAVW_T— (1-a")T) = 2p(T = Ty) = 0.

(11)
The first term of Eq. (11) represents the rate of energy change due to
collisions, with the expression in parentheses describing the average
energy change per collision. The second term accounts for energy
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FIG. 2. Comparison between kinetic theory predictions and measured values of
temperature. Panels (a) and (b) show the temperature predicted by kinetic theory
(using measured values of g*) compared to the directly measured temperature for
the A + y model. The error is calculated as (Tmeasured — Tiheory )/ Ttheory- Panels
(c) and (d) present the same comparison for the GLM. Both models are simulated
utilizing the same parameters as in Fig. 1.

exchange with the thermal bath. A crucial consequence of Eq. (11)
is that the temperature depends on the density only through the fre-
quency of collision. Therefore (far from the solid-liquid interface
and when y # 0), the temperatures of the coexisting phases can be
assumed to depend solely on their respective values of ¢g™.

This approach assumes that the velocity distribution remains
approximately Gaussian and that velocities are uncorrelated dur-
ing collisions. Together, these assumptions lead directly to Enskog’s
formula for the collision frequency [Eq. (8)], which we apply here.
However, since we are interested in dense fluids and solids that, in
principle, lie beyond the domain where Enskog theory applies, it is
essential to test these assumptions. To this end, in Figs. 2(a) and 2(c),
we compare measured temperatures to theoretical predictions for
both the A + y model and the GLM, respectively. These predictions
were obtained using direct measurements of g* and the numeri-
cally calculated root of Eq. (11). Overall, the theory agrees well with
numerical data, as demonstrated by the errors; see Figs. 2(b) and
2(d). Notably, for the A +y model, the theory underperforms in
the dilute limit due to an absorbing phase transition near ¢ ~ 0.25,
where molecular chaos significantly breaks down.”””” In contrast,
the GLM behaves as expected: the theory is accurate at low densities
but becomes less reliable as the packing fraction is increased. It may
seem surprising that Enskog’s theory, often considered valid only
in the dilute limit, performs well here, even under non-equilibrium
steady states. For instance, the theory is known to inaccurately
predict transport coefficients, such as viscosity, in dense fluids,”
as these predictions are highly sensitive to collective effects and
long-time tails” that Enskog’s framework cannot capture. However,
quantities such as the collision frequency that depend solely on the
local environment are less affected by these non-local features. Based
on these results, we conclude that the kinetic theory can be trusted to
accurately predict temperatures within the parameter region studied
(o> 0.95).

The results presented in Fig. 2 show that the theory pre-
dicts well the non-monotonicity of the temperature. However, it
requires measuring the values of g*. While equilibrium predic-
tions”™ proved to be good approximations for driven dissipative
systems,”””” """ we will demonstrate that we can make useful pre-
dictions about the temperatures of both phases in the coexistence
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region of non-equilibrium hard disk systems without resorting to
this approximation or relying on any equation of state.

Having tested the validity of our approximations as a first
step, we note that mechanical stability still requires the equality of
pressure of both phases,

p(¢o Tos 585 ) = p(¢0: Ti gl )- (12)

For simplicity, we assumed flat interfaces between the phases, avoid-
ing the need to account for Laplace pressure and other interfacial
stresses,'’”> which could influence the temperatures of each phase.
The key insight is that energy change at collision implies that the
density dependence of energy arises solely from the collision fre-
quency, which in the Enskog approximation depends on density
only through ¢g* [Eq. (8)]. This means that ¢¢* can be found if the
temperature is known. Indeed, we can isolate ¢g* in the equation for
the temperature Eq. (11) by inserting w defined in Eq. (8) into it,

oy/am(T - T,)

9 = (1) - 27/ T(mA? + aAN/amT - (1 - a®)T)

(13)
This allows us to eliminate the dependence on ¢g* in the pressure
Eq. (12),

p(¢s: Ts» G(T)) = p(¢1. Tr, G(T1)). (14)

By eliminating ¢g*, the pressure now explicitly depends only
linearly on the density,

p(¢.T.G(T)) = ¢p(T> G(T)), (15)

where p is defined as
onp
44

which does not depend on ¢. Finally, using mechanical equilibrium
[see Eq. (14)] between phases and ¢, > ¢,, we find a non-equilibrium
criterion,

p(T, 6(T)) = , (16)

P(Ts, G(T5)) < p(T1 G(T1))- (17)

Equation (17) allows us to determine which phase is hotter based on
G, without needing to know an equation of state or g*. For instance,
if p(T) is a continuous and increasing function of T, then Eq. (17)
implies T < T;. However, if p is non-monotonic, the temperature
comparison becomes more complex.

C. Hotter or colder solid?

We first focus on the A + y model (T}, = 0). In this model, pisa
continuous and monotonically increasing function of the physically
accessible granular temperatures (see Appendix D). Consequently,
from Eq. (17), we find that

T8 < T, (18)
As confirmed by our simulations, the temperature of the solid is

predicted to be lower than that of the liquid, regardless of the para-
meters A > 0 and y > 0. Note that this theory still assumes molecular
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chaos and a Gaussian velocity distribution; therefore, it should only
be trusted near equilibrium conditions.

The theory for the GLM (A = 0) is more intricate than that of
the A + y model. For this model, we obtain (see Appendix E)

pON(T) = T T (1+ ACL- TYT ), (19)
with
T=T/T, and A= y‘;(i VI”_MO{)TI’ >0, (20)

A is a dimensionless parameter such that, at the Gaussian level,
A — oo corresponds to the equilibrium limit. Since the thermal bath
is the only source of energy injection, the physical temperatures are
constrained by T < 1.

For A > 1, p is continuous and decreasing for T < 1, leading to
the result

LM LM
oM < 6

when A > 1. (21)
This explains the outcome observed in Fig. 1, where the solid was
found to be hotter than the liquid in the GLM (with A ~ 10%).

However, in the strongly non-equilibrium case where A <1,
unlike the A +y model, p is not monotonically increasing, com-
plicating the analysis. Nevertheless, we saw in Appendix B that for
these small A, the liquid-solid transition was most likely always
continuous (i.e., without phase coexistence).

IV. DISCUSSION

Our investigations have shown that, in a granular system, the
solid phase in a solid-liquid coexistence can indeed be hotter than
the liquid. A heuristic, equilibrium-based argument for this coun-
terintuitive result is that, at coexistence, the collision frequency in
the solid phase is lower than in the liquid phase. Therefore, in sys-
tems where energy is dissipated through collisions, it is natural to
expect the solid to be hotter than the liquid, even if the former is
denser than the latter.

Although these heuristic arguments provide an intuitive expla-
nation for our findings, they start from an equilibrium assumption,
with constant temperature throughout the system, rendering them
inconsistent when used to predict temperature differences. The
more rigorous analysis in Sec. III overcomes this limitation by
explicitly incorporating the temperature difference between the two
phases.

In developing the theory, we made certain assumptions that
may not strictly hold out of equilibrium. In particular, we assumed
molecular chaos and a Gaussian velocity distribution, which can eas-
ily break down,”®!103-100 particularly in the solid phase. However, we
show that close to equilibrium, the predictions from kinetic theory
work exceptionally well even in the solid. We also showed in Ref.
72 that the theory still works even in a binary mixture where energy
equipartition between small and large disks does not hold. Exten-
sions beyond the Gaussian assumption are possible’”'">'"”!% byt
fall outside the scope of this article.

The models we introduced are simplified compared to realis-
tic granular experiments, such as quasi-2D vibrated granular matter.

ARTICLE pubs.aip.org/aipl/jcp

As a first step, the analysis performed on the two limiting models
can be extended to the full system with A + 0 and T}, # 0. How-
ever, nothing too surprising emerges from this extension: either
the bath or A dominates the energy injection, and the temperature
difference follows. In more realistic systems of quasi-2D vibrated
monodisperse granular beads, the dense phase was always found to
be colder than the dilute one due to effects not accounted for in our
simplified 2D model: bistability of the grain-plate dynamics,””'"’
strong vertical confinement,” dynamical instabilities,”””’ and non-
homogeneous energy injection,”® among others. While our study
has the merit of showing that the temperature difference commonly
observed in granular systems cannot be solely explained by dissi-
pative collision, a crucial next step would be to incorporate these
factors into our model to gain a better understanding of what gov-
erns the temperature difference between the two phases. Conversely,
from an experimental standpoint, it would be interesting to opti-
mize the realistic parameters of the quasi-2D system to get as close
as possible to the effective GLM and to investigate whether it is fea-
sible to obtain a monodisperse granular solid that is hotter than its
coexisting liquid. We also note that in multi-component hard disk
mixtures, where a variety of crystal and quasi-crystal structures can
form, 107112 5 granular solid was observed to be hotter than the lig-
uid in a realistic quasi-2D vibrated system. This is because collisions
between some species are geometrically impossible in a perfect crys-
tal but not in the liquid, reducing a source of dissipation only in the
dense phase.””

In active matter, motility-induced phase separation can be real-
ized by self-propelled macroscopic agents undergoing dissipative
collisions.”* Since the phase separation in these systems arises from
a dynamical instability associated with a reduction in effective self-
propulsion—and, consequently, in effective temperature—as the
system’s density increases, it is unlikely that the effect we have
identified plays a significant role in these cases.

In addition, our theory assumes the solid-liquid transition
is discontinuous. However, for the GLM, we found that this is
not always the case (see Appendix B). This could be attributed
to the softening of the effective interaction due to dissipa-
tive collisions.''” """ Indeed, particles with potentials softer than
hard-core repulsion are known to undergo the standard two-
step Kosterlitz—-Thouless—Halperin—-Nelson-Young (KTHNY) melt-
ing transition''* "’ from a solid to a hexatic and then from a
hexatic to a liquid phase, which both occur continuously.'”"'*
Finally, the question of hexatic order in these systems is of sig-
nificant interest and was not addressed in this study. Recent work
has shown that crystals formed in the A + y model exhibit transla-
tional long-range order due to hyperuniformity,”*'”*"'** in striking
violation of the Mermin-Wagner theorem. It would be interest-
ing to explore the impact of temperature difference and transla-
tional long-range order on the nature of the melting of granular
crystals.
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APPENDIX A: DETERMINATION OF THE PRESSURE

The typical method for obtaining the pressure at equilibrium is
through the virial pressure formula. Out of equilibrium, pressure can
either be derived from the Boltzmann equation or through a method
analogous to that used in equilibrium. In this work, we follow the
latter approach. The pressure p in 2D systems interacting through
two-body forces can be written as'*®

a = 0.98 a=0.99 a = 0.995
§ A=089 4 | A=177 ..,:' A= 3.54 ...-'
= i

Il
/ / s
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-.,\
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where Fj; is the force between particles i and j. Similar to equilibrium
systems, the Langevin thermostat only contributes to the ideal part
of the pressure and does not affect the virial term, which arises from
momentum exchanges between particles. Notably, Eq. (A1) can also
be derived from a direct evaluation of the momentum exchange at a
boundary.

The force between particles i and j can be derived from the
collision rule Eq. (1) using mdw;/dt = Fj;,

1+a N N
F, - "”(T o - 6] + A)a,-j(?(t — e, (A2)

with t,~°j°H being the time of collision between particle i and j. Equa-
tion (A1) can be simplified using Enskog’s collision frequency (C6),
the expression of the instantaneous force (A2), and the collisional

average defined in Eq. (C5),
p= 42—(/) [T + + A> :|
o' coll

- T V(s VT o2vmma)], (a3)

027I
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which coincides with Eq. (10) in the main text.

Note that from the average we can also obtain an expres-
sion for the microscopic running pressure used in the event-driven
simulations to measure the pressure,
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FIG. 3. (a) Evolution of pressure (in arbitrary units) as a function of density for the GLM, for various y and « (= = /ma?/Ty). (b) Same as shown in (a), but for the energy

instead of the pressure (in arbitrary units). N = 10*.
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where t is the time simulation window and the sum is over all
collisions.

APPENDIX B: FROM DISCONTINUOUS
TO CONTINUOUS LIQUID-SOLID PHASE TRANSITION

The liquid-solid phase transition in the GLM can become
continuous under certain conditions. In the equilibrium limit
A — oo, the model appears to transition from the liquid to the
solid phase (most likely a hexatic phase) in a discontinuous
manner, as shown in Fig. 3(a). This is consistent with the known
behavior of equilibrium hard-disks.®” However, as A decreases
and dissipation becomes more significant, the transition appears
to become continuous, with no Mayer-Wood loop”’”—indicative
of strong, finite-sized interfacial effects—observed in the pres-
sure. This behavior is reminiscent of the classical two-step
Kosterlitz-Thouless—Halperin-Nelson-Young (KTHNY) transi-
tion, where the liquid-to-hexatic transition is continuous. It has
been shown that systems interacting with soft potentials—for
example, V(r) o< r" with n < 6—can follow the KTHNY scenario in
transitioning from the solid to the liquid phase.'”"'**

In our system, the observed change in behavior as dissipation
increases may be explained by an effective softening of the hard-
disk potential."'"" However, further studies are necessary to fully
understand the mechanisms underlying this change in the nature of
the transition.

Interestingly, a loop in the energy is consistently observed in
Fig. 3(b), regardless of whether the transition is continuous or dis-
continuous. This suggests that even in the absence of a first-order
phase transition, the structural changes associated with the transi-
tion to the solid phase lead to an increase in temperature around the
transition point.

We finally note that a change from continuous to discontinuous
in the liquid-solid transition was also observed in an experimen-
tal vibrated granular gas in Refs. 75 and 76 upon changing driving
parameters and in Ref. 60 while changing the properties of the
grains.

APPENDIX C: DETERMINATION
OF THE TEMPERATURE

We define the instantaneous energy of the system as
E=m/2YN, v?. From the collision rule, the energy change during a
collision is given by

e
AE = mA* + am(vj; - Gij)A - mTa('v,-j . &ij)z. (C1)

The evolution of the temperature in the system is then given by

dT  w
(AE>coll - ZY(T Tb) (CZ)
a2

where w is the collision frequency and (- - -)con is an average over
collisions defined from the Boltzmann equation as
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O is the Heaviside function that ensures only particles approaching
each other are considered, |'u,-j . (r,-j| can be interpreted as a flux time
a cross section for the hard-disk interaction, and f @ (v1,v2, aij) is
the pair distribution function of the velocities. Assuming molecular
chaos with Enskog’s extension, we simplify the two point velocity
distribution,

P (vivy,65) =~ ¢ f(01) f (v)), (C4)

where g™ is the pair correlation function at contact and f(w) is the
distribution of velocity assumed to be a Gaussian. These assump-
tions of molecular chaos and gaussianity of the velocity distribution
let us approximate Eq. (C3) to the following form in 2D:

mwz

e dvf”/2 df cos (0)A (v, 0) 2% 7% 21
2,/ '

These assumptions also lead to the Enskog expression for the
collision frequency that we used in the main text,

W(T,¢g") = ([v])/I(¢) = 8¢¢"\/T/(7m)/o. (C6)

Equation (C6) can be equivalently obtained from the integration of
the loss term in the Boltzmann equation. Indeed, this integral com-
putes the rate at which a particle of any velocity changes velocity due
to collision, which is by definition the collision frequency.'”’

Equations (C1) and (C5) lead to the following equation for the
steady state temperature used in the main text:

<A)coll = (CS)

0= %(mAZ +aAamT - T(1 - o)) - 29(T - T,).  (C7)
APPENDIX D: DETAILS CONCERNING THE A +y MODEL

In the A + y model, T}, = 0; therefore, G reduces to

+_ o ohty _ oy\/mmT
g =9 2/ T(mA? + aAN/amT - (1 - a®)T)’ (b1

and p**7 reads

BY7 =T+ ¢¥(T)((1+ @) T+ 28v/AmT), (D2)

In order to know whether T is larger or smaller than T; using
the inequality p**7(Ts) < p**7(T;), we must know the variations
of p. Direct computation of the derivative of p**? with respect to
T leads to

=~ A+y
dlZlT :1+(1+oc+A nm/T)Q’A“'
+((1+ )T +28/7mT) d (D3)
Using mA* + aA\/mmT — (1 - o®)T = 4yT/w > 0 [Eq. (C7)], we can

show that dﬁT >0 and G%*Y > 0, from which we obtain that

dp™*7/dT > 0. This proves that p**7 is a continuous and increasing
function of the relevant temperatures.
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Using the monotonous increase of p*+”
result,

, we finally arrive at our

PEI(TIT) <IN = T < T, (D4)

which shows that the solid is colder than the liquid at coexistence in
the A + y model.

APPENDIX E: DETAILS CONCERNING THE GLM
In the GLM, A = 0; therefore, G simplifies to

oy/mm(Ty, — T)

+ = gOM _ ’ El
¢ =9 2(1- )T (E1)
and p ™M reads
PN =T(1+ ¢OM(T)(1+a))
=1y T(1+ AL - T) T, (E2)

with T = T/T, and A = )’”27% >0, a dimensionless parameter
such that, when molecular chaos holds and velocities follow
a Gaussian distribution, A — co corresponds to an equilibrium
limit.

Since the bath is the only source of energy injection in the sys-
tem, physical temperatures must respect T < T}, and, hence, T < 1.
We can, therefore, restrict our attention to the behavior of p "™ at
T < 1. In order to know whether T is larl%ler or smaller than T using
the inequality p M (TE™M) < p M (TP, we must know the vari-
ations of p ™. Direct computation of the derivative of p ™™ with
respect to T leads to

= GLM

dp B A ~ ~—3/2)
SO —Tb(l SR (E3)

Equation (E3) 1mpl1es that p M is decreasing from 0 to T* and

then increasing from T* to oo, where T* is the unique real root of

Eq. (E3) given by a third order polynomial in 7'/,

2T -AQ+TY) =0 (E4)

We now perform an asymptotic expansion around A = 1 where the
solution T = 1 of the polynomial Eq. (E4) is known,

A=1+eg,

Ll .
e Z aie.
i=1

(E5)

Inserting Eq. (E5) in Eq. (E4) and solving order by order leads to the
following approximation for the root of Eq. (E3):

T*:1+(A—1)+%(A—1)2+O((A—2)3). (E6)
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FIG. 4. Typical behavior of p® and 5™ (Ts) < pCM(T)) for A > 1and A < 1.
(a) and (c) Evolution of p®M as a function of T. For A > 1, p is purely decreasing,
while for A > 1, p®M has a change of variation at 7*. (b) and (d) The corre-
sponding regions that verify M (Ts) < pM(T;). The shaded regions are the

regions in which the inequality holds. For A > 1, we obtain T > f,. However, for
A < 1, both scenarios are possible. Hence, determining whether T > T, requires
estimates for ¢g*.

For A >1, as it is clear that th~e exact root T*(A) is monotoni-
cally increasing, it must satisfy T* > 1; therefore, for the physically
accessible temperatures (T < 1), p ™ is decreasing, which implies

5 GLM ¢ 7GLMy _ 2 GLM ¢ 7GLM
(T77) <p(TT)

p
JA>1 (E7)
TEM S TFM,

This behavior of p™ is exemplified in Fig. 4(a), and the corre-
sponding constraints on T, and T; are given by Fig. 4(b), where the
shaded area is the region in which the inequality Eq. (17) is verified.

In contrast, when A < 1, f)GLM changes from being decreasing
to increasing at a value of T* between 0 and 1. Hence, the constraint
on the pressure alone does not determine which phase is hotter.
This is exemplified in Figs. 4(c) and 4(d). However, in this limit,
the system was typically always observed to crystallize via a continu-
ous transition, rather than through a phase coexistence, in numerical
simulations (see Appendix B).
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ABSTRACT

It has been recently shown that 2D systems can exhibit crystalline phases with long-range translational order showcasing a striking vio-
lation of the Hohenberg-Mermin-Wagner (HMW) theorem, which is valid at equilibrium. This is made possible by athermal driving
mechanisms that inject energy into the system without exciting long wavelength modes of the density field, thereby inducing hyperuni-
formity. However, as thermal fluctuations are superimposed on the non-equilibrium driving, long-range translational order is inevitably
lost. Here, we discuss the possibility of exploiting non-equilibrium effects to suppress arbitrarily large density fluctuations even when a
global thermal bath is coupled to the system. We introduce a model of a harmonic crystal driven both by a global thermal bath and
by a momentum conserving noise, where the typical observables related to density fluctuations and long-range translational order can
be analytically derived and put in relation. This model allows us to rationalize the violation of the HMW theorem observed in previ-
ous studies through the prediction of large-wavelength phonons, which thermalize at a vanishing effective temperature when the global
bath is switched off. The conceptual framework introduced through this theory is then applied to numerical simulations of a hard-disk
solid in contact with a thermal bath and driven out-of-equilibrium by active collisions. Our numerical analysis demonstrates how vary-
ing driving and dissipative parameters can lead to an arbitrary enhancement of the quasi-long-range order in the system regardless of
the applied global noise amplitude. Finally, we outline a possible experimental procedure to apply our results to a realistic granular
system.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0217958

I. INTRODUCTION be modeled by an active XY model, the Yicsek model,'’ showcas-
ing spin-spin long-range order in 2D,'' """ in clear violation of the

The celebrated Hohenberg-Mermin-Wagner (HMW) HMW theorem. Various studies have further explored potential vio-

2r:2S:Tl 920z Areniged o

theorem' ” is a cornerstone of equilibrium statistical mechanics. It
establishes the impossibility of obtaining long-range order through
continuous symmetry breaking in 1D and 2D equilibrium spin sys-
tems with short-range interactions at finite temperature. Similarly,
2D crystals with short-range interactions exhibit a translational
quasi-long-range order with a correlation function decaying as a
power law due to strong phonon excitations at arbitrarily large
length scales." However, their bond-orientational order is long
range.” "

While the HMW theorem arises from equilibrium statistical
physics, the majority of systems encountered in nature operate out-
of-equilibrium. Consequently, the applicability of the theorem to
such systems is not assured. As an example, a notable breakdown
is observed in the flocking behavior of birds.” This process can

lations of this theorem in non-equilibrium spin-like systems due to
forcing at multiple temperatures;'”'” advection of the order para-
meter through a shear flow;'* * or a colored noise.””** These ingre-
dients have been shown to be crucial in order to obtain spin-spin
long-range order, which, in turn, can be easily destabilized by other
out-of-equilibrium effects.”> However, until recently, the prereq-
uisites for translational long-range order in 2D crystals remained
unknown. Indeed, while exceptions were found in nematic crystals’®
or chiral active matter,”” Mermin-Wagner fluctuations are usually
found to be enhanced in the presence of active forces,”” *’ and as a
result, an increase in the lower critical dimension is often observed
due to giant number fluctuations.’"””

However, Galliano et al. presented compelling evidence of the
breakdown of the HMW theorem in 2D crystalline systems™ formed

J. Chem. Phys. 161, 054902 (2024); doi: 10.1063/5.0217958
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in the active state of a random organization model. The authors
showed that, unlike in short-ranged equilibrium systems, a simple
non-equilibrium hyperuniform crystal exhibits a translational long-
range order, as already hinted in Refs. 34 and 35, due to the absence
of thermal fluctuations at a large length scale.

Given these premises, it is important to point out that the
recent observations of crystalline phases with long-range transla-
tional order in two dimensions only concern models where thermal-
like fluctuations are absent by construction.”””****” These studies
leave open the following key question: how is the translational order
affected when thermal fluctuations cannot be neglected?

To tackle this question, in this article, we will investigate the
limits of the HMW theorem and its potential breakdown in non-
equilibrium systems through a theoretical model of a harmonic
crystal coupled to a local bath conserving the center of mass (COM)
and a global thermal-like bath. We will show that for this sys-
tem, the decay of the translational long-range order is controlled
by the temperature of the COM and not by the overall kinetic
energy, as expected at equilibrium.” This theory includes the case of
a true long-range translational order as a particular limit and allows
quantifying deviations from it due to thermal effects.

Next, we apply our theory to the time-continuous analog™® of a
discrete random organization model in which thermal fluctuations
are taken into account. It consists of a hard-disk solid in contact
with a thermal bath and driven out-of-equilibrium by active colli-
sions. Through numerical simulations, we show that, in the absence
of thermal fluctuations, this system exhibits a hyperuniform long-
range ordered 2D crystal in agreement with the phenomenology
observed in Refs. 33 and 36. However, when thermal-like motion
is taken into account, perfect long-range order is lost. Despite this,
we demonstrate how exploiting the non-equilibrium properties of
the model enables us to suppress arbitrarily large density fluc-
tuations. This makes it possible to enhance the quasi-long-range
translational order in a non-equilibrium crystal without the need to
neglect or fine-tune thermal fluctuations. Our model will also serve
as a coarse-grained representation of a confined quasi-2D vibrated
granular system®® thus naturally providing a platform for investi-
gating the enhancement of quasi-long-range translational order in
experimental systems.

The paper is organized as follows: in Sec. II, we introduce the
theoretical model for a harmonic crystal and derive the analytical
expression of the typical observables related to density fluctua-
tions and long-range translational order. In Sec. I1I, we report the
numerical results for the non-equilibrium hard-disk solids. Finally,
Sec. IV contains the conclusion and a brief discussion about a possi-
ble experimental procedure to enhance quasi-long-range order in a
realistic granular system.

Il. THEORY
A. The model

We study a 2D crystal made of N particles with masses m
arranged on a periodic lattice of size L x L and lattice spacing a. Each
particle on the lattice site n interacts with its neighbors {f} via a
harmonic interaction K. In addition, every particle is coupled to two
baths: a global one and a local one, which conserves the momen-
tum and COM. In order to have a well-defined equilibrium limit,
both of them separately respect the fluctuation dissipation theorem

ARTICLE pubs.aip.org/aipl/jcp

(FDT).” " From a physical standpoint, the global bath can emerge
from the coarse-graining of an external energy source, such as in the
case of colloids diffusing in a fluid or beads vibrating on a rough
surface, while the local bath is more likely to come from an internal
source, such as collisions between particles, as with the noise cur-
rent in fluctuating hydrodynamics.” *® The displacement u, of each
particle at lattice site n with respect to their ideal lattice position is
described by the following Langevin equation:

mﬁn:_KZ (un_uﬁ)+Fcom + Fy. )
{n}

The first term on the right-hand side of the equation represents
the harmonic interaction between the nearest neighbors.

The second term F, represents the coupling between the sys-
tem and a global bath, which does not conserve the position of the
COM,

Feom = _YCami‘n +4/ ZYComTcumfn: (2)

where y om 15 @ global damping and Tcom is the temperature of the

bath. The spatial components « of the white noise are Gaussian and
uncorrelated, with zero average,

(EDOE()) =8(t—1)0umd™ (£, (D)=0. ()

Finally, the last term in Eq. (1) represents a second bath, at tem-

perature T}, conserving the momentum and the position of the

COM. To fulfill this requirement, we use a discretized version of
Model B," ™

Floc = _ylocz (un - uﬁ) + \V zyluchoc(V ‘

{n}

m

n)- 4

The conservation of Y, #, is ensured by a discrete Laplacian of
u for the damping y, , taken to be the average over first neigh-
bors and a discrete divergence acting on a rank 2 random tensor
E. This type of damping naturally arises in granular gases where
collisions tend to align particles,” in active matter with effective
alignment'®” or in dissipative particle dynamics.””* More gen-
erally, with the corresponding equilibrium noise, it plays the role
of a discrete hydrodynamic viscosity and can be derived from the
Mori-Zwanzig formalism.”” It should be noted that if every parti-
cle moves in the same direction, then neither damping nor noise
is applied, in line with the idea that this local noise might arise
from collisions between particles and acts locally. Our model consti-
tutes a simplified lattice equivalent to a fluctuating hydrodynamics
description of a solid.”” ** The variance and the average of the rank
2 tensor B, are fully determined by our assumption that the FDT
holds separately for both noises, "’

(B (DEE (1)) = 6(t — 1) 6 Sy, ®)

We further discuss the peculiarity of the noise as well as the
expression of the discrete Laplacian and divergence in Appendix A
following Ref. 68.

For simplicity, in the following, we chose to work in the
Fourier space by performing a semi-discrete Fourier transform (see
Appendix B) on Eq. (1),
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=V Zycum Tc0m~k
+ V 2ylocw12<Tluci1kr (6)

with wy being the dispersion relation of the lattice divided by the
natural frequency of the lattice \/K/m or equivalently, the eigen-
value of the discrete Laplacian. For instance, in a square lattice,
wp = 2(2 - cos (kxa) — cos (kya)). Both noises have unit variance
and zero average, and from a Fourier transform, we obtain

(—mwz - iw()’cam + ylocwi) + Kwi)ﬁk

(&K (w)) =0,
(i (w)) =

(G ()8 (W) = 8(w +w')8, 8%

~a B ’ o, @)
{7k (w) g (w")) = 8(w + w") 8y, 6

The noises are simple to generate in the reciprocal space compared
to the ones in real space. Moreover, we clearly see that the local bath
does not act on the COM since it vanishes at k = 0, implying that,
as wanted, the motion of the COM is completely governed by the
global bath.

Due to the harmonicity of the crystal, Eq. (6) is non-interacting
in the k space and every mode reaches an independent equilibrium-
like steady state at an effective k-dependent temperature,

=~ )’com com + ylocwk Tloc

Ty = (8)
Ycom + ylocwk
Since the dispersion relation vanishes at low k: wi ~ (ak),”" we
obtain the two limiting cases,
Tk—»O = Teom,
&)

Tk—»oo = Tloc if Yioc > Ycom-

That is, the large length scale temperature is controlled by Tcom since
the energy created on small length scales by the local bath is damped
by y.,, on every scale. While the small length scale temperature
is controlled by both the global and local bath, in the following,
we will assume that the system is more weakly coupled to the
local bath compared to the global bath: y, . > y_ . which leads to
Tk—»oo = Tioc.

The equilibrium-like nature of our equation stems from the
assumption that both baths are delta correlated and that each mode
is independent to the others in k space. This would not be the case
in a realistic system with anharmonic terms, for instance, and could
potentially disrupt the picture given in this section. We discuss the
case of an anharmonic lattice in Appendix C and argue that the
phenomenology described here should not change qualitatively.

B. Hyperuniformity

As already noted in Ref. 33, a key requirement to obtain a long-
range ordered 2D crystal is hyperuniformity, i.e., the suppression of
density fluctuations at arbitrarily large length scales. Within the con-
text of the proposed theoretical model, we derive here the analytical
expression of the structure factor S(k) whose vanlshmg low-k limit
indicates the presence of hyperuniformity in a system.**

We start by computing the static displacement function (SDF)
Cuu(k) = Cuu(k, t = 0),
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Cun(k) = ﬁ fdw(iak(w) Ciy(~w))

2 Yeom Teom + Yiocwi T
_“ Ycorg com + Yloc kz loc _ Tk; (10)
K @i (yeom + Yioc}) Kwk

where Egs. (6) and (7) have been used to calculate averages over
the noise. The above-mentioned identity represents the equipar-
tition of elastic energy at an effective temperature Tk, which
is given by Eq. (8). The standard equipartition theorem for
phonons KwiCW(k)/Z = Tj,c OF KwiCW(k)/Z = Teom is recovered
in the three equilibrium limits of the model, that is, either when
Yeom = 05 Vioe =0 0F Teom = Tioe. In the large lengths limit, where
~ (ak)?, the SDF reads

2Tcom " 2yluf(Tloc - Tcom) i
KYcum

O((Tluc - com)(ak)z)
(1)

and diverges as 1/(ak)* at equilibrium or more generally when
Teom = 0. However, when Tcm = 0 and Yeom * 0 the phonons cre-
ated locally are damped over large distances, and long wave-
length phonons are completely suppressed since their elastic energy
KwjCuu(k)/2 goes to 0. The same type of result can be found for the
static velocity factor mC;, (k)/2 = T showing a depletion of kinetic
energy on large scales.

At this point, it is illuminating to note that the long-range
structure factor S(k) and the SDF are linked by the relation,:”""

- (g
= (k- ai*) + O(Jk - y]")
= kI’ Cuu(IK|) + O(Jk - ti*), (12)

Z eik~(an+u,, )

where we used the fact that in our model the longitudinal dispersion
relation is equal to the transversal ones. Otherwise, the last relation
only holds for longitudinal polarization of the displacement.”” In
an equilibrium system, the value of the structure factor at k = 0 is
a constant proportlonal to the isothermal compressibility and the

temperature.””’> However in our case, from Eq. (11), it follows that
2Tcom 2 loc Tac - Tcom
S(k) = YVioe (T )kz O((Tloc _ Tcom)a2k4).
a Ycom

(13)

When Teom =0 and Yeom * 0 since the SDF is finite at low k, the
structure factor behaves as S(k) ~ k*, unveiling the hyperuniformity
of our non-equilibrium system when the COM position or equiva-
lently the momentum is conserved by the local noise at finite global
damping. This aligns with results found in Refs. 33, 50, and 73-77
and confirms that our model includes a suitable limit to study the
emergence of long-range order in a dimension lower than three.

C. (Quasi-)long-range order

To quantitatively describe the emergence of long-range order

in our model, we cgqsider the crystalline translational correlation
function, defined as’®”’
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ga(ln —m) = (60} - G2y

where G is one of the inner Bragg-peak vectors of the crystal and the
last equality follows from the Gaussianity of the stationary probabil-
ity distribution function. In a long-range ordered crystal, the correla-
tion function decays to a constant value, while in a qua31 long range
2D equilibrium crystal, it exhibits an algebraic decay.”””” ** From
Eq. (14), it is clear that the asymptotic behavior of the displace-
ment correlation function {(u, — tm)*) governs the translational
long-range behavior of the system. Specifically, if the displacement
correlation function reaches a constant or decays at large distances,
true long-range order is expected; otherwise, only quasi-long-range
order or short-range order is found. In the infinite system size limit
and at large distances compared to the lattice spacing, it can be
approximated as (see Appendix D)

2

(=) = [ ARG ()

aln—m]

2 Tcom
T

log (nln—m|) |n—m|> 8"

> (15)

2T, -
n—ll(u_clog(rdn— m|)) |n-m| <8,

where w} = (ak)® was assumed and & = \/yom/yioc is the adimen-
sionalized natural inverse length scale of the system. At Teom = T,
we recover the equilibrium logarithmic increase with distance, pro-
portional to the temperature.” In a non-equilibrium setting with
Teom # Tioe> the divergence is still present, but with Ty, as the pref-
actor at large scales and Tj,. at small scales (still larger than the
lattice spacing). The numerical “exact” computation of the integral
for a hexagonal lattice and its comparison with our approximate for-
mula are shown in Fig. 1. As expected, the approximations work
well at large distances. At short distances, although the global scaling
remains the same, strong oscillations appear on top of the logarith-
mic scaling since the phonons start to feel the discreteness of the
lattice. For large §, the transition between the two regimes hap-
pens far away from the lattice spacing, allowing for a large range
of values over which both scalings are clear and oscillations small.
From Egs. (14) and (15), we obtain that the translational correlation
function exhibits a double power law behavior,

In— m|*|G|ZTmm/(27TK) In—m| > 5
g6(|n—m|) ~ (16)

|—|G|2Tmc/(2ﬂ1<) In—m| < 5—1’

|n—m
where the angle average of the dot product appearing in Eq. (14) was
taken into account by assuming an isotropic crystal. At non zero
Teom, the large-scale decay of the correlation function is algebraic,
indicating a quasi-long-range order.®” Nonetheless, in contrast to
the equilibrium picture, the average kinetic energy of the system can
be arbitrarily high; the only crucial factor for the translational quasi-
long-range behavior of the system at large scale is the temperature
of the COM or equivalently the temperature of the phonons exist-
ing on these scales. We also note that, as expected, when the COM is
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FIG. 1. Numerical and approximate values of ((ty — tm)?) at Y, /¥ = 107°
given by Egs. (15) and (D2). For the numerically solved integral, we use the
dispersion relation of a hexagonal lattice.

conserved at finite global damping (Tom = 0 and y, . # 0), the sys-
tem displays a genuine long-range order, as observed in Ref. 33, and
the HMW theorem is broken.

We finally point out that the connection between hyperunifor-
mity and the emergence of a long-range order is made explicit by
Egs. (15) and (12), which show the relationship between the large
distance behavior of the displacement correlation function and the
low-k limit of the structure factor. Indeed, for large distances, we
find in 2D,

" dkkCuu(K])

aln]
« i SUKD)
. dk >
[ Solog(n)  ifS(K) = S0+ O(K),
S ifS(k) = $i1k° + O(KF),

{(un — wo)?) o<

17)

with 3 > 0. Moreover, the relation between the structure factor and
long-range order is not limited to the particular mechanism of hype-
runiformity that we present in this work but is general and also
applies for different hyperuniform systems, such as the critical point
of absorbing phase transitions.”

D. Breakdown of the HMW theorem

The breakdown of the HMW theorem when Teom =0 ulti-
mately stems from the fact that large wavelength phonons are
thermalized with a bath at 0 effective temperature; a tempera-
ture for which, even at equilibrium, long-range order is expected
by the HMW theorem. In this sense, the theorem is broken in a
way expected from its equilibrium definition while simultaneously
being strongly broken since the large-scale SDF at k — 0 is constant
and does not diverge at all. This can be traced back to the strong
hyperuniformity S(k) ~ k* of our system. We remark that our ratio-
nalization of the emergence of a stable long-range order based on
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large wavelength phonons thermalizing at a vanishing effective tem-
perature can also be applied for the non-equilibrium crystal obtained
with the random organization model.*

It is important to note that an exponent 2 for the small k
structure factor is not a necessary condition to break the HMW
theorem. Indeed, as understood from Eq. (17), any hyperunifor-
mity in 2D would sufficiently reduce the divergence of the SDF to
allow a long-range order. This mechanism parallels bird-flocking
dynamics, where alignment among neighbors reduces the infrared
divergence of the correlation functions to a scaling of 1/k” with
a < 2,'""" allowing for a long-range order.

From a mathematical point of view, this breakdown of the
HMW theorem, in the case Tcom =0 at finite y_ , is manifested
through the regularization of the infrared divergence of the integral
used to compute the displacement correlation function [Eq. (D1)]

viay,.

2 g
2 2a a 1 Teom Tioc
n—Um) )~ — dkk| — . (18
(= 4)") Kﬂ/l (a)i1+(wk/8)2+82+wi) (18)

an—m]

When Teom = 0, the first term vanishes. In the second term, the
phonons exhibit a behavior akin to particles with an effective “mass”

\/1?8 = \/Kycom/yio and an adimensionalized dispersion relation

Qi = /8 + w;. Indeed, an equilibrium system with Hamiltonian,”®

2 2
H/K = %(ZTr [u . uT] - Tr[u]z) + %uz, (19)
with u being the infinitesimal strain tensor: u = (Vu + (Vu)")2
would produce a similar equilibrium displacement correlation. This
effective mass pins down the particles on their ideal lattice posi-
tion allowing a long-range order. Of course, when Tcom # 0, the first
term of Eq. (18) becomes significant at small k and induces the
logarithmic divergence at large scales discussed above.

It is interesting to note that hyperuniformity of equilibrium
crystals is solely achieved through long-range or external inter-
actions,™ in contrast with our system and that of others, where
hyperuniformity is allowed through the breakdown of the FDT
and correlated noise.”*””*** This is reminiscent of long-range cor-
relations induced by a bulk conservation law and dissipation in
self-organized criticality.”"”"""”* See Ref. 95 for a recent review.
Moreover, COM conservation is not the only route to hyperuni-
formity, and systems with multiplicative®*” or time correlated
noise can have suppressed long-range fluctuations.”"”* In addition,
recent works on particular non-equilibrium collective excitations
in active solids, known as entropons,”””” highlight that on a gen-
eral basis, active forces only add an additional term to the SDF,
linked to entropy production but do not affect its phononic part.
Thus, active forces alone cannot tame the 1/k* divergence of the
phononic part of the equilibrium SDF and, in general, increase
the density fluctuations.”” " Indeed, active short-ranged systems
exhibiting hyperuniformity usually lose this property in the presence
of a global thermal equilibrium-like noise.”””**”” This supports
the idea that non-equilibrium-like colored or multiplicative noises
are crucial for hyperuniformity and translational long-range order
in 2D crystals featuring short-ranged interactions. Further discus-
sions about entropons in our system are provided in Appendix E.
However, note that hyperuniformity in passive or active scalar field
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theories has been found even in the presence of a thermal noise for
model B type equations.'”’™'"’

Of course, the analysis performed so far predicts the violation of
the HMW theorem only in the singular limit Tco,, = 0 and y om * 0.
However, the results obtained in Sec. IT C suggest how to approach
this physical condition when Tcom # 0. Indeed, the key quantity that
controls the strength of the quasi-long-range order (and its possible
limit to true long-range) is the exponent of the algebraic decay of
the translational correlation function for [ — m| > 6" in Eq. (16),
which is proportional to the ratio Tecom/K. This means that, for a
finite T'com, one can still obtain an arbitrary slow decay by increasing
the elastic constant K. This is clearly quite a limiting and trivial way
to enhance the quasi-long-range order of the system since it consists
of a direct increase in the particle interaction strength and would
also work at equilibrium. However, in the next section, we will see
how the phenomenology of a realistic model of a non-equilibrium
crystal can be mapped into one of our model with an effective K,
which depends on the non-equilibrium properties of the realistic
system (i.e. dissipation and driving parameters). This will be the
key point of our strategy to enhance quasi-long-range order through
non-equilibrium effects.

I1l. HARD-DISK CRYSTAL DRIVEN BY ACTIVE
COLLISIONS

A. A coarse-grained model

We explore a practical application of our theoretical frame-
work to investigate the breakdown of the HMW theorem and the
dependence of (quasi-)long-range order on the noise in realistic
non-equilibrium systems. To conduct this investigation, we use the
model introduced in Ref. 38 with an additional global noise. This
can be thought of as an underdamped continuous-time analog of
a random organization model'"* describing sheared suspensions.'"”
In the absence of global noise, these models present an absorbing
phase transition, are hyperuniform®* at the transition point”>** and,
if the COM or momentum is locally conserved by the collisions, in
the active state.”””""" As will be further discussed in the conclusion,
this model has been used to describe the experimental realization of
vibrated quasi-2d granular systems.”*' >

We study this system by performing hybrid event-driven/time-
stepped molecular dynamics simulations'” (see Appendix F) of N
active hard disks of diameter ¢ and mass m in a 2D square of size
L with periodic boundary conditions. We define an arbitrary unit of
time 7. The (granular) temperature T of the system is defined as its
global kinetic energy,

T= fmz v, (20)

with v; being the velocity of the particle i. The disks experience a
global white bath during their free flight,

d
9 ot +\ T T (1) ey

with

(OF()) = 0t - )66, (f(1))=0.  (2)
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Upon collision, two disks undergo a momentum-conserving active
far 5,109,
COlllSlOn,]W 109,110

1+« N N
vi = v + 5 (vij - 6i)6ij + A6y,
(23)
’ 1+« N .
v = v - - (vij - 6i)6ij — A6y,

where 0 < a <1 is the coefficient of restitution, A > 0 is a velocity
injection term, vj is the post-collision velocity of particle i, v; is its
pre-collision velocity, and 6;; and v;; are the unit vector joining of
particles i and j and the relative velocity between them, respectively.
In the limit A = 0, the usual collision rule of dissipative hard disks is
recovered. This model is similar to the one introduced in Ref. 73 for
liquids.
As evidenced by the energy change during a collision,

1- a2
E —E=mA” + maA|v; - 65 — mT(x|v,j . 6,~j|2, (24)

the parameter A controls the intensity of the energy injection at
collision. These collisions will thus play the role of the momentum-
conserving bath introduced in Sec. II at temperature T, and
associated effective damping y;,.?.

Hence, to recapitulate the differences and similarities between
the harmonic crystal presented in the theory and the granular hard
disks of interest here, both the models feel an external global Gaus-
sian bath at temperature T, and damping y, s however, the active
collisions in the granular system are modeled as an effective local
bath at temperature T, and damping ymmwi in the theory. From a
physical standpoint, the effective T}, in the granular system is tech-
nically a function of every parameter of our simulation, including
Teom and y,,,., because the energy change at the collision depends on
the relative velocities of the particles colliding, as understood from
Eq. (23), which are affected by the global bath and the packing frac-
tion. This will not change the physical picture given in this article;
nonetheless, we should keep it in mind. This peculiarity is further
discussed in Appendix G.

When Tom = 0, the collision rule given by Eq. (23) locally con-
serves the momentum and the position of the COM. Moreover, the
global damping in Eq. (21) damps every mode indistinctly. Thus,
hyperuniformity is expected,”” and we recover the system studied in
Ref. 38 with an absorbing state at low density (a feature absent in the
lattice model because T, is independent of Tcom and y,,,,.). Indeed,
at low density or packing fraction ¢ = N7o® /4L%, the active collisions
cannot compensate for the energy dissipated by the drag during the
free flight, leading the system to an arrested state. Denser systems
attain an active steady state where the energy injection at collision is
compensated by the dissipation of the damping.

B. Hyperuniformity and long-range order

To investigate the crystalline order in this system, we simulate
crystalline configurations at ¢ = 0.75, which sets the lattice spacing a.
This packing fraction corresponds to systems with long-range bond
orientational order at equilibrium®' but can give rise to a hexatic or a
liquid phase in highly dissipative granular systems.''' To avoid these
scenarios, we choose a relatively high & > 0.95 and always check that
the crystalline phase is stable. For simulations at Tcom = 0, we stay
away from the absorbing region by choosing y_ . and A such that
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¢ is above the critical packing fraction of the absorbing to active
phase transition, and hence, the system has a steady state with finite
kinetic energy. Choosing a packing fraction such that I(¢) < A/y
with / the mean free path, ensures a sufficiently high energy injection
at collision, which prevents the system from reaching the absorbing
state.”

We first perform a similar analysis as the one done in Ref. 33,
fixing the COM by setting Tcom = 0. The results for three different
systems are shown in Fig. 2. Panels (a)-(c) show the structure fac-
tor (and the static velocity factor in inset) as a function of k, the
long-time behavior of the mean square displacement (MSD) for dif-
ferent system sizes, and finally the translational correlation function
as a function of the distance, respectively. The three quantities con-
tain the same information expressed differently. It is illuminating to
analyze all three together to better understand the theory given in
Sec. 11 and verify its consistency. We note that the MSD of a parti-
cle in a finite crystal reaches a plateau at large times. The value of
this plateau is of course dependent not only on the size of the cage
made by neighboring particles but also on the collective excitations
that induce vibrations on the crystal. From the Fourier transform
of the displacement i (w), it can be shown that the correlation
((t4y — wm)?) for an infinite system corresponds to MSD(t — oo)
for a system of size (a|m — n|)* in the large system size limit. We
chose to use the MSD instead of the displacement correlation to
check relations derived in the theory part involving the displacement
correlation, the former being simpler to measure.

We first focus on the curves “Equilib,” which correspond to an
equilibrium system of pure hard disks (« = 1,A=0and y,_, = 0). As
expected, its structure factor is approximately flat (it has, in reality,
an Ornstein-Zernike shape due to the non-linear interactions’') and
reaches a well-defined value at small k. Its large time MSD grows as
a unique logarithm of the particle number, as predicted by Eq. (15),
and thus, its correlation function decreases as a power law with an
exponent linked to the logarithmic increase in the MSD, as given
by (16) and illustrated with the dashed lines. The system displays a
quasi-long-range order.

We now turn to the A model, a system with only active colli-
sion and no global damping (¢ < 1 and A # 0 but y,_, = 0). Hence,
the dynamics of the system is ballistic between collisions, and the
non-equilibrium effects arise purely from the non-equilibrium col-
lision rule Eq. (23). The steady state of this system is the result of an
interplay between the energy injected at collision by A and dissipated
by a, as given by Eq. (24). Under these conditions, the tempera-
ture of the system T is a function of « and A* [see Appendix G,
Eq. (G2)], and by definition, it equilibrates to the local bath temper-
ature Tj,. Its structure factor has a transient hyperuniform scaling
before reaching a plateau at small k. The same behavior is found for
the static velocity factor. This is incompatible with the modelization
of the active collision as an FDT respecting bath at temperature T,
and damping y,cw?. Indeed, if the active collisions were acting on a
coarse-grained level like such an equilibrium bath, the structure fac-
tor should have resembled the Equilib one. It can be shown that in
a hydrodynamic description,'’® the fast temperature field is highly
out-of-equilibrium and acts as a genuinely non-equilibrium bath for
the slow velocity field. This effect induces the observed decay. This
is, however, not the main concern of this paper and does not change
the phenomenology observed when an additional global damping
is added. Hence, the study of this peculiar bath is left for future
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FIG. 2. Long-range behavior of three different crystalline systems with Teom = 0. “Equilib.” corresponds to pure hard disks (a = 1, A/o7~" = 0, and y,,,, = 0); “A” corre-
sponds to hard disks with active collisions (& = 0.95, A/o% =" = 0.015, and yeom/t = 0); and “A + y,,,," corresponds to hard disks with active collisions and global damping
(=095, Aot =" = 0.015, and yeomt = 0.02). (a) Structure factor of the three systems for three different system sizes in log-log scale. The dashed line represents a
power law scaling of k=2. The inset is the same plot for the static velocity factor. (b) Value of the plateau of the MSD of the three systems as a function of the number of
particles, averaged over five different realizations in semi-log. The dashed line is a fit of the logarithmic increase in the equilibrium curve. (c) Translational correlation function
of the three systems as a function of the distance in log-log scale with N = 440 538. The dashed line corresponds to the expected power law scaling of g, extracted from

the logarithmic increase in the equilibrium curve in (b).

investigations. The large time MSD of the A model displays two
distinct logarithmic increases corresponding to the two plateaus
reached at large and low k by the structure factor. While the mech-
anism behind this double logarithmic scaling differs from the one
arising due to the difference of temperature between a global and a
local COM conserving bath in Eq. (15) (here, we recall that there is
no global bath since y_,, = 0), the mathematics remain the same, as
the low-k structure factor is related to the SDF and, consequently,
the MSD through Eq. (17). At small wavectors, we conclude that any
2D isotropic harmonic crystal displaying a hyperuniform scaling in
k € [k1, k2] and otherwise a constant structure factor, will exhibit this
double logarithmic scaling on the displacement correlation; one in
the region r > 2m/k; and one in r <« 27/k, with a transition region
in between. S(k — 0) and S(k — oo) will be proportional to the pref-
actor of the long and short range logarithmic increase in the MSD,
respectively. If the hyperuniformity extends to k1 = 0, the plateau of
the MSD eventually reaches a constant. The translational correlation
function of the A model also exhibits a double power law decrease, in
line with the double logarithmic increase in the plateau of the MSD.
The system displays a quasi-long-range order as well.

Finally, by introducing a global damping y_, #0 to the A
model, but still with T, =0, we obtain the “A+y o m” system,
which exhibits hyperuniformity on large length scales with a power
law consistent with S(k) ~ k%, as predicted in Eq. (13). From the
static velocity factor, we confirm that the energy is not evenly dis-
tributed across scales but concentrated at fine ones and depleted at
larger ones with a k> power law decrease. From the MSD, we observe
an initial logarithmic increase, followed by a plateau, in line with
Eq. (16) when Tcom = 0. This implies the reaching of a constant value
for the correlation function at large distances, which is the hallmark
of a translational long-range order and the breakdown of the HMW
theorem, as expected when the COM is conserved in the presence of
global damping.

C. Arbitrary enhancement of quasi-long-range order
via non-equilibrium effects

We now turn to analysis of our full system with Tcom # 0 and
will show that the relevant temperature is, as expected from the the-
ory, the temperature of the COM and not the temperature of the
system T or the temperature of the active collisions T,.. The results
for a range of temperatures Tcom of the global bath are shown in
Fig. 3(a). In the main figure, we show various curves of the plateau
of the MSD vs the number of particles in the system N for different
Teom in a semi-log scale. We also provide results for the structure
factor and translational pair correlation function in the presence of
global bath in Appendix H. We ensure N is sufficiently large to only
observe the MSD scaling associated with the COM temperature. As
expected from Eq. (15), the increase in the MSD is logarithmic and
is greater the larger is Tcom. Of course, we recover a true long-range
order in the limit Tm — 0 with a flat plateau of the MSD. In the
inset, we extract the coefficient « in front of the logarithmic increase
in the MSD as a function of Tom. That is,

MSDy, (t = 00) = k(Tcom) log (N). (25)

This quantity could have equivalently been obtained from the
exponent of the correlation function or from S(0).

For a harmonic crystal, ¥ corresponds, up to a constant fac-
tor, to the exponent of the power law decay of the translational
correlation function [see Eqs. (15) and (16)] and is given by

& ~ Teom/K. (26)

However, this simple linear increase in x with T, holds only for
harmonic crystals, not for a crystal of active hard disks. The elastic
modulus of an equilibrium hard-disk crystal scales trivially with the
temperature of the system T,
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FIG. 3. Quasi-long-range order dependence on COM temperature. (a) Simulation of a system of active hard disks at fixed A/o% =" = 0.04, ycom? = 0.3, and « = 0.95 for
different values of the global Langevin bath temperature Tcom at fixed y, .. We assume that Ty is fixed and given by Eq. (G2). The main figure shows the dependence on
T com Of the plateau of the MSD for various system sizes. T is the kinetic energy of the system [see Eq. (20)]. The coefficient in front of the logarithmic increase in the MSDx is
shown in the inset as a function of Tcom/T. A linear scaling is represented by the gray dashed line as a guide. (b) Scaling of the logarithmic increase in the MSD for multiple
systems with various A and y,. at fixed Teom/m(ot~")? = 0.0025. The underlying finite size analysis on the MSD is performed for 30 systems ranging from N = 29 946 to
N = 1000680 for each point. A linear scaling is represented by the gray dashed line as a guide.

K(T) =KT. (27)

This implies that the scaling of the MSD of an equilibrium hard-
disk system is not expected to grow with the temperature since
Teom = T. While our system is a non-equilibrium hard-disk solid, we
make the assumption that Eq. (27) is still a good approximation for
the effective elastic constant, thus predicting the following scaling:

Tcom

T

K~ (28)

This scaling is well verified in our case, as shown in the inset of Fig. 3,
where the dashed line represents a linear increase in x with Teom/T.

In panel (b), we performed the same simulations as for panel
(a), except that we varied A and y_,, at fixed Tcom. We observe again
approximately a linear scaling of « as a function of T, /T, implying
that the effective constant of the lattice was roughly constant.

These two analyses indicate that, as predicted from the theory,
for active hard sphere crystals, the relevant parameter to manipulate
in order to slow down the decay of the translational quasi-long-
range is Tcom/T. Counterintuitively, this implies that increasing the
kinetic energy of the system at a fixed center of mass tempera-
ture increases the quasi-long-range order. Indeed, we can obtain
the same enhancement of the quasi-long-range order given by the
reduction of Tcom by keeping it fixed while varying the driving and
dissipative parameters Aand y,,..

IV. CONCLUSIONS AND PERSPECTIVES TOWARD

REALISTIC SYSTEMS

In this paper, we studied the Hohenberg-Mermin-Wagner
theorem’s applicability to non-equilibrium systems. By examining

a theoretical model of a harmonic crystal coupled to a local and
a global thermal-like bath, we find that the translational long-
range order is controlled by the temperature of the center of mass,
rather than the overall kinetic energy, as in equilibrium systems.
This result also offers a way to better rationalize the violation of
the HMW theorem observed in the random organization model*’
via a k-dependent temperature. Moreover, through numerical sim-
ulations of a hard-disk solid driven out-of-equilibrium by active
collisions, we showed the possibility to suppress density fluctua-
tions and enhance the quasi-long-range translational order without
neglecting or fine-tuning thermal fluctuations. These insights pro-
vide a valuable theoretical understanding of crystalline phases in
non-equilibrium systems.

To conclude, we outline a possible application of our results
to suppress density fluctuations in a realistic granular system. From
the analysis provided in the previous sections, it is clear that an
equilibrium-like global thermal noise prevents long-range transla-
tional order and hyperuniformity in both the harmonic and the
hard-disk driven solid. In these systems, only the exponent of the
power-law decay of the correlation function can be tuned. How-
ever, true hyperuniformity or equivalently long-range order are
unachievable. One might be tempted to think that athermal sys-
tems, where the effects of thermal fluctuations are negligible, could
provide a suitable playground for the actual realization of a two-
dimensional long-range ordered crystal. However, things are not
so simple. Indeed, once global thermal fluctuations are neglected, it
remains practically very difficult to realize a COM-preserving ather-
mal driving mechanism. Moreover, the effect of any confinement
will inevitably influence the COM dynamics. Once this intrin-
sic difficulty in realizing a true long-range order is accepted, one
could still hope to find a way to arbitrarily enhance the quasi-long-
range order of a system by tuning some experimental parameters
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following a methodology similar to that used for the simulation of
the coarse-grained model in Sec. I11.

Quasi-2D vibrated granular fluids™ represent the real-
ization of the coarse grained model discussed in Sec. III. In these
systems, macroscopic grains are confined in a box of size L x L x h
with h « L the height of the box. The box is sinusoidally vibrated,
which imparts vertical energy to the grains. Collisions between par-
ticles transfer this vertical energy to the xy components of the
velocity. Moreover, tangential friction, resulting from collisions with
the top or bottom plates, slows down the beads in the xy plane.
When viewed purely in the xy plane, this system behaves similarly
to the coarse-grained model discussed in Sec. III. Indeed, collisions
between particles inject energy into the xy plane and play the same
role as A in Eq. (23), while the damping y,, during the free flight
in the coarse-grained model is equivalent to the energy loss due to
collisions with the roof and the bottom plate in the quasi-2D sys-
tem. Moreover, the roughness of the two horizontal confining plates
implies that each grain-plate collision introduces some randomness
to the velocities (without even considering the angular momentum
of the grains). Remarkably, this effect has been found to act as a
small homogeneous thermal noise,*” which can be mapped into an
effective global temperature Tom. The fact that this realistic setup is
correctly described by the coarse grain model suggests the possibility
of enhancing the quasi-long-range order by tuning the experimental
parameters (driving amplitude, frequency, material properties, . ..)
to reduce, as much as possible, the ratio between the effective Tcom
caused by the plate roughness and the horizontal kinetic energy of
the system T. Of course, the specific way in which the experimen-
tal parameters influence Tcom and T can be very complex, but after
some preliminary analysis, one might, in principle, be able to find
the right combination of them to vary in order to arbitrarily reduce
Teom|T. We look forward to applying these ideas to realistic granular
quasi-2D systems in future studies.
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APPENDIX A: DISCRETE REAL-SPACE CONSERVING
NOISES FOR VECTORIAL QUANTITIES

In Sec. II, we introduced a momentum conserving noise. On a
general lattice, such noise can be written as

mﬁn = _ylocA(un) + V Zylochoc(v . En)- (Al)

The first term is a discrete Laplacian and the second is a discrete
divergence of a rank 2 random tensor. Once the discrete differen-
tial operators are well defined, this equation can be understood as a
discrete analog of the model B field theory,

mit, = _Ylocv . (V':‘n +\/ ZYIachocEn)) (AZ)

with V a discrete gradient operator. Under this form, B is imme-
diately interpreted as a flux of momentum. However, it should
be noted that the global conservation of momentum depends on
boundary conditions.

On a general basis, any lattice can be understood as a graph
G with a set of vertices )V and edges £ connecting them. The usual
notion of continuous field living on RY (or more generally on a
manifold) is replaced by the notion of field living on vertices and
mapping vertex to vectors. For example, in our case, u : V — R*. The
complexity of dealing with discrete calculus on lattices lies in the fact
that the discrete gradient maps fields living on vertices to fields living
on the edges, while the discrete divergence maps fields living on the
edges to fields living on the vertices.'””'** Hence, the Laplacian being
the composition of the divergence with the gradient maps fields leav-
ing on the vertices to fields living on the vertices. This immediately
implies that the divergence in Eq. (A1) is ill-defined if the random
tensor E lives on the vertices and not on the edges. Following Ref. 68,
we will see that this term can be represented through a finite differ-
ence of random vertices field. Moreover, in order for the dynamics
to be equilibrium-like, the discretization scheme of the differential
operators and the variance of the noise must be well chosen in order
to respect the FDT.

Indeed, if we start from a definition of the derivative as a finite
difference of terms, we can write the divergence of a tensor V - a,
as finite differences between neighboring points. Then, the corre-
sponding discrete Laplacian A takes the form A(a,) =V - (Vay)
where V is a gradient defined from the chosen finite difference used
for the derivative. With these choices, taking E with a unit variance
leads to dynamics that correctly respects the FDT.

As an example, if we define the derivative on a square lattice as
the forward finite difference, then

B _ght g g

_ ikl =g i+l g
V-EBij= , (A3)

(=) A -5 25 + =05 S ) 54

Sirlj T S T S T S

where we replaced the usual lower vectorial index n by two indices
i and j, denoting the x and y position on the lattice. Then, we can
check that if 2 has a unit variance,

(B (DB (1) = 0(t' - £)0™ 68,40, (A4)
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then

Bi(t)) = 6™ 8(1 1) (48,48,
= 8i14851 — 0ikdjr1y
= 8i-10;1 — Oikbj-11)>  (A5)

((V-Eij(0)*(V-

where we recognize the discrete Laplacian found for simple forward
finite differences, a sum over first neighbors. A different discretiza-
tion of the derivative [Eq. (A3)] would have given us a different
correlation corresponding to the adequate Laplacian to use in order
for the system to respect the FDT. For example, a symmetric repre-
sentation of the derivative would have given rise to a Laplacian with
second neighbors.** Conservative discrete equations in real space
have been used in a plethora of domains**”"**'*>!** and naturally
arise when a stochastic partial differential equation is discretized to
be solved numerically.

APPENDIX B: FOURIER TRANSFORM CONVENTION

We choose the following convention for the semi-discrete
Fourier transform:

fk(w) _ [°° dtiz eiw”iuk'nfn(t),

I (B1)
10 = s [ o T ),

with k = 27n/L and #* € —/N/2+1,...,7/N/2. When the spatial
continuous limit is taken, we obtain the following Fourier series
representation of the real lattice:

70 = s [ A ke ), )

This follows directly from taking the limit a — 0 while keeping
L fixed (or L — oo at fixed L/v/N =a) and corresponds to an
integration in the first Brillouin zone.

APPENDIX C: ANHARMONIC LATTICES

The theory described in Sec. IT was developed with respect to an
harmonic lattice. While anharmonicity leads to benign effects such
as renormalization of the harmonic spring constant, it also leads
to energy transfer between modes, which could change the phe-
nomenology found for a harmonic lattice. In this section, we argue
that this is not the case.

In a system with anharmonic interaction, each mode would still
be driven at temperature Tk as in the harmonic case; however, a
transfer of energy between them would be observed. We can take,
as an example, simple polynomial forces in real space (without loss
of generality, we will stay in 1D; see Ref. 127 for a generalization in
higher dimension),

un) | — "

Fanharmonic = Z /5172 (u”

b=2  {a}

ARTICLE pubs.aip.org/aipl/jcp

with 3, being coupling constants and b the power law exponent asso-
ciated with the anharmonic term. In Fourier space for the mode k,
such force is written as'*®

Fanharmonic = Z ﬂb Z Vk ks

b=2  kyky,..

X T Uy, - - - Ug, 5k+k1 +hytesthye (C1)

The Kronecker § ensures that the momentum is conserved
by the scattering of waves. Here, f3;, Vllf’k' k2K i the interaction
strength of a scattering due to the anharmonicity with power b. Such
equations are common in wave turbulence.'”” For nearest neighbor
interaction in 1D, we can show that

Koy ko ok
v,

" oc sin (ka/2) sin (kia/2) . ..sin (kab/2), (C2)

with a being the lattice spacing. These equations are making clear
the fact that, with anharmonic terms, modes interact.

A proof of the absence of long-range order in systems with
anharmonic interactions is beyond the scope of this work and would
most likely require the full stationary distribution to be known, as
in the equilibrium case.” For example, the steady-state distribution
of a three-body system, with each particle driven at a different tem-
perature and interacting through a harmonic potential, is known but
already shows great complexity.”® However, a qualitative argument
can be made, suggesting that the overall picture presented in this
section should remain largely unaffected at large length scales even
in the presence of anharmonic interactions.

Since the energy is created at the level of collision k ~ 27/a, the
most excited modes will be those around this length scale. The fol-
lowing question remains to be answered: can these modes transfer
energy sufficiently quickly to the modes at k — 0 so that very large
wavelength phonons are excited and can reach a non-vanishing tem-
perature? The interaction strength between these two scales is given

by VkNO ik 22/ K (ohere at least one of the mode is close to 0
(long wavelength) and one mode is close to 277/a (collisional/energy
creation length scale). However, from Eq. (C2), it is clear that the
strength of such a process goes to 0 with k — 0. Hence, the rate of
energy transfer to modes with very large wavelength is vanishingly
small with k. Since the continuous damping effectively dissipates any
energy supplied to these modes on a timescale by y_ . the phe-
nomenology observed for the harmonic case is expected to hold
qualitatively. That is, we expect the low-k mode to roughly be at tem-
perature Tk, with Tj_o = 0. It should be noted that the argument
holds in larger dimensions where the exact expression hkoke. -k
contains a term similar to the dispersion relation for each mode k,
which vanishes when k — 0.

APPENDIX D: COMPUTATION OF THE DISPLACEMENT
CORRELATION FUNCTION

The displacement correlation function is computed in the infi-
nite size limit where the discrete Fourier transform over wavevec-
tors is approximated as a continuous Fourier transform (see
Appendix B),
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(Jl4 iak-n iak-m
oL /dkdq(e ko _ giakm)

x (" =) (k= 0)ir(g: = 0))

((ttn — um)’) =

= # [dk(l —cos(ak- (n-m))Cu(k). (DI)

Since we only are interested in the (quasi-)long-range behav-
ior of our system, we compute the long distance limit of this object.
We decompose the integral into two intervals. From 0 to 1/a|n — m|,
if Teom # 0, the integral is bounded by a term in 1/w} and can be
neglected. For the second interval from 1/a|n — m| to 27/ a, the oscil-
lating part averages out. Similar arguments work for Tcom = 0. Up to
a constant, at long distances, Eq. (D1) is thus approximated as

((tn = t)?) = %f dkCuu(k)k

An—m]

Yeomly + 7
Yeom/[y + 1/|n — m|?

4

~ [(T— Teom) log

+ 2Tcom log (n|n - m|)]/nK

2 Tcom
K

log (nln—m|) |n—m|> 087",

12

(D2)
% log (nln—m|)) |n—m| <8

which gives Eq. (15).

APPENDIX E: ENTROPONS IN A TWO TEMPERATURE
DELTA CORRELATED BATH

Entropons, as discussed in the recent work by Caprini et al.,>>?’
are general non-equilibrium collective excitations linked to the spec-
tral entropy production and are a consequence of a Harada-Sasa-
like relation.”””"*" Indeed, for a generalized Langevin equation,

B (1) :—Kwiﬂk—foodt'l"(k,t—t')ﬁk(t')+F+ &), (B

with T(#) the friction kernel and (& (t') £,(£)) = #(k, t — ') Sy _g» We
can prove that if the force F is even under time reversal, the following
relation holds:"*!

Cuuu(k, w) _ I(R(k,w))
vikbw)  wR(T(kw))

a(kw)

2R(T(k,w) ) w?’ (E2)

where
o*(k,w) = 23(iu(k, w)F(~k, —w)YR(T(k,w) v (k,w)w  (E3)

is the entropy production of the generalized Langevin equation and
R(k,w) is the response of the displacement to an instantaneous
force, while R and J are the real and imaginary parts, respec-
tively, of the function in front of it. It should be noted that this
formula holds independently on the choice of the noise correla-
tion and damping. Notably, in the case that we are interested,

ARTICLE pubs.aip.org/aipl/jcp

T(k,w) = Yeom + Yioew; and v(w) /T (k,w) = 2Ty, without additional
forces, the spectral entropy production ¢f is equal to 0, and the
non-equilibrium character of the system is only included in the
effective temperature Tegr(k, w) = v(k, w)/(2I (k,w)). In this sense,
we might consider that entropons are absent, and only phonons at
an effective temperature exist in our system since the dynamic SDF
reads

Cuu(k,w) = %TkS(R(k,w)). (E4)

The entropy production equal to 0 might come as a surprise
since it is clear that as long as Tcom # T},c> heat flows from one reser-
voir to another, and thus, entropy is continuously created. However,
the particle itself is oblivious to these heat transfers between baths
because they collectively act as a unique equilibrium-like reservoir
with an effective temperature and viscosity.”>"** From the point of
view of the particle, the system is thus too coarse-grained to probe
these non-equilibrium effects, and heat fluxes between reservoirs are
invisible to dynamical observables.'”>'*

To circumvent this issue, we can rewrite our model in an equiv-
alent form for the particle, with an auxiliary variable."” " This
auxiliary variable provides enough information about the system to
probe the heat fluxes between reservoirs and compute the spectral
heat flow between them. The heat flux for Eq. (6) is given by"?’

4}’comylocwi(Tcom - Tlac)u)2
(K - )+ (o + o7

mQ(k,w) = (E5)

From which, we can prove in our system without additional forces
that

2T 1
Cuu(kyw) = 223
w

(R(k,w)) + mQ(k)w) (E6)
or

Cunllow) = 21" SRk w)) = —
w 2w

Q(k,w). (E7)
com

The first term represents the usual equilibrium phonons at tem-
perature Tj,., while the second term is clearly a non-equilibrium
term, vanishing when Tcom = T}, and proportional to the heat trans-
ferred between reservoirs. This new term, arising from a rewriting of
the effective temperature is very similar to entropons, except that
it is better written as proportional to the heat transfer instead of
the entropy production due to Fourier’s law. However, it should be
noted that, contrary to entropons arising from active forces, this new
term might be negative according to which bath we chose as the
one with the reference temperature in front of the linear response
function.

The equivalence between Egs. (E6) and (E7) and Eq. (E4) can
be proved more generally with multiple exponentially correlated
reservoirs and external non-conservative forces using the Markovian
auxiliary variable representation of the generalized Langevin equa-
tion. Hence, for non-interacting systems, the effective temperature
in the k,w space, obtained from the ratio between the autocorrela-
tion and the response function, can be expressed as the temperature
of a bath plus terms proportional to the heat flow between all the
other baths. We look forward to developing these ideas in future
work.
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APPENDIX F: HYBRID EVENT-DRIVEN/TIME-STEPPED
MOLECULAR DYNAMICS

Since the potential of hard-disk particles is discontinuous, usual
time-stepped molecular dynamics methods are not suitable for the
simulations of such systems. Instead, we use event-driven meth-
ods,'’ where the time before the collision of two particles i and j

denoted by ' 7> can be analytically computed,

IriCt) + (87 =

with r;(t) being the position of particle i at time t. For particles free

i +a] (F1)

flying or undergoing constant viscous drag, ¢/, can be found exactly
from the initial velocities and positions of the particles.
For viscous friction, the time before the next collision is

- log (1 - ycomatzj )/Ycum» (F2)

col

with

b \/bz—v,J(r,J (0: + 05) 4

’UIJ

1) tij =

(F3)

where b = rj; - v;; and rj; and vj; are the relative position and veloc-
ity of particles i and j , respectively, at the moment the subsequent
collision time is computed. From every collision time and the colli-
sion rule (23), the full dynamics of the system can be solved exactly
in the absence of T¢om. When the bath has a non-zero temperature,
we must include the effect of the thermostat in the system by adding
events every Otnoie Where each particle is kicked by an amount
\/ 2Ycom TeomOtnoise/m. The FDT is respected for every value of 8tpoise
because of the continuous nature of the damping.'* Nonetheless, we
chose 8tyise < 7 = 1/w(¢, T) the mean free time.
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APPENDIX G: TEMPERATURE OF THE ACTIVE
COLLISION BATH

For the model including only active collisions (y,,,, = 0), the
average energy change during a collision can be obtained from the
collision rule (24),

(E' = E)con = mA* + mad(|vy - &) can
2

Gij 2)cull> (Gl)

(Jvij -

where the average can be computed from the assumption of
molecular chaos, Gaussianity, and using the cross section of hard
disks.”'">"* In the steady state, on average collisions do not inject
or retrieve energy from the system. The steady-state temperature T/,
is thus given by the zero of Eq. (G1), which is'"

2
T = A° e+\/€ +am(1-a?)
oc —

2(1-a?)

, (G2)

with € = ay/mm. This can be taken as the temperature Ty, of the
local bath. It can be shown’ that when damping is added to
the system, far from the absorbing state, the new temperature of
the system T keeps the exact same form as Eq. (G2) but with
€ = a\/TIM — Yeoma~/Tm[20¢x (), with x(¢) the radial distribution
function at contact.

This implies that the temperature of the system T does not
behave as the temperature of a system subject to a Langevin bath
at temperature T}, and dampingylacwi on top of which, we add an
additional damping y,,,.- This is due to the dependence of Eq. (G1)
on the relative velocity of particles at collision, which indicates that
T'oc should itself be dependent on the other sources of energy change

Tr47771/m<0%71)2 =
10° — 0.0025 — 0.6275
— 0.04

5% 107!

10! 102
r/o

FIG. 4. Effect of a global bath on the A + y model for the structure factor and the translational pair correlation function. (a) Main figure: structure factor as a function of the
wavenumber. For lower Toom, it is easier to observe a transient hyperuniform scaling k2. In the limit Tm = 0, the hyperuniform scaling continues to k = 0. Inset: static velocity
factor divided by Tcom as a function of k. We obtain the limit mCy; (|k| — 0)/2 = Teom as expected from Ty_.o = Tcom. (b) Translational correlation function as a function
of r. With increasing Tcom, We observe a stronger quasi-long-range power law decay. In the limit Teom = 0, g flattens and true long-range order is obtained. N = 500 080,

¢ =0.765, A/ot " = 0.04, yeomt = 0.3, and & = 0.95.
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in the system. It will not cause any significant practical problem, but
this is a peculiarity that should be kept in mind.

APPENDIX H: STRUCTURE FACTOR
AND TRANSLATIONAL CORRELATION FUNCTION
IN THE PRESENCE OF A GLOBAL BATH

In Fig. 3, we analyzed the dependence of the MSD on Tcom. As
shown in Fig. 2 and described in the theory, the plateau of the MSD,
the low-k structure factor, and the long-range behavior of the trans-
lational pair correlation function contain the same information as
given by Eqs. (14) and (17). Nonetheless, as a consistent check, it
is interesting to numerically confirm these predictions in our active
hard disk model. In Fig. 4(a), we show the structure factor of sys-
tems driven at different global bath temperatures. As expected, we
observe that the smaller T, is, the lower the structure factor can go,
in agreement with Eq. (13). The increase in the plateau of the MSD
with system size is proportional to S(0); however, in the main text,
we use the MSD since we consider it to provide better data for finite
system size (at infinite system size, it would be easier to measure the
plateau of the structure factor at low k). In the inset, we also provide
the velocity static factor that converges, as it should for small k to
Tk—0 = Tcom. In Fig. 4(b), we show the translational pair correlation
for these systems. Their long-range behavior is in agreement with
Eq. (16): they exhibit a power law decay with an exponent increasing
with Tcom. The exponent of the power law decay is proportional to
the increase in the MSD plateau; however, as for the structure factor,
data are cleaner with the MSD.
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